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Abstract 

Fractional calculus is an important area of research and applications of fractional 

calculus in ℝ or 𝕔. The forward and backward difference method for finding numerical 

approximations to solutions of simple differential equations was developed for solving 

fractional differential equations.It was discussed using finite differences, where 

examples were discussed to deduce the exact results, we want to obtain. The 

comparison was made based on tables calculated by MATLAB in these examples used 

to compare the absolute error of the approximate solution and the exact solution. 
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 الخلاصة:

أً  Rنكسزي يدالا ييًا نهبحث ًجطبٍمات حساب انحفاضم ًانحكايم انكسزي فً ٌعذ حساب انحفاضم ًانحكايم ا

c.  جى جطٌٌز طزٌمة انفزق الأيايً ًانخهفً لإٌداد انحمذٌزات انحمزٌبٍة انعذدٌة نحهٌل انًعادلات انحفاضهٍة انبسٍطة

حٍث جًث ينالشة الأيثهة  نحم انًعادلات انحفاضهٍة انكسزٌة. جًث ينالشحو باسحخذاو طزٌمة انفزًلات انًنحيٍة،

لاسحنحاج اننحائح انذلٍمة انحً نزٌذ انحصٌل عهٍيا. جى إخزاء انًمارنة بناء عهى اندذاًل انًحسٌبة بٌاسطة 

MATLAB .فً ىذه الأيثهة انًسحخذية نًمارنة انخطأ انًطهك نهحم انحمزٌبً ًانحم انذلٍك 

 .فزًق انًنحيٍة: دانة خايا، صٍغة جاٌهٌر، طزٌمة انالكلمات المفتاحية

1. Introduction 

In this work, numerical approximations were used to solve differential equations 

containing fractions. Due to the emergence of fractional differential equations as well 

as fractional integral equations in many important issues, they are also used in 

modeling many practical problems such as electromagnetic waves, propagation 

equations, etc. The study was conducted using the known difference method. The 

research concluded with a discussion of numerical examples using this method 

I also compared the exact solutions with the approximate solution, in addition to 

presenting the comparison using graphs and error tables. 

 

2. Gamma function  
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∀   𝕔  such that    ( )      then Gamma function is given by: 

 ( )  ∫     
   

 
                                                                                                    

…… (1) 

 

An important property of the gamma function is the following regression relationship: 

 (   )     ( )                                                                                                                     
…… (2) 

For every natural number  , then:             (   
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The gamma function has no simple poles for points:                              

3. Taylor's formula 

 Let g be a function that is differentiable      times on the interval[   ] where      

  [   ] , ∀      [   ]  there exists an ξ between the numbers       such that: 
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4. Finite Difference Formula Using Taylor Series 

Approximation of the first derivative of the function g by finite differences forward by 

three points by setting             in (3) If it was                 then:  
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…… (4) 

If it was                 then: 
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Multiplying (4) by (−4) and adding with (5) we find: 
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Where the error is equal to: 
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Approximation of the second derivative of the function g by finite differences forward 

by three points if it was                 then:  
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If it was                 then we have through (1): 
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Multiplying (5) by -2 and adding with (6) we find: 
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…… (9) 

Where the error is equal to: 
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Approximation of the second derivative of the function g by finite differences back to 

three points if it was                 then: 
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If it was                 then: 
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…… (11) 

By multiplying (10) by -2 and adding with (11), we find: 
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…… (12) 

Where the error is equal to: 

 

  

  
 ( ) (  )   

  

  
 ( ) (  )   ( ) 

Approximation of the second derivative of the function g by three-point central finite 

differences through (5) if it was                 then: 
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If it was                 then: 
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We add (13) and (14) and find: 
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Where the error is equal to: 
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5. Approximation of fractional derivative by finite difference method 

Suppose the domain  [   ] is divided into subdomains [          ] with a step   
   

 
  

We use equally spaced nodes             ∀                   

The trapezoidal base consisting of n subdomains can be expressed by the relation: 

 (   )  
 

 
 ∑ [ (      )   (    )]
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This is an approximation of the integral of the function  ( ) on the interval [   ] 
were 

∫  ( )    
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That's why we have: 
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0 < α < 1, t ≥ 0 

Integrating by parts we conclude the following: 
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We use the compound trapezoidal rule (15), (14) to estimate the integral, we put: 
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Among them: 
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Putting y(    )        through (6), (12) and (15) we find: 
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Among them: 
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Such that: 
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6. Examples:  

Numerical examples with a comparison between the exact solution and the 

approximate solution using the forward and backward finite difference method and the 

limit value using different values and comparing the accuracy of the approximate 
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solution with the exact solution where the MATLAB program was used to calculate 

some values. 

 

Example 1. Let us have the following equation: 

  
   ( )    ( )   

    

 (   )
              

 ( )     

The exact solution is: 

 ( )          (   
 ) 

We will find the approximate solution by the finite difference method and compare the 

exact solution and the approximate solution of the equation for different values 

                    at each       where        

to show the importance of the step length       in approaching the exact solution 

of the equation. and we will give the absolute error by the finite difference method. 

 

Table 1. Numerical solution using the finite difference method where       and 

               

                     Exact t 

Error value Error value Error value 

4.78E − 09 3.64E − 

06 

1.32E − 

08 

3.65E − 

06 

1.29E − 

07 

3.77E − 

06 

3.63E − 

06 

0,1 

2.43E − 08 5.52E − 

05 

6.77E − 

08 

5.53E − 

05 

6.94E − 

07 

5.59E − 

05 

5.52E − 

05 

0.2 

6.18E – 08 2.69E – 

04 

1.72E – 

07 

2.69E – 

04 

1.80E – 

06 

2.71E – 

04 

2.69E – 

04 

0.3 

1.18E – 07 8.24E – 

04 

3.31E – 

07 

8.25E – 

04 

4.49E – 

06 

8.28E – 

04 

8.24E – 

04 

0.4 

1.94E – 07 1.96E – 

03 

5.45E – 

07 

1.96E – 

03 

5.80E – 

06 

1.97E – 

03 

1.96E – 

03 

0.5 

2.91E – 07 3.97E – 

03 

8.16E – 

07 

3.97E – 

03 

8.73E – 

06 

4.00E – 

03 

3.97E – 

03 

0.6 

4.08E – 07 7.20E – 

03 

1.14E – 

06 

7.20E – 

03 

1.23E – 

05 

7.21E – 

03 

7.20E – 

03 

0.7 

5.45E – 07 1.20E – 

02 

1.53E – 

06 

1.20E – 

02 

1.65E – 

05 

1.21E – 

02 

1.20E – 

02 

0.8 
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7.03E – 07 1.89E – 

02 

1.97E – 

06 

1.89E – 

02 

2.13E – 

05 

1.90E – 

02 

1.89E – 

02 

0.9 

8.81E − 07 2.84E − 

02 

2.47E − 

06 

2.84E − 

02 

2.67E − 

05 

2.84E − 

02 

2.84E − 

02 

1 

 

We notice that the absolute error at       is greater than at       and that the 

absolute error at       is greater than at       . 

We also notice that the error tends to zero when n tends to infinity. 

                        .                   

This means that the exact solution approaches the absolute solution. 

 

Example 2. In the following equation we present some numerical solutions to the 

nonlinear boundary value problem: 

    
  

   
  (   )                  

 (   )     (   ) ∀        

 (   )      ( ) ∀                                

Where initial data      is the gaussian function given by 

    ( )   
 

(  (   ) )
 
 

   (     )
   (   )     

Using algorithms in MATLAB we get the values as in the table (2): 

Table 2. Values of the numerical solution  , the exact solution  , and the error 

     , for     and     in the problem at     

x v f E 

0,0 0,00000000 0,00000000 0,00000000 

0,5 0,13650936 0,14492708 −0,00841772 

1,0 0,28017859 0,28987258 −0,00969399 

1,5 0,41875250 0,41990747 −0,00115497 

2,0 0,52474526 0,51329497 0,01145029 

2,5 0,56558688 0,54801760 0,01756928 

3,0 0,52629428 0,51462415 0,01167013 

3,5 0,42130602 0,42221621 0,00208981 

4,0 0,28306465 0,29267907 −0,00961442 

4,5 0,13934058 0,14787562 −0,00853504 

5,0 0,00000000 0,00000000 0,00273680 
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As the numerical solution is very close to the exact solution. 

Fig 1. Numerical solutions when       with                     

          

 

 

Fig 2. Numerical solutions when       with                      

          

 

Conclusions  

   By searching for the possibility of finding an acceptable approximate solution by 

studying numerical examples using the forward and backward difference method and 

comparing the results, I noticed the effectiveness of this method, especially in example 

(1), where the results were acceptable and reliable and the error tended to zero when n 

tended to infinity, which means that the exact solution approaches the absolute 

solution. 
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