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Abstract

In this paper we used the concept of a pure submodule relative to submodule T in two concepts,
pure relative to submodule T Baer injective modules and module with pure relative to submodule T
intersection property. Some properties and some characterization of this notions are established.
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Introduction

Let R be associative ring with a non-zero
identity and R-module will mean unitary left
R-module. Recall that a submodule N of an
R-module M is pure submodule if for every
finitely generated ideal of R, NN IM = IN [1].
Following [2] a submodule N of an R-module
M is pure submodule relative to submodule
T of M (simply T-pure) if NNIM=IN+TN
(NNIM) for every ideal I in R. Every pure
submodule is T-pure submodule but the
converse is not true for example see [2]. An R-
module M is called a pure Baer injective
module, if for each pure left ideal A of R, any
R-homomorphism f: A — M can be extended
to an R-hpmomorphism h: R — M [3].

In this paper we introduce the concept of
pure relative to submodule Baer injective
modules (simply T-pure Baer injective). In [4]
modules with the intersection property of any
two pure submodule is pure (simply PIP). This
led us to introduce the concept of a module
with the poperty that the intersection of any
two T-pure submodules is T-pure submodule.

1- Pure Relative ToTubmodule Baer
Injective Modules.
Now we introduce the concept of pure
relative to submodule Baer injective modules

(simply T-pure Baer injective).

Definition 1.1 : [2]

Let M be an R-module and T be a
submodule of M. A submodule N of M is said
to be T-pure if for each ideal I of R, NNIM =
IN +TN(NNIM) .

Let T be anideal in R, a left ideal A of R is
said to be T-pure if for every x €A there
existsy € Asuchthatxy—-y € TN A.
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Now we give some properties of T-pure
submodules.

Remark 1.2 :
l.Let M be an R- module and let N be
T-pure submodule of M. If H is T-pure
submodule of N, then H is T-pure
submodule of M.
2.Let M be an R-module and let N be T-pure
submodule of M. if A is a submodule of M
containing N, then N is a T-pure
submodule of A.
3.Let M be an R- module and let N be
T-pure submodule of M. If H is a
submodule of N and H is submodule of T,
then N -
H H
4.Let M be an R —module. Let N and H be
submodule of M, If H is T-pure submodule

is T-pure submoduleof

H'

of M and N isI-pure submodule of

H"H
then N is T-pure submodule of M.

Proof:

1- Let | be an ideal of R, since N is T- pure in
M and H is T-pure in N, then N[ ] IM= IN+ T
(YN[ IM)and H [) IN= IH+T() (H [ )IN)
but H < N, therefore

H(IIM < N[) IM=IN+T[) (N [) IM) and
hence H () IMC [IN+T[) (N (] IM)] [ H
thus = H[ J IN+T[ T (N[1IM [T H)=IH+ T
[YHMIN+TIH]IM) CIH+T [ (H
[1IM). Since IH+ T (] (H [1IM) CH [)
IM, then H [ ) IM =1H + T () (H [ ]IM).

2-Let | be an ideal of R, since N is T-pure in
M, then N [T im = in+T [T (N[ Tim).But



A <M, therefore, NI 1 1A S NI IM= IN+T
A SNHIM - and hence NI 1 1A € [|N+T”
Ny (1A = Nt (8O lia). sinee IN
+TI T ([ hay S NIVIA, then NN TA = IN
+7 v Ay,

3-Let | be an ideal of R, since N is T-pure
submodule of M, thenN[]IM = IN + T (]

N M, N
(N (M), so (11 () =
(NOIM-+H _ v N YW
H - H
- INeH, TNmeH _ Ny + mrpom

=iy T NIMo Ny (N

M = My dnie
4-Clear.

IMHH —

Definition 1.3 :

Let M be an R-module and T be a
submodule of M. M is called T-pur Baer
injective module if for each T-pure ideal A of
R, any R-homomorphism f : A—M, there
exists R-homomrophism h : R — M such that
h(a) — f(a) €ETNf(A) for each a EA.

Clearly, an R-module is pure Baer
injective if and only if M is (0)-pure Baer
injective. If M is a Ti-pure Baer injective
R-module, then M is T»-pure Baer injective for
each submodule T containing Tz, Thus every
pure Baer injective module is T-pure Baer
injective R-module.

Now we give anther carectrization of
T-pure Baer injective modules.

Theorem 1.4 :
For an R-module M the following are
equivalent:
1- M is T-pure Baer injective,
2- For T-pure left ideal A of R and every
R-homomorphism f : A — M there exists
m €M such that for all a €A, am — f(a)
e TN f(A),

Proof: Clear
Proposition 1.5 :

If the direct product QER[MG of R-modules
is Jo(T)-pure Baer injective, where J, is
pinjection of M, into QEQMG then M, is T-pure
Baer injective for each a.
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Proof:

Let A be a T-pure submodule of M, and
f: A — M, be R-homomorphism. Since
M, is Jo(T)--pure Baer injective, therefore
there is an R-homomorphism h : R — QEII_\IMQ
such that ho i(a) - Juof(a) € Jo (T ) N Jo of(A),
thus p, o h 1(a) - pg °Jda of(d) €py 0Jo (T ) N
Pa °Ja of(A) where p, is the projection map.
Put hi= p, o h, then hy ei(a)-f(a) € T N f(A).
Hence M, is T-pure Baer injective module for
each a.

Recall that an R-module P is projective, if
given any R-epimorphismf : A — B, nay
R-homomorphism g : M—B can be lifted to an
R-homomorphism h: M — A [5].

Theorem 1.6 :

If every T-pure ideal of R is projective.
Then the homomorphic image of a T-pure
Baer injective module is t-pure Baer injective.

Proof:
Consider the following diagram of
R-modules
[
0 > A > R
h o f| -
//V' ’/’ h]_
‘ /”/
M « » K >

g

Where A is left T-pure ideal of R and i is
the inclusion map and M is T-pure Baer
injective module. Projectivity of A shows that
for some R-homomorphism h : A — M ther is
R-homomorphism h: A — M such that f = gh.
Since M is T-pure Baer injective module, there
exists hi: R — M such that hiei(a) —h(a) €T
N h(A) for all a €A, thus ge hiei(a) —g h(a) €
g(T) Ngo h(A) . Put h” = go hy, hence h™i(a) —
f(a) € T N f(A). Therefore K is T-pure Baer
injective.

The converse of the above theorem is not
true in general. We need the following
concept, let M be an R-module and T a
submodule of M, M is said to be projective
relative to submodule T (simply T-projective),
if for each R-epimorphism f : A— B, nay
R-homomorphism g : M—B there exists
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R-homomorphism h : M — A such that foh(m)
—g(m) Eg(T) for each m in M [2].

Theorem 1.7:

If the homomorphic image of injective
module is T-pure Baer injective. Then every
T-pure ideal of R is T-projective.

Proof:

Let A be a T-pure left ideal of R and M be
an R-module whose injective hull is E(M).
Consider the following diagram:

i

E(M)

K is T-pure Baer injective by assumption.
So there exists an R-homomorphism h: R — K
such that he i(a) — f(a) € T N f(A). Since R is
projective, there exists k : R — E(M) such that
gek=handsogokoi(a)€ TN f(A) S
f(A). Put h'= koi, thus g o h°(a) — f(a) €
f(A). Hence A is T-projective.

2-Modules with T-Pure Intersection
Property
In this section Let R be commutative ring
with identity, we introduce the concept of
module which have T-pure intersection

property.

Definition 2.1 :

An R-module M is said to have the pure
relative to submodule intersection property
(for short T- PIP) if the intersection of any two
T- pure submodules is again T- pure.

Proposition 2.2:
1. If an R- module M has the T- PIP, then
every T- pure submodule of M has the
T- PIP.
2. Let N be T- pure submodule of an
R- module M and T submodule of N. M

has T- PIP if and only if N has =-pIP,

Proof :
1- Clear.

2- (=).
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Let]'%, 1% be two % pure submodules of

-l\R/I[ and let K be an ideal in R. We want to
show that

(1R Nk (D = K (g NRIHNIC
N8Nk

We claim that each of A and B is T-pure in
M. To show this, let | be an ideal in R and let x

€A[ ]IM. Since ]'%‘ is Z-pure in%, then ]'%ﬂ
LA =10 (@) NG 1T (N thus £
(IMEN - TN 2 (](N(1('M+N)), and
this implies that

AXIMEN) . AN,
N N

(IA+N)+T+N)N(AN(IM+N))

A
(N

(T+N)N(AN(IM+N))
, therefore,
A H(IM+N) = IA+T [JA[)IM) + N, and
hence (A [)IM) + N =IA+T[) (A [ )IM) +N
Since xe A[]IM < A[] (IM+N), then x€IA
+T (WA [IM) +N
Letx=w+m+n, wherew € lAandm €T
(1 (A[)IM)and n EN
Now, considern=x—-w-m € N[ ] IM =
+TAINTIM) CIA+T [1(A [TIM)
And hence A is T- pure in M. Since M has the
T-PIP, then A [ |Bis T- pure in M.
Thus (A [1B) [1KM =K (A [1B) + T [1((A
(1B) [1im)
Now, let xE(]'%ﬂE’[) N K(%/}), then x = w
+N, where w €KM and x = a +N = b +N,
where a €A and b €B. Thus w-a& N CA,
—b €N cBandhencew € A[)B. Thus
w € (AN B) [NKM=K A[B)+ T [ (A

[1B) [ JKM). Then x =w + N EK(L"QE )=
K(RNR) ek (N +N(R/NE
kM)

(<) Conversely let E and F be T- pure
submodule of M, let N be a submodule of E

E F .
and N be a submodule of F then N and N is

M
N

IN

Z-pure submodule of 1'\{} Since has Z-PIP,
N N



ﬂF_ EﬂF

then IS % pure submodule

OfN' Therefore EHF is T- pure submodule of
M.

Theorem 2.3:

Let M be an R- module, then M has the
T-PIP if and only if
(IA [NiB) + T [((A[B)[1IM) = I(A[B) +
T (1((A[1B) [ 1IM) for every ideal | of R and
for every T- pure submodule A and B of M.

Proof:

Suppose M has the T-PIP then for each
T-pure submodules A and B, A[ 1B is T-pure.
Let I be an ideal in R, then
(A [1B) [lim=1(A[1B) + T [1((A[1B) []
IM).

It is clear that | (A [1B) + T ((A[1B) [ IM)C
(IA[IB) + T ((A[1B) [ 1IM). But (IA[ 1IB) +
T [(AlB) [Tim) € A [1(B [1IM) = (A[)]
B) [IIM =1 (A[1B) + T[] ((A[1B) [1IM) .
Thus IA[IB + J(R) M [ Y((A[1B) [1IM) = I
(Al1B) + T 1 ((A[1B) [ 1IM).

Conversely, let A and B be T-pure submodule
of M and | an ideal in R. then A [ 1B [ ]IM =
A (1B (im) = A (1B + T [1(B[lIM).
Similarly A (1B (1M =B (1A + T (B[]
IM). But A, B are T- pure in M. Thus A 1B
(MIMCIA[NIB+T [Y(A[B [1IM)
=I(A[1B)+T (A[1B [ 1IM)

Theorem 2.4:

Let M be an R- module, then M has the
T-PIP if and only if for every T-pure
submodules A and B of M and for every
R- homomorphism f= A [ 1B — M such that
ANMMH+T[NA+Imf [)IM)={0}and
A+ 1Imfis T-purein M, ker fis T- pure in M.

Proof:

Assume that M has the T-PIP. Let A and B
be T-pure submodules of M and f=A( B —M
be an  R-homomorphism  such  that
Al )Imf={0} and A +Im fis T- pure in M.
Let K = {x + f(x), x € A [)B}. Itis clear that
K is a submodule of M.

To show that K is T- pure in M. let | be an
ideal in R and
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y = 2nmi6 KM€ R mE M.
1=

Hencey = 2 rimi = x + f(x) for some x €A
1=

[1B.Since y = 2 rmi=x+fx) EA[B+
1=

Im f CA+Im fand A + Im fis T- pure in M.

Thus y = 2 rmi€ A +Imf) [NIM =1 (A +
1=

Im f) + T[] ((A+ Im ) [ )IM)Therefore 2

1=

rim; = 2 ri(xi +yi) + k , xie A, yiEIm f,
1=

Vi=1..nk €T[) A+ Imf()IM). Thus y

Z rim; = Z rixi + Z riyi + K, hencex-
Z riX; :Z ryi - f) +k € ANIM A+ T
1= 1=

[1((A+ Im f) [1IM) =0. Therefore x= Z rixi

1=
€ ANB) NIA.

But A[ |B is T- pure in M, hence is T-pure in
A. Thus (A[1B) (NIA =1 (A[1B) + T [ 1((A[

B) [ IA) by theorem (2.3). Thus x € 1 (A[B)
+T [1(A[1B) [ IA). Let x = 2 riwi + h, wi

€ ANB, hE T [(A[)B) [ )IA). Then f(x) =
Zl’if(WD+ f(h). Now y = x + f(x) = 2 FiWi
= =

+2 rif(wi )+ f(h) = 2 ri (wi +f(wi)) +f(h)
1= 1=

CIK+ TUK NIM). ThusK (IIM=IK+ T
[1(K [1IM) and K is T- pure in M. Next we

show that ker f = (A[1B) [ K. Let x Eker f,
then x€ A[)B and f(x) =0 . Hence x € K,
Now let x E(A(1B) [ K, then x =y +f(y), y
€ AB, then x-y = f(y) € A (NIm £ <(A[)
Imf) + T {)(A + Im f [ )IM) =0. Therefore
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f(x) = f(y) =0 and x € ker f. Since M has
T- PIP, then (A[)B) ] K = kerf is T- pure in
M. Conversely, let A and B be T- pure
submodules of M. Define f = A |B— M by

f(x) = 0, Vx € A[)B. It is clear (A{ )Im f) +
T{)A+Imf[)IM)=0and A +Im f =A is
T-pure in M, then ker f=A[ |B is T—pure in M.

By the same argument one can prove the
following

Theorem 2.5:

Let M be an R- module, then M has the
T-PIP if and only if for every T-pure
submodules A and B of M and for every
R-homomorphism f = A[ ]B— C, where C is
a submodule of M such that A[1C + T [ |(A +
C [1IM)=0and A + C is T- pure in M, kerf is
T-pure in M.
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