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Abstract

We study the interplay between notions of quasi-randomness for
hypergraphs. In particular, we show a strong connection between
discrepancy-type measures of quasirandomness in the hypergraph setting.
Exploiting this connection, we provide a long list of disparate quasirandom
properties and show that these properties are all equivalent (in the sense of
Chung, Graham, and Wilson) with polynomial bounds on their
interdependences.
Keywords: Graph, Hypergraph, Quasirandom, Cayley hypergraphs.

The research is extracted from the thesis of the first researcher.
1. Introduction

Pseudo-random features can be informally thought of as random
certificates for the object in question. Given a class of composite objects,
such as 3-uniform graphs or hypergraphs, we say that a (definite) property of
these objects is a pseudo-random property if it satisfies two conditions: a
uniform random object of that class, this satisfies the property with high
probability.
Any object that satisfies this property will behave like a random object in
other ways. In such cases, just knowing that an object has some quasi-random
properties gives a lot of information about its behavior in many ways. Then
such objects are called pseudo-random. The concept of pseudorandomness
was originally introduced in the setting of graphs in a paper by Chang,
Graham, and Wilson [10].
After the introduction of pseudorandom graphs, Chang and Graham [7, 8]
and Kohayakawa, Roedel, and Skokan [19] undertook the task of
generalizing such concepts to cloud graphs. They considered uniform k-
supergraphs (k-graphs) that mimic the random supergraph G® (n, p), where
each set of k elements in [n]:= {1,2, ...,n} is chosen as an independent edge
to be with probability p.
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This lack of correlation in the presence of edges leads to strong uniformity
properties that make it easy to work with stochastic hypergraphs. It was then
shown that some of these good features form an approximate equivalence
class of similar stochastic features. The main concept in Chang and Graham's
work was the deviation of a super graph.

According to the K-graph H, we write v (H) and e (H) to represent the
number of vertices and edges in H (respectively) and we write 6 (H) to
represent its edge density. The skewness of a hypergraph can be considered
as a measure of the skewness of its edge distribution, which is supposed to
mimic a random distribution. Officially by:

deve(H) = E_ 0 o0y panye H {H['.I":l""' L .1"5:"* Yy — d(H)).
wEf0, 1}k

Where H (x1, ..., xk) represents the edge marker function 1[{x1, ..., xk} €
E(H) ] . It is always true that 0 < deck (H) < 1, and it can be shown that
random hypergraphs have very small deviations with high probability.

In contrast, the central concept in the works of Kohayakawa, Rodel, and
Skukan was the divergence of a hypergraph, which quantifies the distance
from a uniform distribution of its edges when measured against low-order
structures. In their paper, these low-order structures are represented by k-cuts
of (k — 1) graphs, but here we will work with the slightly more general notion
of (k — 1)-cuts. The variance of a k-graph H is then defined by:

disce_(H) = max
§1.e SR CV (H )k~

"
Eyevimk [(H{x} —d0(H)) H 5"!{':-4'.:']_:'#4')} ‘

Where we use the same symbol for a set S and its indicator function 1[x € S].
It is not hard to show that random supergraphs have very small variances
with high probability. Both deviation and variance can be viewed as pseudo-
random measures.

Another statistic that can be accurately estimated in random hypergraphs is
the count of different smaller hypergraphs that occur as subgraphs. Given two
supergraphs F and H, denote the number of labeled copies of F in H by N
(H). If H is a random supergraph G® (n, p), then the expected value is Ng(H).

pFlpn —-1)...(n - v(F)+1) = p“Fp ) L O(v(F)?nvE) I;I'.

Moreover, Nr (H) is strongly concentrated around this expected value. It was
shown by Chang and Graham [7, 8], and by Kohayakawa, Roedel, and
Skokan [6] that large pregraphs H have a small deviation ((devy (H) = O (1)))
or small difference.
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(discy.1 (H) = O (1)) It should contain approximately the expected number of
all subgraphs of finite size.

Nt (H) = 8(H) °F) v(H) Y@ + o(v(F) 2 v(H) Y ) A special role in their results
is played by the octagon. K-Octagon Oct® is a graph of a complete k-part
graph where each vertex class has exactly two vertices. Note that the
deviation from a k-diagram H can be interpreted as the weighted average of
the number of octagons Oct®,

When the weight is given by the balanced indicator function H (x1, . . ., xk) —
O(H). In [19] it was shown that Oct(k) is complete for the pseudorandom
concepts presented above: any k-graph H that has approximately the “correct"
ratio of subgraphs isomorphic to Oct® - meaning the expected ratio In a
random hypergraph with the same edge density - it will mean pseudo-
random. In particular, it follows that H will also have approximately the
correct proportion of any other fixed (finite-sized) k-graph F as subgraphs.
Despite these results, and in contrast to the simpler set of graphs, it turns out
that there are several distinct equivalence classes of pseudorandom concepts
for hypergraphs. These different classes and their interrelationships were
studied by Chang [5], Kuhayakawa, Nagel, Rédel, and Schacht [18], Kenlon,
Hahn, Person, and Schacht [11], Lenz and Mebei [20] and Tausner [21].
They got. Name a few.

Let d and k be integers with 1 <d <k and let H be a K-uniform hypergraph.
D-difference H is defined by:

discg(H) = max
SpcV(H)®: Be(1)

E'xE'll.l’{:'J‘ [{ff[xj—(jﬁjf]J H .‘:I‘j;li[-!‘_[::'_,ief:ﬂ]l\|

Be (¥}

Where the maximum is taken over all (%) Sets of d-subsets of V/(H)" indexed

by d-subsets [k]. It is a measure that shows how far the edges of H are from
the uniform distribution against structures of order d. If the difference d from
H is small, we consider it pseudorandom of order d. More formally, we say
that H is e-pseudorandom of order d if (H) < ¢ discg.

The concept of deviation can be extended to other arrangements as well. We
define d as the deviation from H, denoted by dev4(H).

E,0 xev () By, mevin || (H(z ™ 2g yaga, yk) — 8(H)).

we{01}4
Just as k deviation devy(H) can be viewed as a weighted number of Oct®
octagons, so d deviation can be viewed as a weighted number of Oct®
octagons, which by adding k — d additional vertices are formed by Oct® and
their connections to each of the edges. Chang [5] showed that any k-diagram
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that has a small d deviation must also have a small (d-1)-difference.
However, as observed by Lenz and Mbei [20], the other direction does not
hold and the two concepts are distinct.

Kohayakawa, Nagel, Rodel, and Schacht [18] proved that pseudorandomness
of order 1 (also called weak pseudorandomness) is sufficient to control the
number of any linear hypergraph, that is, those in which every pair of edges
intersects at most one vertex.

After that, Kenlon, Hahn, Person, and Schacht [11] showed that there exists a
linear supergraph M;® that is complete for the concept of weak
pseudorandomness: if a supergraph H has approximately the expected
number of isomorphic subgraphs M;®, then it is necessarily pseudorandom.
It is weak. Lenz and Mbei [20] determined the semantics between several
pseudo-random concepts.

These results were eventually extended by Taussner [21], who presented
many equivalence classes of pseudorandom concepts—including all those
previously studied—and obtained the interrelationships between those
classes. He proved that pseudorandomness of order d is equivalent to having
a suitable number of all d-linear supergraphs, i.e., those in which every pair
of edges intersect at most d vertices, and also having a small deviation of a
certain type. He also constructed a special linear d k-diagram My® that is
perfect for pseudorandomness of order d.

We refer the reader to Chang's website [4] for a long list of references. In this
paper, we will consider supergraphs and focusing on the relationships
between the corresponding pseudo-random properties.

2. Preliminaries: Pseudorandom Concepts

Here we collect the necessary notation used throughout the paper and
formally introduce pseudorandom concepts in hypergraphs. For a more in-
depth explanation, we refer the reader to a recent survey [3].
2.1.Pseudorandom supergraph

For every integer 1 =4 < kthere is a related equivalent class of pseudo-
random concepts for k-diagrams that are roughly related to uncorrelation with
structures of order d. We will examine several of these pseudorandom
concepts below.

Difference

For us, the central pseudo-random concept of supergraph is related to the
mismatch of its edge distribution along cuts of a certain order. Variance is a
measure of how far the edges of the hypergraph are from a uniform
distribution, and can be measured using the cutoff norm defined below:

April (2025) bacs ORI [ T P Y P
56



FOURIWNE { Jp PR | % L E =V
e i) Prsalze) — rcsolasd ey 50 ik

Journal of the College of Basic Education Vol.31 (NO. 130) 2025, pp. 53-71

Definition 2 (norm cutoff). Let k, d > 1 be integers with d <k, and let V be a
finite set. We define the d-cut norm of a function f: V¥ — R by:

[ [f[xj ]_[ .‘:"HIZKH]”-

Be( k)

ke = ITLAA
|.l|r'|_|l_| f—uui_‘-'lf:'-{jc_{k']
= o

Where is the maximum over all sets of the set °#’

of V&,

Intuitively, the more uniformly distributed the edges of a hypergraph, the

value of =91l s smaller. Since the edges of a random supergraph are
usually uniformly distributed, we can consider the (soft) small-cut norm as a
pseudo-random property for supergraphs. More accurate:

Definition 3 (difference). The difference d of a k-graph H is defined by:
0(H) = e(H)/v(H)* disca(H) := ||H — §(H)||x

' < Where:

Given € > 0, we say that a k-graph H is e-pseudorandom of order d if discy(H)

<e.

It is easy to understand from the definition of the cut norm that:

z=(), that each Sg is a subset

0< 1ot < Ml < - < Fllae . < N llocs

Etc:

0 < discy(H) < disca(H) < -+« < discp,_(H) =< 1
Therefore, a k-graph that is g-pseudorandom of order d will also be e-
pseudorandom of order € forall <d < 1.

Notice The concept of mismatch used in the works of Chang [5] and
Kuhayakawa, Roedel, and Skukan [19] was slightly different from the one
presented above. We recall it below and call it the category difference. Given
a -graph G, let ©«© denote the set of k-sets in G (ie, the set of k-sets of
vertices whose d subsets are all edges of G). The dissimilarity d-category of a
K-uniform supergraph H is defined as:

1 . e e
STHE a8 ||H N Kip(G)| — 8(H)|Ki(G)]]

Where the maximum is on all d-graphs of G in the same vertex set of H. This
concept is formally very similar to 1 ="l pseudorandom our measure of
order d (when we open all symbols), and it can be shown that the two
quantities are polynomially related. We consider d-category difference and d-
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difference as one concept in different guises and for technical reasons we
have chosen to use the latter.

Counting hypergraphs

An important statistic for having a large supergraph H is the number of
different smaller supergraphs F that occur as a subgraph. A convenient way
to count such copies with homomorphism density:

Definition 4 (homomorphism density). Let F and H be two k-diagrams. The
homomorphism density of F in H, denoted by t(F, H), is the probability that a
randomly chosen map ¢: V (F) — V (H) preserves edges.

Equivalently, homomorphism density can be defined by the formula:

l:"'F HJ ,-_.:'i_ [ HVIF) H H
[ I.: .Ir j‘
It makes sense when H is edge-weighted. This weight item will also be used
later. Notice that:

Np(H) = t(F,H)yo(H)"") + ("{;:') W(HYOE)I-1,

Where Ng(H) is the total number of labeled subgraphs of H that are
isomorphic to F, statements about the number of subgraphs in large
hypergraphs can be translated into statements about homomorphism density
and vice versa.

An important class of hypergraphs in our results is as follows:

Definition 5 (d-linear hypergraphs). If both edges of H intersect at most d
vertices, a hypergraph H is said to be d-linear. We denote the set of all d-
linear k-diagrams by~

It was proved by Tausner that pseudorandomness of degree d is necessary
and sufficient to control the number of any d-linear supergraph. See Theorem
3 below.

Deviation

Recall that the k-octet Oct™ is a complete k-partite graph where each vertex
class has two vertices. They are generalized by a squashed octagon, which is
defined as follows:

Definition 6 (squashed octagon). According to the integers < d < k 1, the

k) ] .
squashed octagon ©“°"¢ is defined as graph k in the set of
{I!_-j]i]fl 1) oy (1)

ST Ta g vas - kbyertices whose set of edges is given by:
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E[Dful}le“} = {{J'ilxll- e "".Td]' Ydi1s - Wi} - w € {0, l}lf}
Following Chang [5], we define the deviation d of a k-graph by H:
devg(H) = Eyo xivev(m)iBy,,,..pevin 1_[ (H(xy™,. .25 yair,... ) —0(H))
we {01}

Note that this is equal to the squashed octagon with weight number
t(Octy), H - 5(H))

Octagonal norms

Octagonal norms provide an alternative measure of strong
pseudorandomness, based on a weighted count of octagons. Their definition
Is basically due to Gowers [15].

Definition 7 (octagon norm). According to the function f: V¥ — R, we define
its (soft) octagonal norm by:

1
|Jr|{h-u = (Ex"".x”:g\'* H erﬂl‘}])

we {01}k

jak

w) (]
Where we write X (5 e
It can be shown that the expectation on the right-hand side of (1) is non-
negative for any real function f and indeed defines a norm !“llocr* . An
important property of the octagonal norm is that it has a generalized inner

product denoted by ©cu’  which for 2% functions we define
fo:VE SR we{01}* by

':J;-L-E{il_L}*}{;,;-,J- = Ex""‘.x"'El'* l_[ _j;.li}(.i"']}.
we 0,11k

With this product, we have the insidel/I5. = - fNoe . A very useful
property of octagonal norms and related inner products is that they satisfy a
kind of Cauchy-Schwartz inequality. This result was first established by
Gowers (albeit with a different notation), and is now known as the Gowers-
Cauchy-Schwartz inequality:

Lemma 1 (Gowers-Cauchy-Schwartz inequality). For any set of functions
fo: VKSR, 0 € {0, 1} * we have:

((fdoeoydoer € J1  Ielloer-
we{0,1}4
This lemma is proved through frequent applications of the Cauchy-Schwartz
inequality. See for example [3, Section 4.5] for proof. As a result of the
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Gowers-Cauchy-Schwartz inequality, it can be easily shown that octagonal
norms are stronger than cut norms:

Lemma 2. For every function f: V k — R we have: ey, = 1 llocet

Proof of the given functions's:V*~>015<(%) |et pe thelus: V" =E
function defined by Juz(X) = us(xshwhere ®B € {0, 1} [K] is the index vector
of the set B. Also show that f1 = fand fo = 1 for all ® € {0, 1} ™\ {1} not in
the set {wp:Be (;[E'L”-

Using Gowers-Cauchy-Schwartz inequality we conclude that since clearly:

Ex:":.x:]:E'I'J‘ H _,I"i.{x':"::]

we{0,1}¥

< JI Ifalloes-
wel0, 1}k

Since clearlyllfulloert < llfulle <1 for allw € {019\ {1} the last product
Sloeris the maximum. Since this inequality is valid for all functions
w:ve =il se () [1, 0] — VB, the claim follows.
2.2. Hypergraph equivalence theorem
In the following, we will present Tausner's theorem, which relates multiple
pseudorandom concepts for any order d > 1. We begin by constructing
hypergraphs that are complete for these concepts.
According to k-graph K-partite F with vertex partition Xk, . . ., X1 and a d-
set of 7<= (%) indices, we define the I-doubling of F as a supergraph db, (F)
that takes two copies of F and identifies the corresponding vertices in classes
Xi, for all i € I it will be obtained. The set of vertices is exactly I-double.
X; ifi €1,
X;x{0,1} ifigl

E, cym [_.F[xj l_[ ""H{XH}\|

Be [ ._\:J' :I ]

Vidby(F)) =Y U---UY¥, where Y;= {

Its edge set is the set of all k-sets of the form

{xiziel}U{(xja): jE[k]\T}

where {0, 1} € aand {x I: i € [k]} is an edge of F. It starts with a k-partite
supergraph with k vertices and a single edge, and then sequentially applies
db, to each ‘<) (in arbitrary order). We obtain a k-diagram which we
denote by. M.’

Below we reproduce a quantitative version of Tausner's original result [21].
This version can be obtained through the methods presented in [1].
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Theorem 3 (equivalence theorem for pseudorandomness of order d). Let <d
< k 1 be integers and let H be a uniform k-supergraph with edge density d.
Then the following polynomial properties are equivalent:

(i) H has a small d-difference: discq(H) <cl.

(i1) H correctly enumerates all linear hypergraphs of d:

HF, H) =8 L e(Fle, VFe Ly

< {41 M) + o
(i)H has a few copies of =" (M.H) <0 3

(i) (v) H has a small deV|at|on relative to » =i";

[T (H(x)-6) < e

ecE(M)

Examples to consider:
It may be helpful to have a concrete example in mind for each of the
pseudorandom concepts we consider. In the following, we provide such
examples by exploiting the well-known pseudo-random properties of
quadratic residuals. Let p be a large prime number and denote by Q, the set of
quadratic residues of p:

Qp={x € F,: exists y € F, with x = .";'2}.

This set has size (p + 1) / 2 and was shown by Foury, Kowalski, and Michel
[12] to be as nearly pseudorandom as possible, in the sense that

Qe — 1/2||pasr = Oy(p~Y*"") foralld > 1.

This bound is of the same order as expected from a random function with
value {1, 1-}, Whlle for any function with value {I, 1-} we have f in Fp,
| g > p~ ¥

We define a k-graph representation 7' =7"(® as a hypergraph whose
vertices are elements of F, and where {x;, .., x; } is an edge if
X1,Xg, -, Xz € Q,.From the propertles of quadratic residues, we see that P

has edge density O(1) + 1.2 and satisfies
IP® —1/2]m <P - 1/2]gerr = 1Qp — 1/2llun = Ox(p™),

Where the inequality follows from Lemma 2 and the first equality follows
from a simple change of variables in the expression defining the norm U*
(norm) (see Lemma 3 in the next section). This hypergraph was previously
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considered by Chang and Graham [7] as an example of a pseudo-random
hypergraphs. |
Now fix some integer 2 < d < k, and let be P =7:'® the k-categories
encoding the supergraph in 7“(»). More precisely, the vertex set 7 s Fp,.
and a k-set {x;,x5, ..., x; } C Fp, is an edge if:
Z.r; €@, forall Be (A)
el d

k)
The edge density Piis exactly the homomorphism density of k -categories

. (&) . } (&) .
in  Fu which  (with  pseudo-randomness P« ) is equal to
1P — 2= @y | = o)

a—1 .

ok _ o= - . .

It is easy to show 1P =27 ey, ], since any set of witnesses for (d-1)-

large differences P@ can be turned into witnesses. (d - 1)-sets a large

dlﬁ‘erence‘D (and these cannot exist). Finally, we mention this point:

(-3 (P (x) _g-(ill;, 1T ’Pl*"{x“}]
" A pe()

(k)

= Exert [ (P (x) - 2 ()P (x)

[Pi -2

- 9_{4] _-':l' II ] + of1].

k)
It follows that P the pseudorandom is of order d - 1, but it is not
pseudorandom of order d.

3. Uniformity and quasi-random connection
Our main technical result is that the monotonicity of a given degree d for a
polynomlal set A is equivalent to the pseudorandomness of the same order d

for the T Cayley supergraph, for any value k > d. This generalizes the
theorem of Aigner Horev and H'an [2], which considers the special case
where d = 1.

Recall that a k-k-graph H is e-pseudorandom of order d if 1H —8(H)ly <

and the set A <G is e-uniform of degree d if I =1 = whered = [AI/1G.
Our main result is as follows:
Theorem 4 (Theorem 1 restated). Let d > 1 be an integer and € € (0, 1). Let

G be a finite additive group and A < G be a subset.
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(1) If A is e-uniform of degree d, then for all k > d + 1, the r'y Cayley €-
pseudorandom supergraph is of order d.

(if) Conversely, if I'Yeisa -pseudorandom of order d for some k > d + 1, then

L I 24 )e
A 2eck,d is uniform of degree d. Here we can take cka =2 "2+

As might be expected from the bounds given in this statement, the proof of
statement (ii) is much more than that of statement (i). Both proofs are
rudimentary in the sense that they only use the triangle and Cauchy-Schwartz
inequalities, but the Cauchy-Schwartz applications needed to prove
proposition (ii) are somewhat triadic and require careful analysis.

Proof of statement (i). Let fA: = A -  be the balanced indicator function of
set A. Choose optimal functions uB: G® — [0, 1], such that:

E, e |\fﬂl:[x:l] H 'u,r_il::x,r_i}] .

e ()
We may separate the first d+1 variables x[d+1] from the others and write
them [22]:

%7 =l =

Focgig 1) By lf.-x{xﬁx[ru 1) + By ) H Ub'fxb')] ,

(%)
where the first expectation is greater than GI'*! and the second expectation
is greater than Gl * 1.

Ir%D — 6, =

Now we fix X[K]\[d + 1] € G[K]\[d + 1] and consider the internal expectation
in the last term. Writing y: = X(Xpqyq 11), this expression can be written as:
Exiy |T'fa0 S(xaiy)  [[ vn(xp)
pe(*5Y)
For some appropriate functions»:6” =01, D€ (“}") "and therefore has an
absolute maximum value

(d+1)

T faoEllgen = (1xory “-’”_rf =T A
(8

5”1:}._]'

Since the octagon norm is stronger than the cut norm (Lemma 2), this last

(d+1)

expression is maximal ™+~ %llocers =14 =dloe (where we used Lemma 3).
Averaging over Xpq+ 1 € G''“* Y and using the triangle inequality we

. y (k) & .
conclude that as desired |4~ 0lpan <& (17— 8l <

The rest of this section will be devoted to the proof of proposition (ii).
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3.1. Proof that pseudorandomness implies uniformity

Prove an additive group G and integers k, d > 1 with k >d + 1. We want to
show that A G is uniform of degree d whenever i the pseudorandom is of
order d. Our proof will proceed through an iterative argument, where we
construct and analyze several systems of linear forms defined in G.

3.1.1. Linear systems and norms

We consider only linear forms: G¥ — G: ¢ whose coefficients are 0 or 1,
where V is a finite index set for the variables. These forms can be
characterized by their support: this is the subset supp(¢) € V such that [23]:

Bx) = Z Ty forall xe el
A set of linear forms @ = {@l, ..., om} is a linear system and its support is
the union of the supports of all its constituent forms; sUPP(®) = Uizy supp(a:)
following Green and Tao [17], we say that a linear system ® = {op1, ..., om}

is of s-normal form if, for each i € [m], there exists a subset 6i S supp(oi) of
size at most s + 1 that does not exist entirely in supp(¢pj) for any J#i.. The
Importance of this concept is illustrated by the next result, which is primarily
due to Green and Tao. For proof see [17, Appendix C] or [16, Section 2].
Lemma 4. If ® = {¢1, . .., om} is a linear system in s-normal form, then for
all functions f1, ..., fm: G — [—1, 1] we have.

A certain set VO: = {(0, 1), (0, 2), . . ., (0, K)} is one of the indices of the
variables of our linear forms, which is considered separately from the others
and will play an important role in our arguments. In general, this set of k
variables represents the ones we care about, while the other variables are just
to aid the analysis and are eventually replaced by appropriately chosen
values. Considering the linear form of ¢, we define its weight wO(¢) as the
number of variables in VO that it uses: wO(¢): = |supp(@)NVO|. The weight of
a linear system @ is the maximum weight One of its forms is: wO(®) =
max {wO0(¢): ¢ € O}.

In our analysis, we need a cut-type semisoft associated with linear systems,
which serves to bridge the gap between the U *** norm for additive sets and
the d-cut norm for their Cayley supergraph.

Definition 11 (cut type norms). Let ®@ be a linear system on G and denote V
(®)=Vy U supp(®). According to the function f: G — R, we define:

3 a) 11 ”,,.(.:_-;{xj;}]_

TE ! !.'-'Elj"

”f”'_u'-:lrj = ~ max E‘x-El.’.'" P [J‘(

rJ,_,.fr—':—].l].".'-":_'-E'l'
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We can now give an outline of our proof of proposition (ii). We will proceed
through an iterative algorithm, where at each step we have a linear system ®s
characterized by its linear form support. We start with ®0, which contains
only the linear form supported by V0O, which then has weights k > d + 1.
Whenever the considered system ®s has a form ¢ with a weight higher than
d, we replace ¢ with ' — 1 'dual'. Forms of much lower weight, thus
creating a @s + 1 system. The important point here is that the cut-type norms
of the ®s and ®s + 1 systems are related (by some Cauchy-Schwartz magic
trick). We stop as soon as all shapes in ®s weigh most d. Since the weights
are bounded by d, we can then bound the associated - I=«.) norm based on the
usual d-cut norm. Furthermore, we show that the first norm |l - o) is bounded
from below by the norm Ud + 1. Then this statement is followed by applying
the resulting norm inequalities to the balanced index function A - § of the
considered set A € G.

3.1.2. Dual line shapes

It remains to present the concept of dual linear forms for use in our algorithm,
which is motivated by the concept of U ¢** - dual function. For the function
f: G — R, its dual function D 4. 1, T is defined by:

d+1
Da1fly) =En, _hy 0 H J"(_éj + Z'u-u'r'fu)-
i—1

e {0,114+ 10}

So that we can write /7« = Evec /(P21 /W) Dual linear forms are meant to
mimic this concept but with an assumed "heavy" form of ¢. Let ¢: GV — G
be the linear form of the weight wO(¢) > d + 1, and let Id be a set of d + 1
elements distinct from V. For each o € {0, 1} d+1\{0}, we define a
906" = G linear form with #(®°9) < (@) gych that [25]:

Daprf(dlxv)) =Ey o 1‘[ f(®%d(xyp,)) for all x € GV
we{0,1}4+ 1 n)
This can be achieved in the following way:
Definition 12 (dual figures). Given the linear form ¢ with weight wo(@) >d +
1, let Id be a copy of the set {1, 2, ..., d + 1} which is separate from supp(o)
U V, and write

supp(6) N Vg = {(0.51): (0.42). - . (0. jugs) }

For each o € {0, 1}, we define a ®“¢ linear form (with coefficients O or 1)
with:
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supp(g) '\ supp(®“¢) = {(0.5;) : 1 <i<d+1, w = ]_}.
supp(D“d) \supp(¢) = {i € fy: 1 <i<d+ 1, w;=1}.

In other words, ¢ it is constructed from ¢ by replacing the variables
indexed by (0, j1) with o1 = 1 by new variables. Note that it does not matter in
which order we label the elements in supp (¢) N Vyor I, since the resulting
forms will be equivalent to any labeling. Note also that this definition
satisfies equation (3): writing V to support ¢ and performing a change of
variables:

y= ZJ:E and h; =2 — T{04,) forall 1 <4 <d+1,
vel’

We see it. D“olxvun) =y + 3is) wihi

3.1.3. The main algorithm and its analysis
Consider the following algorithm:
System Cut. (k, d) algorithm

1.

Vo + {(0,1},(0,2),...,(0,k)}

¥y Ty}

& +— 0

while wy( 3] = d do
take 1, £ P, with wyl| i) = w{d. )
By — (B4 e }) U D¢, - w = {0, 1} {0} }
L~ S - +1

end while

By +— &

We will show this algorithm:
Lemma 5. For every finite function f: G — [—1, 1] we have:
1. 55 < (2d+2)F

gd+1

5 Wl = 1712
3 ol < 2@ TP
4. Y1} js in d-normal form for all s > 1.

Qa2

5. ||f”|:(<1's+1) = ”f”El((I’sJ Jor 1 < s <s;

With the help of this lemma, statement (ii) of Theorem 4 is easily obtained:
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Proof of Theorem 4. (ii). Suppose I'y that g-pseudorandom is of order d.

. . — dllq L [.kljg . .
Using case 2 of Lemma 5, we obtain A Ol = 29 g0 Application of
item 4

Recursively from s = sf - 1 to s = 1, we conclude that |~ /e <2< Using
item 1 together with the bound * < ?*2" from item 5, we deduce that.

il = 1 }II'_..'

L alddEyad ok gld+2)sy i
||-i1_rljll'_:'-1-l {:l.-'-l—-::fl”.! ol 1} = |A ':'}||I_|_I c;"_:_"[.r.:'-;*,

Ched = 9- (d4+2){ 2442

And so A is 2eck,d-uniform of degree d for
Then it suffices to prove Lemma 5, which we do in the next step

Proof of Lemma 5. Throughout this proof, we will denote the support of the
linear system ®s by Vs, that is: Ve =Usea,suop(@) Notethat Vy c V, c ... c L.
Case 1. Using identity (3) (which motivated our definition of dual forms), we
have that:

i1

|7 aes = Egegto [F(Evp (%)) Pas1f (S, (x))]

I(Z-rr-) I[I r@=x nix?}]

pely we {0,134+ 10}

—Eon [f( > ) 11 f{m:xn]-

1= &) . r=t

|
= By ctovla

Since /1l =1 this last term is a maximum fl=e:), as you want.
Case 2. By the definition of sf, we have that wO(¢) < d for all ¢ € ®sf.
Choose optimal functions: G — [—1, 1] ug, ¢ € ®sf, so that:

I low,) =E v [I(Z) H ua{o{x}}].

By the averaging prmaple we can fix the variables indexed by Vsf\ VO to a
fixed value Yv:\wo € G

I flloies) < By et {J"( > J':-) I1 U.>{('J(il;,.yn.',l'-.,-t'“]]']-

Note that each function in the above product depends on at most d variables

xV0, so we can write it as hB(xB) for some set Bc VO of size at most d and
some function: GB — [—1, 1] write hB. It results that:
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IFlo@ay < wax B can [f (

hgGB—[—1,1], vBe (D)

Z-rr-) H -'r-'f.i[xfi}l-
Be('y)

= ]

Decompose each function hB in the above expression into its positive part
h'B: = max {hB, 0} and its negative part h"B: = max {~hB, 0}, sohB=h'B

— h ' Write B. By opening the resulting product into 2(4) expressions and
using the triangle inequality, we conclude that this expression is bounded:

E[EJ F
o Imax )
] e Ll
gm:GE—[0,1], vBe( D)

Exn_:_-zf;"u {f( Z J'u-) 1_[ yﬁ[xﬂ}] ‘

1'|:~;| };'-E'-ll_lzl

This is exactly 2177 I, what completes the proof.

Case 3. Prove 1 <s <sf and let ¢ € ®s be of any form. By construction, we
have that ® = 2*%: for some ® € {0, 1} and some 0 <t <s (where yt € ®t is
the heavy form chosen by the algorithm at step t). Copy Id = [d + 1] used in
steptwith {(t+1,1),... (t+1,d+ 1)} show, and write:

supp(i) N Vo = {(0,51). (0. 4z2), .- ., (0, Fay () ) -
Then it is @°¢: easy to check that it is the only form in ®sU{ZV0} that is

supported:
{(0.5): 1=i<d+Lw=0pU{(#+Li): 1<icd+ ], uw=1]

Finally, £V0 is the only form in ®s U {£VO0} that uses all variables (0, d + 1),
..., (1, 0). And so this system is in d-normal form.

Case 4. Choose the optimal functions ug: ue: G — [—1, 1], ¢ € ®s, so that:

| flloie.) = Exeavs |:.Ir[E'l.§;.[x-:|:| H u.;[tlixl]l-

r_'|Ei|.'l a

We shift our focus to the function uy, where y = ys € ®s is the linear form of
the maximum weight selected by the algorithm at step s. We can rewrite the
above expectation as e (¥ )a(“] \where:
9(2) = Eyeava: yiy)— [I (Ewv) ]I u.-,(ou:y])}
ped,\fu}
Note that v/~ =1, since all functions in its definition have a limit of 1. Since
=<1 we have by Cauchy-Schwartz:
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[l = Exeeve [t (1(x))g(v(x))]
< Epcov [g(w(x))?]"?
/2

= Egeov [9(0(x) f(Sv(x) [ ue(o(x)

e, \ (1)

Now we use the fact (from Item 3.) that ®s U {£VO0} is in d-normal form.
Since all the expected expressions above have bound 1, we conclude by
Lemma 4 that this last expression is maximal“/:+ and therefore:

: 12
| flloge.) = ol i

Then we closed 9/v=- N notice that:

lglZass = Eyegvs [0(4(x)Das1g(w(x))]
=E,cow [f'fl'tz.lix]) [T ua(o(x) -Pr;_lﬂliv[xﬁﬂ]-
el {1k}

By constructing == linear forms, we have for each x« € ¢* constant:

Danglev, ) =B, ovanw [ o(®*v(n..)):

w0, 11800
It results that:
lgliZars = E cgvisn [J'(Es;.(xj} IT wlex) ] .r;lir‘v[x))].

ded\fu} we{0, 14+ 0}

Since e = (2N {v}) U {D*: w e {030} this last term is the maximum
Ifl=e.0 . Then we conclude with inequality (4):

Case 5. Denote the final value of sf in the SystemCut(n,d) algorithm by sf(n)
(that is, when V0| = n|). We will show by induction that sf(n) < (2d + 2) n for
every n > 1.First, we note that sf(n) is equal to the number of times we enter
the loop in the pattern rhythm. In particular, sf (n) = 0 if n < d, as in this case
Wy (ZV,) = n < d and we do not enter the loop. This takes care of the base
case for induction.

After we first enter the loop, we replace the shape XV, of weight n with

shapes & v« € {070 hat have weights.
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wp(D“Ey ) =ld+1—-|jwl)+in—d—-1) =n— |w|.
It results that:

d+1
1+ 1
siin) =1+ E sin—|w|)=1+ E C ) )Efl:_u — i)
i

we{0 1410} i=1

By induction hypothesis, we have:

_ (2d+2]"((1 + Edl— QJW - 1)_

Using 1 + x < ex for all x > 0, we conclude that:

si(n) < 1+ (2d +2)"(e'/? — 1) < (2d + 2)",
Which concludes the proof by induction.
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