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Abstract

Fractional calculus is an important area of research and applications of fractional
calculus in R or c. The forward and backward difference method for finding numerical
approximations to solutions of simple differential equations was developed for solving
fractional differential equations.It was discussed using finite differences, where
examples were discussed to deduce the exact results, we want to obtain. The
comparison was made based on tables calculated by MATLAB in these examples used
to compare the absolute error of the approximate solution and the exact solution.
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1. Introduction
In this work, numerical approximations were used to solve differential equations

containing fractions. Due to the emergence of fractional differential equations as well
as fractional integral equations in many important issues, they are also used in
modeling many practical problems such as electromagnetic waves, propagation
equations, etc. The study was conducted using the known difference method. The
research concluded with a discussion of numerical examples using this method

| also compared the exact solutions with the approximate solution, in addition to
presenting the comparison using graphs and error tables.

2. Gamma function
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V z € ¢ suchthat Re(z) > 0 then Gamma function is given by:
[(z) = [, “trtetdt

An important property of the gamma function is the following regression relationship:
I'(z+1)=2zT(2)

...... ()
For every natural number n, then: r (n + %) = (i:)if
ri) =1, r0,) = +oo, r(%) = r
The gamma function has no simple poles for points: z=0; —1; =2,-3; —4; ...

3. Taylor's formula

Let g be a function that is differentiable n + 1 times on the interval[a, b] where x,
€ [a,b] ,V x, € [a, b] there exists an & between the numbers x, x, such that:
dg d’g (x —x0)*  d’°g (x — x0)°
90 = gleo) + = (x0) (¥ = o) + =z (o) g+ g () gy
d"g (x — xo)” d"tg . (x = xo)
ot g? (%o) n! + gxnti ©) n+1)

R(E) = d
©) =y ©®

4, Finite Difference Formula Using Taylor Series
Approximation of the first derivative of the function g by finite differences forward by
three points by setting x; = x + jh in (3) Ifitwas x, = x;, x = x; + 1 then:

(xj+1 - xj)2
2!

gl +1)=g(y) + g (%) (a1 — x) + 9@ (x)

+ 9% & )(xj+13_! %)
3

=g(x;) + gV (x)h + 9@ (x,) + g® (21)—
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...... 4)

Ifitwas x, = Xj, X =Xxj + 2 then:

_ (1) ) (xj+2 - x])z
9(x +2) = g(x;) + 9V (x) (a2 = x) + 9% () —;

b g® S
2h)?

=9g(x) + g (x;)(2h) +g® (xj)( o+ 99 &)

(2h)°

Multiplying (4) by (—4) and adding with (5) we find:

() = -39(x;) + 49(xj51) = 9(xis2) Zth(Z) 6+ 4_hzg(3) )

2h 3! 3!
...... (6)
Where the error is equal to:
2h? 4h?
~5r9? @)+ 579 &) =0

Approximation of the second derivative of the function g by finite differences forward
by three points if itwas x, = x;, x = x; + 1 then:

(Xj41 — x))°
9(x+1) = g(x) + 9@ (%) Gga — 1) + 9 () == 2! ]
3
+ g® S — 2
! )

h2
=g(x)+ g®(x)h + 9@ (xj)i‘l' g® (51)5

Ifitwas x, = x;, x = x; + 2 then we have through (1):
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(% +2) = g(x;) + 9P (%)) (a2 — %)) + 9@ (x)) (x,-+22—! =

( ]+2 x1)3

+ 9(3) (&2)

+ 9® (&)
2h)?
|

2h)°
=9(x) + 9(1)(?9)(2’1) +g® (' 2 : !)

3

Multiplying (5) by -2 and adding with (6) we find:

9@ () = L2005 ¥ 9a) _ S g4 2y

Where the error is equal to:

8h 2h

2197 @) + 3799 G =0

Approximation of the second derivative of the function g by finite differences back to
three points if itwas x, = x;, x = x; + 1 then:

g(xi—1)=g(x) + gP(x;) (xi—1 — x) + 9@ (x )( 12. X;)

= x)3
+ g© @

h? h3
=9(5) + 9P + 9P x5+ 99 G

Ifitwas x, =x;, x =x; + 2 then:

9(x+2) =g(x) + gP(x%) G2 — x) + 9@ (x)) (xj_zz_! E

(Xj—2 — %))’
31

+ 9(3) (§2)

2h)3
= () 9D(5)2h) + 9@ (x)) e

(Zh)

9® (&)
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By multiplying (10) by -2 and adding with (11), we find:

g () = L2) = Zg,E? )+ 90) | Bh 209 @)

Where the error is equal to:

8h 2h
3 9% (&) - —9(3) (&) = 0(h)

Approximation of the second derivative of the function g by three-point central finite
differences through (5) ifitwas x, = x;, x = x; + 1 then:

. — ¥.)2
g(x,- + 1) = g(xj) + g(l)(xj) (K1 — X)) + g(z) ;) (Xj41 — Xj)

2!
x. —x. 3 x. —x. 4
+ g® (X')( ]+13| 2 T ( ]+14| 2 9% (&)

2 3 4

=g(x) + g (x)h + 9@ (x])—+ g® (Xl)_+h g &)

Ifitwas x, = Xj, X =x; + 2 then:

g —1)=g(x)+ g (x) (g1 — x) + 9@ (x)) (-1 = %)

2!
+ g(3) (x ,) (xf-13_- xj)3 n (xj—14_! xf)4 (4) (&, )

4

=g(x;) + 9P (x)h + 9@ (x,)—+ g® (El) +g(4) (Ez)—
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We add (13) and (14) and find:
9(xi-1) —2g9(x)) + g(xj41) h* h*
9®(x) === nz P - W @) - 9% @)
...... (15)
Where the error is equal to:
h* h*

2799 ) — 779 (&) = 0(h)

5. Approximation of fractional derivative by finite difference method

Suppose the domain [a, b] is divided into subdomains [x; , x;,, ] Withastep h = ?

We use equally spaced nodes x, =a+ kh, Vk=0,12,...,n

The trapezoidal base consisting of n subdomains can be expressed by the relation:

T(f,h) =2 TRalf (teen) + £ (x00)]

This is an approximation of the integral of the function f(x) on the interval [a, b]
were

f;f(x)dx =
TR (17)

That's why we have:

1 Ly
Dy = rd—a) ), t=x)° dx

O0<a<l1,t>0

Integrating by parts we conclude the following:

D y(®) = y'(0)t1 ™% + f (t =)' y"(x) dx)

1
(1-a)(1-a) (

We use the compound trapezoidal rule (15), (14) to estimate the integral, we put:

FOo = f (t — 0" y"(x) dx
0
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Among them:

t h - 1-x 1-a
jo (t— )% y"(x) dx = 2 ; [(t — xj_l) y'i(xj-q1)+ (t — xj) v (x; )]

~ % ;L=1(t - Xj-1 )1_a y'(xj-1) + % 2?=1(t — X )1_a (%)

z% [(t — x0)7% y(0) +(t- x, )1'“ y(x,) +2X0,(t — x; ) Ty )]

Therefore:

= %07y O ey ) + 2 1)y )

Dy =3 (1-a)l(1-a)
...... (19)

(t— x0)"%y'(0)

A-a)l(1—-a)

Putting y( x; ) = y; through (6), (12) and (15) we find:

;LT3 A T Y
Y= 2h

yo Vi T2Vt Y,
y = A

v Yi-1 T 2y, + Vi
y = A
...... (20)
Therefore:

V' —3Yy, 4y, — Y,

0 =

2h

oo yO_ZY1+ Y2
Yo~ A
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7 yn—Z B 2yn—l + yn

Yo~ A

...... 21)

Among them:

D y(®) = (1—a)11“(1—a)[yo - 22}21 —2
e )]

n—-1
+ 1 Z Yji-1 — Zyj T Yy (t— X')l—a
1—-a)l(1—a)s 4 h L
]:
—3y0 + 4yl -y,

t— 1-a
T =T —ay & %)
...... (22)
Therefore:
1 h
D y(t) = M,+= (M, +2M, +M
...... (23)
Such that:
—3y. + 4y, —

Ml = Yo h 71 Y2 (t— xo)l‘“

-2y, +
MZ = Yo 2};11 Y2 (t— X0 )1—a

_ Viq—2y;t+ Yy, 1-
M; = 27:11[ = h] = (t—x)) a]
M= o2 " 2¥na Yo yi

6. Examples:

Numerical examples with a comparison between the exact solution and the
approximate solution using the forward and backward finite difference method and the
limit value using different values and comparing the accuracy of the approximate
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solution with the exact solution where the MATLAB program was used to calculate
some values.

Example 1. Let us have the following equation:

4—-a

EDu(t) = —u(t) + m

,0<a<1,t>0

u(0) =0

The exact solution is:

u(t) =t* Eqs (- t9)

We will find the approximate solution by the finite difference method and compare the
exact solution and the approximate solution of the equation for different values

n = 100,500,1000 ateach t; where a = 0.5

to show the importance of the step length h = 1/n in approaching the exact solution
of the equation. and we will give the absolute error by the finite difference method.

Table 1. Numerical solution using the finite difference method where @ = 0.5 and
n = 100,500,1000

t Exact n =100 n = 500 n = 1000
value Error value Error value Error

01|363E— |3.77E— |1.29E— |3.65E— |1.32E— |3.64E— |4.78E— 09
06 06 07 06 08 06

02| 552E— |559E— |6.949E— |553E— |6.77E— |5.52E— |2.43E— 08
05 05 07 05 08 05

03|269E- |271E- |180E- |269E—- |1.72E—- |2.69E—- |6.18E-08
04 04 06 04 07 04

04|8.24E—- |828E—- |449E- |8.25E—- |3.31E- |8.24E—- |1.18E-07
04 04 06 04 07 04

05|196E—- |197E- |580E- |196E—- |545E- |196E—- |1.94E-07
03 03 06 03 07 03

06|397E—- |400E- |8.73E- |3.97E- |8.16E—- |3.97E—- |2.91E-07
03 03 06 03 07 03

07|720E—- |721E—- |123E- |7.20E— |1.14E- |7.20E— |4.08E—-07
03 03 05 03 06 03

08[1.20E—- |1.21E- |165E—- |1.20E- |153E- |1.20E- |5.45E-07
02 02 05 02 06 02
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09|18E- |190E- |213E- |189E- [197/E- |1.89E- |7.03E-07
02 02 05 02 06 02
1 |284E— |2.84E— |2.67E— |2.84E— |247E— |2.84E— |8.81E— 07
02 02 05 02 06 02

We notice that the absolute error at n = 100 is greater than at n = 500 and that the
absolute error at n = 500 is greater than at n = 1000.

We also notice that the error tends to zero when n tends to infinity.

Error - Owhenn - oi.e. . lim,_ ., Error -0

This means that the exact solution approaches the absolute solution.

Example 2. In the following equation we present some numerical solutions to the
nonlinear boundary value problem:

aa
= fV < <x<
fi ax“f (x,t),l1<a<2,v>20<x<5,
f(0,t) =0=f(5,t),vt >0,
f(x,0)= fo(x),V 0<x <5,

Where initial data f;, is the gaussian function given by

fo (x) = ;1

(2m(0.3)2)2

e —(x—2.5)2/2(0.3)?

Using algorithms in MATLAB we get the values as in the table (2):

Table 2. Values of the numerical solution v, the exact solution f, and the error
E=v—f,fora=2andv =1intheproblematt =1

X \Y; f E

0,0 0,00000000 0,00000000 0,00000000
0,5 0,13650936 0,14492708 —0,00841772
1,0 0,28017859 0,28987258 —-0,00969399
15 0,41875250 0,41990747 —0,00115497
2,0 0,52474526 0,51329497 0,01145029
2,5 0,56558688 0,54801760 0,01756928
3,0 0,52629428 0,51462415 0,01167013
3,5 0,42130602 0,42221621 0,00208981
4,0 0,28306465 0,29267907 —-0,00961442
4,5 0,13934058 0,14787562 —-0,00853504
50 0,00000000 0,00000000 0,00273680
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As the numerical solution is very close to the exact solution.

Fig 1. Numerical solutionswhen v = 1.0 witha = 1.2,a = 1.4,a = 1.6,a =
1.8,a = 2.0

] — fo
23 s Eees A
- g=14
2.0 1 a=16
a=18
—_—a=20
154
1.0 4 T
0.5 R s
P B =
.0‘.‘:"‘_ ..... T-:.T,:__—_-'.-_’-; """"
00’ TS =
0 1 2 3 4 5

Fig 2. Numerical solutions when a = 1.5 with v =0.2,v = 0.5,v =1.0,v =
1.5,v=20
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Conclusions

By searching for the possibility of finding an acceptable approximate solution by
studying numerical examples using the forward and backward difference method and
comparing the results, I noticed the effectiveness of this method, especially in example
(1), where the results were acceptable and reliable and the error tended to zero when n
tended to infinity, which means that the exact solution approaches the absolute
solution.
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