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RESEARCH ARTICLE

Finite Dimensional Convex Fuzzy Normed Space
and Its Basic Properties

Hawraa Yousif Daher®, Jehad R. Kider® *

Branch of Mathematics and Computer Applications, Department of Applied Sciences, University of Technology, Baghdad, Iraq

ABSTRACT

Here the notion of convex fuzzy absolute value space is represented with an example which shows that the existence of
such space. The reason behind introducing the definition of convex fuzzy absolute value and does not using the ordinary
absolute value is the main definition in this paper will be not correct with ordinary absolute value. After that the main
definition of convex fuzzy normed space is recalled with example which shows that the existence of such space. Then
other definitions and theorems is recalled that will be used later in the section of main results such as the convex fuzzy
norm is convex fuzzy continuous function. So our goal in the section of results and discussion is to prove some properties
of finite dimensional convex fuzzy normed space which not true ingeneral for convex fuzzy normed space. Thus the last
section contains the following results with proofs if D is a subspace of the convex fuzzy normed space U with dimD < oo
then D is convex fuzzy complete subspace of U. Moreover when Y is a convex fuzzy bounded as well as convex fuzzy
closed subspace of the c-FNS, U also dimU < oo then Y is convex fuzzy compact. As well as if dimU < oo for a linear
space U then there is a unique convex fuzzy norm on U. Finally if W = {w € U: the convex fuzzy norm of w belongs
to I } a convex fuzzy closed subset of U as well as convex fuzzy compact this implies that dimU < co where U is convex
fuzzy normed space.

Keywords: Convex fuzzy absolute value space, Convex fuzzy complete space, Convex fuzzy compact space, Convex fuzzy
equivalent norms, Convex fuzzy normed space

Introduction introduced here to show that the inverse mapping
theorem and the Banach-Steinhaus’s theorem, are
not valid for fuzzy setting. Next, they established a
Hahn-Banach theorem.

Nadaban et al.® introduce various definition of
fuzzy norms on a linear space, Nadaban et al. ° present
a generalization of the concept of fuzzy norm then
proved some theorems for fuzzy Banach space. Also
they propose another definition of fuzzy normed
space. Finally, some important results in fuzzy fixed
point theory were highlighted.

Sabre” works in the standard fuzzy and she inter-
est in fuzzy compact operators. Sabre and Ahmed®
present best proximity point theorem for & — v/
—contractive type mapping in fuzzy normed space.
Daher and Kider® present the notion of convex fuzzy

Bag and Samanta' present a comparative study
among several types of fuzzy norms on a linear space
defined by various authors has been made and they
classified them into two types, one of which is Kat-
saras’s type and the other is Felbin’s type. Sadeqi
and Kia.? they proved the equivalence between fuzzy
continuity and topological continuity first. Secondly,
they introduce the notion of fuzzy seminorm and they
introduce some new results.

Golet® present a generalization of fuzzy norms
on linear space. Also, he proved the fixed-point
theorems. Janfada et al.* they used the operator
norm of weakly fuzzy bounded operators to present
some properties of the space of all weakly fuzzy
bounded linear operators. A counter examples,
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normed spaces then proved important properties of
this space.

Here the study of the case when the convex fuzzy
normed space have finite dimension is presented..
This article consist of three sections, in the second
section the c-FNS and its basic theorems is recalled
with their proves. In section three it was supposed the
c-FNS, U have the property dimU < oo then proper-
ties of this space is proved.

Properties of Convex Fuzzy Normed Space:

Definition 1:° If U # ¢, then the function D: U —
[0,1] a fuzzy set in U with 0 < D(w) < 1 for all u €
Uu.

Definition 2:° Let Ag:R — [0, 1] be a fuzzy set if Ar
satisfies

(i) Ar(o) € [0, 1] when o # 0;
(ii) Ar (y8) < Agr (y). Ar(8); Ar(0) =0 & 0 =0;
(iii) Ar(c + 0) < wAgr(c) +u Ar(@), Vo, u €
[0, 1] witho + pu=1;
(iv) Ar(06) =0 0 =0;

Hence (R, Ag) is ¢-FAVS (convex fuzzy absolute
value space) V o, 6 € R.

Example 1:° Define A': R —[0, 1]; by A'(8) =
{ & if8#0

0 ifs=0

Hence (R, A) is c-FAVS V § € R.

Definition 3:° If 91: U —1 is a fuzzy set satisfies

(1) N(y) € [0, 11;

2 NUy) =04 =0;

(3) N(oy) < Ar(0) N(y), VO # 0 € R;

@ Ny + v) < yN(y) + M), where y +
§=1,

vV y, v € U. Then (U, N) is c-FNS [convex fuzzy
normed space] .

Example 2:° If U = C[a, d], define N(g) = max,cra.q
Ar[g(a)] for all g € U. Then (U, N) is c-FNS.

Definition 4:° Suppose that (U, M) is ¢-FNS and
assume that (u,,) is a sequence in U, then (upy) is
convex fuzzy converges to ¢ € U when m — oo if
vV« € (0,1) AN e N satisfying M(uy, — ¢) <o, Vm > N.
If (uy) is convex fuzzy converges to ¢ or limp_, o 4m
= 44 Or Uy —u or limpy_, o N(uy —¢) =0.

Definition 5:° The sequence (1) in U where (U, 91)
is c-FNS is CFB [ convex fuzzy bounded] if 3 w €
(0,1) satisfying 9t(uy) < w Vk € N.
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Definition 6:° If (U, 91) is c-FNS put cfb(y, o) = {p €
U: Ny — p) < o} and cfb[y, o] = {g € U: Ny — q)
< a}. Then cfb(y, «) and cfb[y, o] is convex open
as well as convex closed fuzzy ball with the center
4y €Uand radius o, 0 < @ < 1.

Definition 7:° If (U, ON) is c-FNS then

(L) WwWcU is CFO [convex Fuzzy open] if
cfb(w,a) CW, Y w € Wand o € (0, 1).

(2) Also D C U is CFC [convex fuzzy closed] if e
is CFO.

(3) The convex fuzzy closure of Y, Y = NB where
B is CFC set contains Y.

(4) Also D C U is CFD [convex fuzzy dense] in U
ifD="1U.

Definition 8:° Let (U, 91) be c-FNS and let (1) € U
then (u4) is convex fuzzy Cauchy in U whenever 0
< ¢ < 1 3 N satisfying M(uy — um) <&, Vk, m > N.

Theorem 1:° If ¢fb(u, o) is CFO ball in c-FNS (U, V)
then it is a CFO set.

Definition 9:° A ¢-FNS (U, N) is convex fuzzy com-
plete if V (u) fuzzy Cauchy in U we must have 1
-y el

Theorem 2:° In c-FNS (U, M) if ux — 4 € U then (u)
is convex fuzzy Cauchy.

Theorem 3:° If c-FNS (U, M) and D C U thend € D
< 3 (dy) € D satisfying dy — d.

Theorem 4: Let (U, M) be a convex fuzzy complete
c-FNS and W is a subspace of U then

(1) W is convex fuzzy complete
(2) W is CFC

Are equivalent

Proof:

M=)

Assume that W is convex fuzzy complete and let w
€ W then by using Theorem 2.14 there is (wy) € W
satisfying wy — w this implies that (wy) is convex
fuzzy Cauchy by Theorem 2.13. Using W is convex
fuzzy complete wy — w € W therefore W € W
together with W € W thus W = W hence W is CFC.

=00

Assume that W is CFC and let () € W be a convex
fuzzy Cauchy. Then wy — w e U



1330

This implies that w € W this implies that w € W
because W = W. But (wy) was any convex fuzzy
Cauchy in W hence W is convex fuzzy complete.

Theorem 5:° If c-FNS (U, M) and D C U thenD = U
< VYueU3IdeDsatisfyingM(u—d) <a,0 <a < 1.

Definition 10:° If (U, 91) and (V, 9,) are two c-FNS.
Then T:U — 7V is convex fuzzy continuous at « € U.
Ifvae(0,1),38¢e(0,1), with 0My[T(w) — T(v)]
< « for any v € U satisfying 9y (v — v) < B.
Also T is convex fuzzy continuous on U if it is
convex fuzzy continuous at every ¢ € U.

Theorem 6:° The functional N: U — I is a convex fuzzy
continuous if (U, N) is c-FNS.

Theorem 7: Let (U, N) be a c-FNS and W < U and
U is convex fuzzy complete then

(1) W is convex fuzzy complete
(2) W is convex fuzzy closed.

are equivalent.

Proof:

M= @

Suppose that W is convex fuzzy complete then for
every z € W there is (zx) € W such that z; —z. This
implies that (z;) is fuzzy Cauchy in W using W is con-
vex fuzzy complete thus (zx) is convex fuzzy converge
in W since limit is unique so z € W it follows that W
C W. Hence W = W so W is convex fuzzy closed.

2= O

Suppose that W is convex fuzzy closed and let ()
be convex fuzzy Cauchy sequence in W so (zx) be
convex fuzzy Cauchy sequence in U using U is convex
fuzzy complete thus z; — z € U but W is convex fuzzy
closed so z € W. Hence W is convex fuzzy complete.

Definition 11: A c-FNS (U,M) is said to be convex
fuzzy compact if V CFO covering & = {Bj: j € J} of
U there is {*B1, B, B, ..., B} C € such that U =
U}(:l Bi.

Theorem 8:° The c-FNS (U,N) is convex fuzzy compact
< V (y1) in U contains a subsequence (yx,) satisfying
%kj —> Y € U.

BAGHDAD SCIENCE JOURNAL 2025;22(4):1328-1334

Results and discussion

Finite dimension c-FNS:

Here the study of the case when the vector space U
has the property dimU < oo with convex fuzzy norm.

All results in this section depends on the following
Theorem which is very important in studying c-FNS
(U, M) when dimU = k with k € N.

Theorem 9: Suppose that (U, D) is c-FNS and (R, Agr)
is c-FAVS. If {uy, uy, ..., u} is linearly independent set
in U. Then 30 < o < 1 such that

Nlaru; + oy + - - + apug]
> o [61Ar (1) + 82 Ar(a2) + - - - + G Ar(e)] (1)

Where 51 + 8o +--- +68 = 1.
Proof: Put [§1Ar(a1) + 382 Ar(as)+--- + 8 Ar(0g)] =
¢ and o.¢ = u for some 0 < u < 1. Thus instead of
(1) it must prove that

Nlagug + agup + - - + ] > p.

Suppose that this is not true, then it can be find a
sequence (wp,) in U where

Wm = aimUi+  aomUs+--- +ogpmux  such that
N(wyp) —0as m — oo.
Now V fixed j, Ojm = (Oéjl, o2, ..., Ojm, - - ) is CFB

since Ar(ajm) € [0, 1] so (ajm) has a subsequence
(@jm,). Suppose that ojm, - o Vj=1,2,...,k and
assume that (Wjm) S (Wm)

Where Wim = a1m, U1 + otom, U2 + - - - + g, Uk-

Consider w = Z};l ajuj then (Wjp) S (wWy) and wir,
— w now using the assumption {uj, us,...,u} is
linearly independent set implies w # 0.

Again wj, —w implies M(w;jn) — 9t(w) by Theo-
rem 6. But M(wp) — 0 asm — oo and (Wjy) S (W).
Therefore 91(wjy,) — 0. Thus 9(w) = 0 hence w = 0.
This contradicts w # 0.

Theorem 10: Suppose that (U, N) is c-FNS then Y
is convex fuzzy complete if Y is a subspace of U with
dimYy =k < oc.

Proof: If (d,) is a convex fuzzy Cauchy in Y
and B = {uy, us,...,u ) is basis for Y then each
d, can be represented uniquely by dn, = oy +
QomUy +- -+ +opmUg. Now using (dy,) is convex fuzzy
Cauchy thus VO < « < 13N € N satisfying 9(dy, — d;)
<aVm,j>N.Using 9,30 € (0, 1) satisfying
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+ 82AR(ctom —
N(dm — dy)

o [61Ar(01m — a1j)
o)+ +Ar(m — )] <
NI (i — o)w] <
dividing by o implies Ag(oim — o) < &
This show that (w41, ai2,. . .) is convex fuzzy Cauchy
in R.
Hence aj, — o; V1 <i< k. Now consider b =
Z}'{:l aju; this implies that b € Y.
Moreover Vm > N
N(dp —b) = ‘ﬁ[zli;l (otim — ai)ui] < 81Ar(0am —
a1)M(w) +82  Ar  (oom —a2)M (W) +--- +
SkARr (otkm — o) M)
Limiting both sides as
limp e M(dm —b) < 0.
Thus limy_, o0 M(dy — d) = 0.
Therefore d;,, — b and this proves that Y is convex
fuzzy complete.
From Theorems 7 and 10 implies the next result.

m— oo implies

Theorem 11: Suppose that (U, N) is c-FNS then D is
CFC if D is a subspace of U with dimD = k < oo.

Definition 12: If (U, 91;) is ¢-FNS and () € U
then the c-FN 91, is said to be CFE [convex fuzzy
equivalent] to M if

1) e —» ¢ €Uin (U, Ny)
(2) y —» ¢ € Uin (U, Ny).

Are equivalent.

Theorem 12: If (U, M) is ¢-FNS and puMa(u) <
M) < eNy(u) for some w, ¢ in (0, 1) then the c-FN
Ny is CFE to N;.

Proof: If uyy > ¢y e Uin (U, M) thusVO0 <o < u <
1 3N € N satisfying 9 (ux —¢) <a Vk > N.

Now since ua(ur — ¢) < M1 (ux — ¢) < « by divid-
ing both sides by u since u # 0 implies 9y (u —y)<
& forallk > N. put & = 6 where 0 < 6 < 1. Therefore
No(ux —y) < 6 forall k > N.

Thus uy — ¢ € U in (U, No).

On the other hand if uy — ¢ € U in (U, Ny) so
limk_,oo ‘ﬁz(uk - y;) = 0. Now
limye, o 94 (ue — y) < limy_, oo Mo (U — y)=¢e.0=
0.

Therefore u, — ¢ € U in (U, ).

Theorem 13: Consider dimU = k for a linear space U
if M1 and Ny are two c-FN on U then N; is CFE to No.

Proof: Let {uq, us, ..
Yy = Z};l o;u;. Now
MNi(y) = ‘ﬂl(Z};l aju;)

., U} be a basis for U. V¢ € U,
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< 1M (1ug) +682 M(aguz) +-- - + 8 My (eux)

< 61Ag(01) My (ur) + 82 Ag(a2) My(uz) +- -
+8Ar (o) 911 ()

< AMé1Ar(1) + 82 Ar(a2) +- -+ + & Ar(oy)]

Where A = max{9;(u;), M1 (u2), ..., M (uy)} that
is Mi(y) < A[61AR(c1) + 82 Ar(a2) +- -+ + 8 Ar(ag)]
or dividing by A

1
X‘ﬁl(y) < [61Ar (1) + 82AR(2) + - - - + SrAr ()]
)]

Now by Theorem 9

k
My (1) = N (ijl ajuj>
> o0[81Ar(a1) + 82 Ar(a2) + - - - + 8k Ar(e)]

or dividing by o

1
;‘ﬁz () = [61AR (01) + 82AR (ar2) + - - - + kAR (k)]
3)
Now Egs. (2) and (3) implies
M(y) < [61Ar(a1) + 82 Ar(a2) +- - + & Ar(ay)]
Na(y) or

1
L 9M(y) < 1 NMy(u) this implies that Ny (y) < 2
Ma2(y) put £ = ¢ we have

M (y) = eN2(y) 4)
In similar way

Na(y) = ‘ﬁz(Z};l ajuy) < 81Ma(arur) + 82 Nalauz)
+--0 + 8 RICIGIRI)
< 61Ar(01) Ma(ur) + 82 Ar(a2) NMa(uz) +- -
+ S Ar (o) Ma(uy)
< 0[61ar(o1) + 82 ar(a2) +-- - + & ar(on)]

Where 8 = max{9,(u;), Ma2(us), ..., No(w)} that is
MNa(y) < 0[61AR(01) + 82 Ar(e2) +- - - + 8 Arl(a)]

or dividing by t

1
E‘ﬁz (¢) < [614R (a1) + 624R (@2) + - - - + §AR (0x)]
(5)
Now by Theorem 9

Nily) = ‘ﬁl(Z};l o) >
Ag(a2) +--- + O Ar(a)]

o[61Ar(a1)+ 82
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or dividing by o

1
;‘ﬁ1 (¢) = [01ARr (1) + 02AR (02) + - - - + 8kAr (k)]
(6)

Now Egs. (4) and (5) implies

19 (y) < [81Ar(c1) + 82 Ar(a) + -+ + S Ar(i)] <
L9 (y)

or

1 Ma(y) <1 Mi(y) this implies that & MNa(y) <
Mi(y) put § = we have

N2 (%) < M (%) (7)

Now Egs. (4) and (7) implies, u 911(¢) < M (g) <
e Na(y), for all g € U.
Therefore, by Theorem 12, N, is CFE to M.

Theorem 14: Consider dimU = k where (U, N) is c-
FNs and D C U. Then D is convex fuzzy compact if D is
CFC and CFB in U.

Proof: Consider {u1, us, ..., ux} is basis for U. If (d,,)
in D then d,, = ay1mu1 + aomUs +- - - + oy U because
D is CFB so is (dy,) therefore 9(d,;,) < « Vm € N and
a €(0, 1). By using Theorem 9

Ndm] = NI myy]
> o0 [61Ar(01m) +82AR(002m) + - - - + 8k Ar (0km) ]

Thus

o [61Ar(@1m) +682AR(02m) + - - - + 8kAr(0tkm)]
<Ndp] < «

or

ARr(jm) < [61Ar(a1m) +82AR(2m) +- - - + kAR (k)]

o
< o8k

Therefore, for fixed j, (¢jm) is CFB 50 ajm — o V' 1
< j < k. It was seen that (dy) C (zm) and dy, — z =
Y ;.

But D is CFC thus z € D. Because (dy) € D was
arbitrary. Therefore D is convex fuzzy compact by
Theorem 8.

Lemma 1: Suppose that (U, 1) is a c-FNS. If BC H
C U where H is a subspace of U and B is CFC subspace
of U. ThenV a € (0, 1) 3 p € H withN(p — q) > « for
all g € B.

Proof: If w € H— B then put § = inf,zN(w — @).
Thus 0 > 0 since B is CFC. Choose o € (0, 1) with

BAGHDAD SCIENCE JOURNAL 2025;22(4):1328-1334

0 > « so the infimum implies that 3 g € B satisfying
0 < N(w — go) < £. Choose p = w — go.

Np—q)= NMw —go—q) =
N(w — g1) with g1 = go + g. Hence N(p — g) =
Nw —g1) =60 > a.

Theorem 15: If W = {w € U:N(w)e (0, 1]} is a
CFC in ‘U and is convex fuzzy compact then dimU = k
for some k € N where (U, 1) is a c-FNS.

Proof: If dimU = oo then pick u; € W and let {u;}
be a basis for the subspace U; of U. Hence U, it is
CFC by Theorem 15. But U; # U since dim U = co.

Using Lemma 1 3 uy € W satisfying 9t(up — u1) > o
= % Let { u;, uy} be a basis for the subspace U, of
U since Uy # U thus 3 uz € W satisfying D(uz — uz)
> 7 and N(uz — uy) > 3.

Using induction will because (uy) € W with 9t(up, —
u)) > % where m # j. Therefore (u) does not con-
tain (u,) with U, >uewW .This will be cause W is
not convex fuzzy compact thus this is contradiction.

Therefore dim U =k where ke N.

Conclusion

First here new definition of fuzzy normed space is
used it was called convex fuzzy normed space this def-
inition does not use the binary operations t-norm and
t-conrm but use new addition in the fourth condition
which the property of convex so for this reason it was
called convex fuzzy normed space also the ordinary
absolute value does not work in the third condition
of this definition so for this reason the definition of
convex fuzzy absolute value is introduced. Here in
this paper some properties of c-FNS (U, 91) when
dimU = k for some k € N is proved and clearly these
properties does not hold in c-FNS. Thus, this opens a
new line of research for authors.
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