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Abstract

This paper deals with thin beams resting on non-linear Winkler foundations
by using the secant modulus approach to specify the modulus of subgrade
reaction. The finite differences method is used to solve the obtained governing
differentional equation. Results of plate londing test of soil obtained in
Baghdad are used in the present analysis. The results are compared with those
of the elastic Winkler foundations analysis
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Introduction

Foundation is a structural element,

usually soil, 1o suppont the overlving

structure. It is a load-bearing medium
that supports the structure. There are
two basic types of elastic Winkler

foundation [1]:

3 Type 1: is characterized by the
fact that the resisting pressure in
the foundation is proportional at
every point to the deflection at
that point. It is independent of
deflections or pressures produced
elsewhere in the foundation
(discrete spring system).

2 Type 2: is defined by the elastic
solid continuum which is in
conlrast to the first type.

In 1946 E. Winkler assumed that the

reaction forces of foundation on a

supported beam are proportional at

every point to the deflection of the

beam at that point. This assumption in
spite of its simplicity may not
represent  accurately  the  actual
conditions existing in soil foundation.
Beside many classical research work
exist [2], a number of recent research
works have been developed in this
subject such as Hussain [3] Yin [4.5]
and Chen [6].

Scope
The object of the present work is to
analyze  beams on  non-linear

Winkler's springs making use of the
results of plate loading test obtained
from field test in Iraq. These results
are used to evaluate the modulus of
subgrade reaction at different load
stages. The obtained values of
subgrade reaction are used to analyze
two load cases of beams, The results
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are finally compared with the linear
elastic analysis of the same beams.

Modulus of Subgrade Reaction

The modulus of subgrade reaction is a
conceptual rejationship between soil
pressure and deflection. It can be
determined from plate bearing test
that is normally plotted in the form of

a pressure-settlement  diagram  as
shown below in figure [1] where:
K -% (1
0
where;
Ks= modulus of subgrade

reaction, {{orce/urea/deflection).
q = pressure (force/area).
& = settlement (length).
For a beam on elastic foundation:
K (beam) =K (plate)

« width of beam
(2)

Thus Ks for beam has units of (force /
length / deflection)
According to Winkler's hypothesis for
linear soil behavior, the slope of load-
settlement diagram 1s constant and has
the value of Ks Since the soil
behavior is usually far from being
linear. One can approximate Ks value
by using one of the followings:
Initial tangent modulus: is the slope of
the tangent to the pressure - settlement
curve relation at the origin,
Secant Modulus: is the slope of the
secant from the origin corresponding
10 a certain settiement,
However, since the secant value
would be more definite at a point than
a tangent. in the matter of drawing, Ks
is normally taken as the secant
modulus corresponding to settlement
of 1.25mm for the standard plate
loading test [1].
In the present work the value of Ks is
specified at different load stages using
the secamt method. These values are
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used to solve the differential equation
of beams on elastic foundations. An
iteration procedure was carried out to
get the defiection values at different
load levels. When a tolerance of
deflection value of 10-5 is obtained,
the iteration is stopped and the values
of deflection, shear and bending
moments are calculated.

The soil used in this work is Jocated in
Baghdad [7] The test was carried out
by the College of Engineering of the
Uiniversity  of Baghdad ¢ the
Consultamt Engineering Bureau / as
part of series of tests for the soil
mmvestigations of the big Baghdad
mosque.

Differential Equation

For a beam element supported by a
load bearing medium (figure [3]), the
following fourth order differential
equation is obtained [11:

d'y Ky q
' El E ©)
wiere:

y=¥(x) is the deflection of the beam.
= q(x) distributed ioad (load per unit
length).

El= flexural (bending) rigidity of the
beam.

Here, in equation (2) the modulus of
subgrade reaction Ks depends on the
deflection v,

Method of solution

Although there are many methods
used to solve equation (2), the finite
differences method [8] 15 used to
solve the governing equation. In this
method, the numerical solution of the
differential equation depends on
obtaining numerical values at some
pivotal points spaced in the x-y plane.
The derivatives required to oblain the
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pivot points are approximated either
by the derivatives of the nth degree
parabola passing through a certain
number of pivot points, or by Tavlor
series expansion as shown in figure
[4]. Figure (5) gives the grid used in
the finite difference to model the
beam.

The expressions used in the current
study are;

dy _ ¥ =¥
——— T e ]_
i 5 {central) i4)

[i;,}r = }rul _2.\': +jll|.—l [5]

dx - Ax-

dl}f - FI.-: _z}llﬂ +2yl—] _},I—I

dx’ 2h’
(central) (6)

."-llll.l"‘L i }rl--l - 43’1:-[ +6-v'. _4YI.—1 + }r":

dx’ Ax*
M

At (k+1) cycles (or iterations), Ks(k)
is estimated from deflections yi(k) of
the previous cycle. The general finite
difference expression is;

}'Ek;” = 4}'::.'” i tﬂ,lk--l _'_h_.tl_u‘-u_‘_ :r,_rt:li

=

" ﬁ}u-n =4
[ B El

(8)
Four boundary conditions are required
to salve equation (8) as follows:
:I"I{.l =¥y = ﬂ

T
!!"T!-]= }'ml
The solution starts with initial

modulus Ksi(0) for node i and the
solution is obtained for vi(k). The
solution is repeated by using Ksi(1)
for node i to obtain yi(2) and so on. At
the start, Ksi(D) is the same for all
nodes i but then Ksi(1), Ksi(2),

1253

Analysis of Beams on Nen-Lincar Elastic
Winkier Foundation

Ksi(3),.... for node i will be different
for different nodes as yi(k), vi(2),

Y30 are different for different
nodes,
Applications

Two case studies are considered in
this work, First, a simply supported
beam subjected to a concentrated load
and the second is also a simply
supported beam subjected to a
uniform load as shown in figure [6].

Resuits

For the simply supported beam, figure
(7) shows the deflection profile along
x-direction for the linear elastic and
non-lincar elastic Winkler foundation
while figures (8) and (9) show the
bending moment and shearing force
along x-direction. The results show
nonlinear effect of Ks in the two
solutions. For the beam under a
concentrated load, figures (10}, (11)
and (12) show the deflection profile,
bending moment diagram and
shearing force diagram. The results
show nonlinear effect of Ks in the two
solutions. Figure (13) and table (1)
show that the mid-span deflection for
the linear and nonlinear modulus
decreases as the depth of the beam
increases because the section flexural
rigidity El of the beam increases.
Figures (14) and (15) and tables (2)
and (3) show that the mid-span
moment and maximum shear force
increase as the depth of the beam
increases because also the section
flexural rigidity EI of the beam
increases for the two approaches
(linear and non linear).

Conclusions

1. The results from the linear and
non-linear solutions show rather
different  wvalues for  both
deflection and bending moment
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but rather close values for shear
force for high load applied on the

beam restod on elastic
foundation.
In  order 10 get  scale

magnification and differences in
results, high applied was used in
the two case studies. Ordinary
loads  give no  significant
differences between linear and
non-linear behavior of soil.

It is obvious that the elastic
method  for  analyzing beam
resting  on  elastic  medium
(Winkler's assumption) is still
valid for ordinary applied loading
on  beams. The nonlinear
behavior of soil was adapted
(adjusted) by using high applied
toads (to magnify the scale and
the difference in results),

The effect of beam depth on
maxmmum beam deflection and
bending moment is found to be
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Figure [7] Deflection profile for beam under uniform load {case 1).
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Figure [8] Bending moment diagram for beam under uniform load (case 1).
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Figure [9] Shearing force dia_gram for bc;m under unifoim load (case 1).
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Figure [10] Deflection profile for heam under concentrated load (case 2).
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Figure [11] Bending moment diagram for beam under concentrated load (case 2).
Shear Force Diagrams
‘——LUNEAR
~a— NONLIEAR

0 05 1 15 2 32 3 35 4 -
Distance (m) i

Figure [12] Shearing force diagram for beam under concentrated load (case 2).

__Table [1] Effect of beam depth on maximum deflection {mm)

|

' Beam Depth (m) ' Linear | Nonlinear Percentage

| |

| 0.3 | 26 3.926 51

F 0.6 2.091 2.293 9.66045
0.9 1275 | 1348 572549

1258



Eng. & Technology, Vol.24, No.9, 2003

Maximum Deflection {mm)

F{g,ure [|3I_EH'E;H of beam dapth-un ma:s'im-um deﬂ.c{:t-i;:nu
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Beam Dopth (m)

Tabie [2] Effect of beam depth on maximum moment (kN.m)

|

Beam Depth (m) Linear Nonlinear Perceniage |
o 0.3 25947 | 25948 0.00385
0.6 113.50 125113 10,2317
| 0% (| 237.504 250.580 5.50559
| —— LnEAR

Bending Moment (kN.m)

Beam Depth {m}

| e HON LINES R

Figure [14] Effect of beam depth {:n_rﬁaximum momeiil
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Table | 3] Effect of beam depth on maximum shear force (KN)
" | :
' Beam Depth (m) i Lincar Neonlinear Percentage
‘. 0.3 L 105.627 105.628 0.00095
| 0.6 179.186 179.188 0.00112
|_ 0.4 177.44 177.45 0.00584
190 ——— e .
T
| W
180 . = RS A e LR as
z f —+— LINEAR ;
130 L ——— it e —a— NONLNEAR
o, N
Tﬂ. |__.__ _I i
03 06 0s
Beam Depth{m)

Figure [15) Effect of beam depth on maximum shear force
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