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Abstract

The aim of this paper is to prove the existence and the uniqueness of the solution for some types
of fractional non-local problems, namely the non-linear non-local initial value problems for
fractional Fredholm-Volterra integro-differential equations. Also, the generalized Taylor expansion
method is used to solve the non-local initial value problem that consists of the linear fractional
Fredholm-Volterraintegro-differential equation together with the linear non-local initial condition

with some illustrative examples.
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Introduction

The nonlocal conditions for the initial
value problems appear when values of the
function on the interval are connected to
values inside the domain. Such problems are
known as nonlocal problems, [Y]. Many
researchers studied the nonlocal problems, say
['] discussed the existence and uniqueness for
the solutions of the nonlocal initial value
problems for the non-linear ordinary
differential equations, [¢] used the finite
difference method to solve special types of
nonlocal problems for partial differential
equations, [Y] used the homotopy perturbation
method to solve some types of the non-local
initial value problems of fractional differential
and integro-differential equations.

The fractional nonlocal Problems have
been studied by several researchers such as
[ V] discussed the Nonlocal Cauchy problem
for fractional evolution equations, [¥]
discussed the Riemann-Liouville fractional
integro-differential equations with fractional
nonlocal integral boundary conditions, [)+]
discussed the nonlocal problems for fractional
differential equations in Banach space, [Y]
discussed the Nonlinear fractional differential
equations with nonlocal fractional integro-
differential boundary conditions.

Existence and Uniquenees of the Solutions
for the Non-Local Initial Value Problems
for Non-Linear Fractional Fredholm-
Volterra Integro-Differential Equations

\de

Recall that if u is an absolutely continuous
function on [a,b], the left and the right hand
Caputo fractional derivative of u of order
a > -, can be defined as:

(n)

C .o Xur ()

D = ,

a+U(X) r(n—a)a(x—y)a_n+l y

as<x<b
and
C " b oMy

D, _ = dy,
a<x<b

respectively, where n—-!) < o <n, nis a
non-negative integer, [].

In this section we shall discuss the
existence of the unique solution for the non-
linear non-local initial value problem that
consists of the non-linear fractional Fredholm-
Volterra integro-differential equation of order
(o

C~a b
D+ u(x) =T(x,u(x)) + ;{1 k(x,y,u(y))dy +

X
;{1 (X Y U(Y))AY s (1.1)

Together with the non-linear non-local
initial condition:
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wher; ueClab], ki [a,b] x[a b] xR
—> Rand | :[a,b] x[a,b] xR ——>
R are continuous functions, f: [a,b]x R——>
Rw: [a, b] X R ——> R are continuous
is the left hand Caputo

fractional derivative of u of order a,

O<a <1l To do this we shall give the
following theorem.

: c
functions and D:i

Theorem (*, 1):

Consider the non-linear non-local initial
value problem given by equations (Y,))-(Y,Y).
If the following conditions are satisfied:

(V) fand w satisfy the Lipschitz condition with
respect to the second argument with
Lipschitz constants F and W respectively.

(Y) kand/satisfy Lipschitz condition with
respect to the third argument with Lipschitz
constants K and L respectively.

Fb-a)* +(K+L)(b _a)**

I'a+1)
Then the non-linear non-local initial value
problem given by equations (Y,V)-(Y,Y) has a
unique solution.

<1

() w(b-a)+

Proof:
It is known that C[a,b] is a Banach space
with respect to the following norm:

”u”C[a,b] = igg)|u(x)|

It is easy to check that the non-local initial
value problem given by equations ().V)-().Y)
is equivalent to the non-linear integral
equation:
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b
u(x) = IW(y, u(y))dy +

—I(x ¢

iy, u(y)dy +
F(oc

K(y,s,u(s))ds

1 T x-pet
I'la) a

dy +

L T =y T s u()ds

d
I'(a)a Y

Let A be an operator that is defined by

b
Au(x) = I w(y, u(y))dy +

—I (x—y)* T (y,u(y))dy +
I'(a)a
o-1 b ]
—J(X—y) [ k(y,s,u(s))ds |dy +
I'la) a E! |
X [y ]
T x=0* ] T1 (s, u(s)ds |dy
I'a)a K |
[Au(x) - Av(o)| < |w(y u(y)) - w(y. v(y)|dy +
1

X o1
L=y uy) - fly vy +
NOL

1 X o1l B
] (x-y) [I [k(y.s.u) ~k(y.s, v(s»lds}dy .
]—'(a)a a

1 X a=1lY
—l(x-y) {I F(y,s.u6s) -1 (y,s,v(s))lds}dy
M(o) 2 a



Journal of Al-Nahrain University
Science

b
< JWlu(y) - vy)lay +

F X _
T = ) - vy)|dy +
I'la) a

K X _
T x—yp)*
I'(a) a

L X LTy
T x-yp)® 1[Jlu(s>—v(s)|ds}dy
I'(a)a a

b
[I |u(s) - v(s)|ds} dy +
a

< W=V py 0 -2+

F X 1
) I S

K(b—a) X 4
—_ L Oc- y* dyj”“ “Vcrap +
L(b—a) X o-1
= =) dyj”“ ~Vegan
{ Fb-a)* +(K+L)(ba)a+1:|
<| W(b-a)+ :
I'o+1)
”“ - V”c[a,b]
Since

o o+l
Fb-a)” +(K+L)(b-a) .

IN'o+1)
one can have A is a contraction operator.
Therefore by using the Banach fixed point
theorem, there exists a unique solution to the
integral equation (.Y) which is the unique
solution for the equations ().))-().Y)

W(b-a)+

Some Basic Concepts of Generalized Taylor
Formula

In this section we shall give some basic
concepts for the generalized Taylor formula.

Theorem (¥, N:, (Generalized Taylor
Formula), [4]
Suppose that

C.a
(Da+

where « <a <), then

i
) u e Cla,b], i=0,1,...,N+1

V4yv
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((C DaJ’OZ)I u)(a)
N F(ia+l)
u(x) :Eo c N +1
(( Da+a) u)(c)
: r((N +Da+1) (X

wherea<c<x V x € (a, b].

_a)ia

(x

(N+)a

_a)

Remarks, [%]:
(" For a = 7, theorem (. ") reduces to the
classical Taylor formula.
(Y) The generalized Taylor series for u € C
[a, b] takes the form:

(o) o)

© ia
Y (x —a)
i=0  r(ia+1)
(Y) Suppose that
i
(CD§‘+) ueCla,b], i=0,1,...N+1

and *<a<),then
N

(( - Da+(x)i u)(a)

Furthermore, the error term R (X) has the

form:
((C Da+a )N - u)(a)

r((N +Da+1)
wherea<c<x V x € (a, b].

(x _a)i(x

Ry (x) = (N+) e

(x —a)

The Generalized Taylor Expansion Method
for Solving Linear Fractional Fredholm-
Volterra Integro-Differential Equations
with Non-local Initial Condition

In this section we will use the generalized
Taylor expansion method to solve the non-
local initial value problem that consists of the
linear fractional Fredholm-Volterra integro-
differential equation of order a of the second
Kind:



0% u00 =903+

b X
klgk(x,y)U(y)dy +k2£ I (x,y)u(y)dy,

together with the linear non-local initial
condition:

b
u(a) = u1£u(y)dy+p2 ............................. (1.5)

where g, ueC|a, b],
k:[a,b] X [a,b] ——>R, ¢:[a,b] X [a, b]

—R
C

are continuous functions,

D:+u(x) is the left hand Caputo derivative

of u of order a, w, pv,Ay, Ay are known
constants.

To do this, we assume that the solution u
of the non-local initial value problem given by
equations (V.¢)-().e) can be approximated as a
generalized Taylor’s formula:

(ot

ux)zuy(x)= 2 (x —a)
N i=0 F(ioc +1)
a<x<hbh
.............................. Q)
By substituting equation ().%) into

equations ().£)-().°), one can have:
C
DY u(¥) =g(x) +

1 i b i
((CD +°‘) U)(a){?»lg1 (x,y)(y ~a)" " dy +

and
N 1 C o i b io
u@) =, 2 ( D u)(a)J(ya) dy +
':Ol"(ia+1) ( a’ ) a 2
o+l :
N (b-a) I
_“12 ( Da+a) U)(a)+|.,l2
i=0 F(ia+2)
So

AT
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D:+u(a) =g(a)+

N1 i b i
X ((CDaf) U)(a)-[m k(a,y)(y—a)'ady}
. ) a

and

[1-py(b-2) Ju(@) -

N (b_a)i(x+1 C o i
_— D uf(a)=
= () ( at ) ®)=h2
.............................. (A
Let
Y b .
a9 = [ ki@, y)(y-a)“dy,
' F(|a+1)a
i=0,1,...,N, f0 =1—p1(b—a)
df = G- i=1,2,...N
an | —_ulm, 1=1,Z,...,\\.
Then equations ().Y)-().A) become:
N i
ani,o ((CDaJra) uj(a)+
i1 e (.%)

(1+2y0)° DZu(a) = 9(a)

and
N i
2 (( CDa+°‘) uj(a) =y e (1.10)

b ia
m; (x) = [ k(x,y)(y —a) " dy, p;(x)
Let a

Ty —a)dy, i=0.4,..N
a

Then
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((cDa+a)j+1 “](X) . ((Coaﬁ)j gj(x) -

Iy (( ¢ Daﬂ)j m; )(x) +hy (( c Da+°‘)j p; )(x)
r (i +1) '

Lz

[
(EXONE
where j=1,2,...,N—-1.
So,

((CDa+°‘)j+l u)(a) i ((CDa+°°)j g)(a) )

M ((CDa+°‘)j m, )(a) iy ((CDa+°‘)j Py )(a)
(o s) |

N
z
=0

((CDaf")i u)(a)

where j=1,2,...,.N-1.
Let
o)) o)
xl((coa+ ) mi)(a>+x2((CDa+ ) pi)(a>
a. .= = )

v F(ia+1)

i=0,1,...,N, j=1,2,..N - L.

Then equation (V. ) becomes
cC o J+1
( Da+ ) u |(a) +
c i
0 i [( Da+a) uj(a)
i
[(CDa+O‘) gj(a), j=1,2,...N —1

(YY)

Thus, by evaluating equation ().Y¢) at
each j=),Y,....N=) and by using equations
(Y.9)-(1.)+), one can have the following linear
system of N+) equations with (N+))

. N
unknowns {((CDaJrO‘)I uj(a)} :
i=0

144
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L T B -1 N

o 1t B A VETIY)

B1 Ay ltdyy Ay aN-11 Ny

A=l dgp  dp By D¥dgy o dygy g

N2 AN BN BN TANaN AN
LON-1 BN PN BN NN TANNA

u(a)
((opr®)u)@
Da+°‘)2 u](a)

(o)
(Cew)u)o

U= D
(Fo0)) ™
| (oa)e) @ |
and
) . .
9(a)
((°p,*)g)@
oo| [(Pou) 0]
(( C Da"‘a ) g)(N—Z) -

(N-1)
((°pe*)e) @ ]|

By solving the above linear system of
equations, one can get the values of

(o) s)o]

These values are substituted into equation
(Y.1) to get the approximated solution of the
non-local initial value problem given by
equations (V.£)-().°).

To illustrate this method, consider the
following example:

Example:

Consider the nonlocal initial value problem
that consists of the fractional linear Fredholm-
Volterraintegro-differential equation of order
1.

2



3 16 5 23
CDllfu(x)z————x2 —_ 2——x5+
0 2 Jr 4
1 2 X
(I)(x +y)u(y)dy +(J)(3x +2y)u(y)dy
............................ (. %)

together with the nonlocal linear initial
condition:

1 7
u(0) =2J u(y)dy ——
0 2

We use the generalized Taylor expansion
method to solve this fractional linear nonlocal
initial value problem. To do this, let N =),
then equation (V.7) takes the form:

[k
3)

Jx,

u(x) = uy (x) =u(0) +

0<x<1

(1.16)
Then the system given by equation (1.)Y)

takes the form:

N 8 u (0)
3Jr 1
C 2
1 5z -4 [ D+ Ju (0)
2 sdx
’
| 2
3
2

which has the solution:

3(35 +12
u(0) = L ~ 3.21087
2(15v7 +8)
and
H 1
o .2 |u === ~ 0.192174.
° 4 15\z +8

By substituting these values into equation
().Y1) one can have:

U(X) = Uy (X)=3.21087+0.216846+x ,
0<x<1

By substituting this approximated solution
into equation ().) ) one can have:

Ahlam Jameel Khaleel

25 2 16 5 23 5
— X" ———=X% +—X

4 Jr 4
1

X
[ + y)ug (y)dy —] (3x + 2y)uy (y)dy
0 0

C U2 3
D0+u1(x)+5+

5
= 5.52233—5.625x2 —92.625x 2 +5.75x5
Since the right hand side of the above
equation does not equal zero, so we must
increase the value of N. Therefore, let N=Y,
then equation (£,7) takes the form:

1
u(x) = u, (X)=u(0)+ 2
12
[C DO+2j u |(0)

+ X,

r(2)

Thus the system given by equation (1.)Y)
takes the form:

1 8 1
- 3N N u(0)
1
1 5z -4 -1 c >
T
0 0 1
C 1V?
D0+2 u |(0)
7
2
| 3
2
0

which has the solution:
_ 3(35\7 +12)

Q)= -~ "7/
4O 2157 +8)

= 3.21087
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2
D u[(0)==-—-—— =~0192174
( o* j 4 15Vr+8
1 2
and | | © D +2 | u|©=0.

By substituting these values into equation
(Y.VY) one can have:

U(X) = U (x)=3.21087+0.216846+x ,
0<x<l1.

Since U, (X)=Uu,(X), so we must increase

the value of N. By continuing in this manner
one can get for N=1, equation (,7) takes the
form:

u(x) = Ug x)

Then the system given by equation (Y.)Y)
takes the form:
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. -8 . -16 -1 -32 -1
3\/; 15\/; 3 105yr 12
-1 . 4 -1 -8 -16 -1
2 5\/; 3 21\/; 8 13vyr 30
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
. -8 -16 -1 32 -1
10 —f— -1 — 1- -
3\/; 15\/; 3 105\/; 12
0 0 0 0 O 0 1
u(0)
1
C 2
D0+ u [(0)
1 2
c 1
D .2 | u 7
0 _
2
13 3
C A —_—
D0+2 u |(0) 5
|l o
% 0
0.2 ul0 0
0 25
1\° 2
5 30
0.2 ul0
0
1 6
C 2
DO+ u ((0)
which has the solution:
u(0) =1,
N
(C DO+2J u |(0)=0, i=1,2,3.4,5
and

1N\
(C Do+2j u |(0) = 30,

By substituting these values into equation
(Y.YA) one can have:

ux) = u6(x):1+5x 3, 0<x<1

By substituting this approximated solution
into equations (V.9)-().) +) one can get:



3 25 2 16 > 23 5
2

+u6(x)+—+—x ——=X“+—X

0 2 4 Vn 4

1 2 X
—[ (X" +y)ug(y)dy =] (3x +2y)ug (y)dy =0
0 0

CDZI./2

and

} 7
uz(0)=2Ju dy ——.
6(0) 5 6 (Y)dy 5

Therefore U, is the exact solution of the
linear nonlocal prolom given by equations

() 6)-().00).

Conclusions
From this work, one can concluded that the

following apects:

(V) The existence and the uniqueness of the
solution for the non-linear non-local initial
value problem is a generalization of the
existence and the uniqueness of the
solution for the linear local initial value
problem.

(Y) The generalized Taylor expansion method
like the classical Taylor expansion method
gave more accurate results as N increases.
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