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TRACT . i s
'?Im iper presents tables of modified stability functions. They enable the pr er“-“()” U{ the elagtje
riti I:l T:':dq of structures with some members carrying linearly varying axial OFCC;’ With zero axjg]
C Cc (s o < . i . 5 g . . .
f at one end. supported by or driven into elastic soil. having constant modulus of subgrade,
orce al one ¢ v o 8

using a hand computing method.
INTRODUCTION ' _om = —
Stability functions for beam- column supported on continuous Winkler foundation or driven intg.

elastic soil, carrving linearly varving axial force with zero axial force at one end, are tablliillc;d for
iy i ; elastic

different values of axial load parameters and soil stiffnesses. They enable th? prEdrlcltoln of ‘llhc :
critical loads of structures with some members supported by or driven into elastic il having
Applicable to friction piles

constant modulus of subgrade reaction, using a hand computing method. :
partial penetration, the upper chords of trusses and other related structures with any

with full or

ends restraints.
MODIFIED SLOPE DEFLECTION EQUATIONS
astic strut supported by an elastic

The modified slope deflection equations associated with the el
foundation and carrving a constant axial force P, are given in reference 1, and shown in Fig. 1.

Mi: = (EI /L) (sO1 + sc0> + ot -~eQymy (la)
Mi: = (EI /L) (sc® + s6, + Oypt-Qyy (Ib)
Vi: = (El /12) (Q0 + g0 0z + T yu fl; — T4 y2 /L) ..(lc)

........ (Id)

Var = (EI/1) (qQ 81 + Q 0: + Tt yi /L = T y2 /L)

Where
My is the clockwise end moment at end 1]
Viz is the end shear force at end 1
0 is the clockwise rotation of end 1
is the displacement of end ] perpendicular to member 12

Vi
E Young Modulus
I Moment of inertia

l Length of the member 12

s is the maodified stiffness factor of the strut
is the modified momen; carry-over factor

sC
0 is the modified flexural shear stiffness factor
qQ is the modified flexural shear carry-over factor

46



T is the modified she
T is the maodified she

The madified stability lunctions are functions of the non-d
AL = (K /4ED) L where Pe is the Euler load n2EI /1.2
equal to the modulus of the subgrade re
stability functions were determineq

When the axial load is linearly v
two ends differ and the modified g|

ar stiffness factor

imensional parameters p = P /Pe and
and k is the stiffness of the elastic soil which is

arying as shown ip Fig.

Miz = (EI/L) (5101 + sc 9, + Qiy1 /L,

- oyey (2a)

Mzi = (EI/L) (sc &1 + $20: + (QQ)ZYI/L - %y (2b)

Viz = (EI /Lz) Q16 + (qQ)ZGZ + TIYI /L — Tt y2 /L) ....... (ZC)

o) (O +0uts by, g o oo (2d)

where s1. sc, Qu, (qQ)1, Tt and T, are the modifieq stability functions of end 1 and are functions of p
= P/2P and A L = (k /4ED)Y,

MODIFIED STABILITY FUNCTIONS DERIVATION

The elastic stability of a uniform bar, 3 member of a frame, subjected to a linearly varying axial
load. shown in Fig. 2, on elastic foundation having a stiffness k depend on the solution of the basic

differential equation?
El d*z +§_(dez)+kz=0 S
dx* dx Ldx

parameter k. When k = o, the solution? is

wx wx - wx ‘
z=D I A(t)dt +D; j B(t)dt — nvj G(t)dt +D; y (4)

where
w = (P /EIL)
Afx). B(x), G(x) are Airy integral functions defined by

Ai(x)z-}- f cos (3t + xt)dt
n
0

X

i

3
Bj(x) =—1- (sin(3t> +xt) +el ~ 3 ) dt

0
Fa

Gi(x) = — sin(4t? + xt) dt

0]

Di. p,, Ds are constants of integration
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V constant end sheat force
e . -
The modified stability funcuons. a . BID,
tabulated for different values of axm: load r:;r::lﬂ]f;tgl(‘mpu) h ava]ciable. A finite difference e
ical solution ‘
For k > o no closed analytica -
appears ti) offer the most practical approach to the solution ol eq

* 4
Equation (3) may be written in difference form* as

also function of the Airy integral functions. They e,

_ 0 . T seessses (3)
7 + A,z 1 + ann * Cnzn+l i bn+2 .

‘n=2 n n-

The first. second. third and fourth derivative of z is approximated, using the cfantral difference, by.

dz Iooo o w (6a)
S T ~— 2 Z =
s )n on (a1 ™ %0n)
(':—_7’ II’ (Z . ZZn+Z |) ........ (6b)
2
d’z 1 (6¢)
ey, TPe +2
(d"Z) ]
dx? nth By 4Zn+l +67,n— 4zn : +zn_2) ........ (6d)
where
N number of increments
h=LH
2 ) )
Ay=5p0-05-4 (7a)
NS
o E=In P LR - e e T e (7b)
Cn= (m p/N3) (n + 0.5)—4 . (7¢)
p: )/2PL‘ 4 '
AL = (k/4E]) L

The subdivision of the strut into N increm ' i [
' ents is shown in Fig, 3. ' ive N equation$
with (N + 4) deflections . a— 8. 3. Equation (5) give N eq

The additional e ' : dary
ye quations are bounds
conditions at the ends, given in equati obtained from the

ons (8)
Atx =nh =9 Atx = Nh = [,
Z-_—yl Z:y: ........ (8)
(dz /dx) = 6 (dz /dx) = @,
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Atx =nh =o X = Nh

= I
&z d?z
= — (M2 /EI) = =(N
d_\-z- e e (9)
&z d’z
=A/m-viy L2
= (1 /EI)(—=Vi12) e (1 /EI) (v, +Pg,)

A finite element approach for e
in the soil stiffness or in the axial
the University of Technology Bag

Stimating the mogijs
force using equati,
hdad under the g,

ed Stability functions for 4 stepped varaiation

ns (1) is possible, This is being investigated at
Pervision of the writer,

STABILTY FUNCTIONS TABLES

To facilate the estimation of { 1
oad of st i i

foundation, it was necessary to tabulate the stabilit o ps With some member on elastic

EXAMPLE 1

The slastic critical load of the strut shown in Fig. 5 pinned at A and A’ ang subjected to a linearly
varying axial force, which may represent the upper chord members of a truss, is predicted.

The method of finding the elastic critical load is to assume a value of the axial load parameter p,
hence allowing values of the stability functions to be obtained from tables. An infinitesimal
disturbance jg now applied to the struture and the resistance to this disturbanc? is found. ‘
Ifthis resistance is Positive, the structure is not unstable and a higher value of p is tested. If there is
%10 resistance, the structure is at its critical load and the correct value of p has been four?d. If the
fesistance to the disturbance is negative, the structure is unstab!e, .and u l'ower value of p crls tfestte;:i.

For the stryt of Fig. 5, there are two possible modes of elastic instability. .The ﬁrstlmo ¢ is the

' i ing disturbance to use is a rotation of joint B
fon-sway joint rotation mode in which the obvious testing distur

by 6, and joints A and A’ rotated by 0. Equations (2a,b) become.
MMAB = (EI/L) (510, +sc 0)

........ (10b)
BA = k1 e o, + Sz@B

. A g - = = (0-and quations (10a,b) ‘give
g Y,and Yy are equal to zero. At the critical load M, = M, = Grand quations T i)
et T8 =0 e 11D)

5cO0 4+
s A S2 OB = 0 ive
énd the determinant of the coefficients equated to zero g
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SC
S1

= 81 S2 — (SC)Z =0

S2

sC

iti arameter for the non-sway joint

p making K vanish is the critical load P

The load parameter aking o y

il have different values . N,

rotation mode W hich have di ' A B e o s gl ¥,

[ he second mode i (he sway mode and the te A il e ——
s \" rotate by 0 but in opposité directions.

and joints A and A7 rot y o,

My artowong — (@ y,/ma (13b)

\.I,\ s (1] 12 | (q(_)]l 0{\ - T yB/l;)

iti = _ 0 and equations (13a.b) give
cqual zero. At the critical load M, = Wene 0 q

sinccl I, and v |
G = gfo="0 T e (14b)

— (qOn 0 T2 yu/L =0 ‘ .

and 11 determinant of coellicients of unknowns equated to zero give

81 — (g
k = = S1 TZ _ (qQ)% = 0 ........ (15)

—(qOQh T2

Solution of equation (13) vields the critical load parameter p of the strut for the sway mode. The
clastic eritical Toads of the two modes of the strut will be estimated for A L = 3.
Non sway mode
First trial p = 3.0
Irom Table 3 i = 4.935 sc = (0.565
vields,
K = 4955 x 0.230 — (0.565)* =
Second trial p = 3.25, when p = 3.

s2 = 0.230; substituting these values in equation (12)

+ 0.822 i.e the strut is stable and a higher of p is tried.

25, the value of K is found to be — 3.037 i.e unstable, hence

1311:- c;ilicai p by linear interpolation is p = 3.00 + (3.25 — 3.,00) (0.822) / (0.822 + 3.037) =
05 ' '

sway mode
First trial p = 3.00
Irom Table 3 si = 4.955 (@gOn =

Jields 7.024 T, = 24.076: substituting these values in equation (15)
K =4.955 % 24,076 — (7 1= ;
Second trial p = 3.2)5 \v(llf(;::24)—— 7 09.95 ke the strut is stable and a higher value of p i e
Thus the non-sway ;llode fol: l;c 35(2 St' the value of K is - 6,542 and the critical p is 3.229-
Str 3 B 1
p=1(P/2P) = 3.053 ut is the critical mode and the critical load of the strut 3
P o= 2 %3 2R
153 X (m? E1/ (LM,/Z)l ) = 24.426 (n2E] / L2
An)

and the corresponding effective len

_ gth of t o
L,=(L,, /24436 ue St I

) =0.202L, "
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EXAMPLY 2
The clastic critical oz, d of the o ‘
AB" are supported laterally by ol .' ‘ 00 Fig. 6 s found hen only the stanchions AB and
To find the elastic critical oad
and B’ rotate by 0, The end me
equations (2b.d) are

avial forces are aw umed o e Enearly vas ving.

O AR ks tranddated Waterally by 4_ and joint B

ments gngd fowces of the memt

w1t die 10 these dete TmAatons gsing

\1"‘-2 (EI /L) (s ﬂ - 0Q: 8 o, /)
My, = (/L) (6 ﬂ o phies
165
‘ll\ = 10, 0, — TJ 5” /1a) |
ey

where the ﬁnﬂ‘xcs I and 2 refer 9 o
beam.
joint equilbrium at B require that

anchion AR ang beam B respectively and no avial kad in the

E\I“ ”:I /]:]l 82 4 ')”] ﬂ') ~{Fl th: "“
s = 2 A0 + 2B AT S,
At the critical load M p = XV, = 0and equation (17) gives
§2 4+ 6(El/L)2 /(B A ~
]\' | R T TEEs R Lk l!
- 0_' T:
When L and EI are assumed to be constant throughout. the clastic boad of the frame is given
the eguation
s: 4+ 0 -0
& =0 . ok
+T:
- Q:

T astic critical load parameter p of the frame wil
ad is obtained by trial and interpolation. The elastic critical load p

Stimated for A1, = 5.

First trig) P =45 T
: 1 3.“17
From Table 5 s; = 5.090 Q: = 53.397 Ta

i 9) yields
5Uhsmuung these values in equation (19) yie

17
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11.090 e
= L1772 Le. stable
K =
53.397 273.075
Second trial p = 5.0, which yields K = — 1097 and the critical load parameter p is 4,64,
econd trial p = 5.0,

If joint B is held in position, the sway factors in equation (19) vanish and the stability Criterigp

becmes

K@ b=0 s et SR Wt N gy o omeet {20)

The load parameter p satisfying equation (20) for AL = 5 is found to be 8.95. Thus the SWay
mode is the critical one.
CONCLUSIONS

1. The method permits the rapid determination of elastic critical loads of structures having some
members on or driven into elastic soil having constant modulus of subgrade reaction and the axig|
forces are linearly varving from zero axial force at one end to P at the other end.

2. Tables of elastic stability functions are tabulated against p = P /?_Pc for AL = 1,2,3,4,5 that

will. be usefull for any of the methods developed for the prediction of the elastic critical loads.
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APPENDIX II: Natations

Afx) =(1/m) j cos(3t? + xt) dt Alry integral function
0

A = (mp/N})(n - 0.5) -4

n

B(x) = (1/m) j (sin(363 + xt) 4+ o( =31 +x1)

) ) dt Airy integral function

B, =6 — (207 p/N3) + 4(AL N)*
c= carry-over factor

= (Tp/N’) (n + 0.5) —4
D1, D2, Ds. constants of integration

= Young’s modulus of beam-column

G(x) =(1/n) j sin(3t* + xt) dt Airy integral function

0 1

|
h = [N ‘
I = moment of interia
k = modulus of subgrade reaction X width of beam- column
K =

determinant of stiffness matrix f

~

L = length
M = bending moment
N = number of increments
P = axial load
P = n? EI /L? Euler load
Q = sway moment factor
qQ = sway moment carry-over factor
§ = stiffness factor
S¢ = moment carry-over factor
T = shear factor
tT = shear carry-over factor
= deflection of end 1 perpendicular to member 12
z = deflection at distance x along the strut

V' = end shear force

w = (P/EIL)*

b = rotation

P = P/P_for strut carrying constant ax
=P /2P for strut carrying axial load w

= (k /4 PI

ial load .
hich is linearly varying

i

~>
v
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