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Abstract  

This paper presented an extension of 𝒊𝒊-opren sets to include in intuitionistic space 

called intuitionistic 𝒊𝒊-opren sets. The study also presents some properties of this sets in 

intuitionistic space and finds the relationship between it and other sets in intuitionistic space 

which are also known as the intuitionistic 𝒊𝒘-closed sets, and intuitionistic 𝒊𝒊𝒘-closed sets, 

with given some basic properties and relationships between these sets and other sets such as 

intuitionistic 𝒘-closed set, and intuitionistic 𝜶𝒘-closed sets. 
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1. Introduction  

Open sets and different types of closed sets are pivotal areas in topology, 

providing the mathematical basis for analyzing complex spaces and describing 

geometric and functional relationships between them. They emerged as specialized 

concepts aimed at expanding the traditional understanding of open and closed sets. 

Among these concepts: 𝑠𝑒𝑚𝑖-Open Sets were defined to expand the concept of 

traditional open sets [1], Closed sets of type 𝑤-open set were defined as an extension 

of the definition of traditional closed sets, where the relationship between internal 

closure and specific overlaps with open sets was achieved [2], the 𝛼-Open Set 

concept was introduced to develop the study of sets of a semi-closed nature [3], and 

the 𝛼𝑤-Closed Set concept was introduced to combine the concepts of 𝛼-open and 

𝑤-closed [4], and these concepts were expanded to show a new type of sets such as 

𝑖-Open Set [5], and 𝑖𝑖-Open Set that achieves an additional condition for the 𝑖-Open 

Set [6], followed by the emergence of the 𝑖𝑛𝑡-Open Set principle that achieves 

properties specific to internal closure only [7], Jasim and Sultan presented a study 

on open subsets of type "Micro-b-open" and continuity of function associated with 

then [8], then Ahmed and Jasim followed it with a study on the concept of regular 
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semi-sepra open sets and continuity of functions [9], then other study delt with the 

definition and properties of open sets of type Nano βθ-open in nono topology [10], 

a study provided an analysis of open sets of type ζ-open and the continuity of 

functions associated with them in topological spaces [11], a study On Soft S_p-

Closed and Soft S_p-Open [12].  

It aims to expand the traditional understanding of open and closed sets with a 

focus on ii-Open Set to bring them into the concept of intuitive topology. This 

research also aims to review these sets according to the sequence of their discovery, 

focusing on their basic properties and mutual relations, and studying their theoretical 

applications. 

2. Some basic concepts 

Definition (2.1) [5]: let (𝑋, 𝒯) is T.P. space and any subset 𝒫 ∈ 𝒯 is called 𝑖-open 

set if ∃ an proper set 𝐺 ∈ 𝒯 if satisfy 𝒫 ⊆ 𝑐𝑙(𝒫 ∩ 𝐺), where 𝑐𝑙(𝒫 ∩ 𝐺), is closure 

of 𝒫 ∩ 𝐺, and  𝐺 ≠ ∅ 𝑜𝑟 𝑋. 

Definition (2.2) [6]: let (𝑋, 𝒯) is T.P. space and any subset 𝒫 ∈ 𝒯 is called 𝑖𝑖-open 

set if ∃ an proper set 𝐺 ∈ 𝒯 if satisfy 𝒫 ⊆ 𝑐𝑙(𝒫 ∩ 𝐺), and 𝑖𝑛𝑡(𝒫) = 𝐺, where 

𝑐𝑙(𝒫 ∩ 𝐺), and 𝑖𝑛𝑡(𝒫) are closure of 𝒫 ∩ 𝐺, and interior of 𝒫  respectively.  

Definition (2.3) [1]: let (𝑋, 𝒯) is T.P. space and any subset 𝒫 ∈ 𝒯 is called 𝑠𝑒𝑚𝑖-

open if 𝒫 ⊆ 𝑐𝑙(𝑖𝑛𝑡(𝒫)) , where 𝑐𝑙(𝑖𝑛𝑡(𝒫))  is closure-interior of 𝒫, and the set of 

all 𝑠𝑒𝑚𝑖-open is denoted 𝑋𝑠𝑒𝑚𝑖𝑜. 

Definition (2.4) [3]: let (𝑋, 𝒯) is T.P. space and any subset 𝒫 ∈ 𝒯 is called 𝛼-open 

if 𝒫 ⊆ 𝑖𝑛𝑡{𝑐𝑙(𝑖𝑛𝑡(𝒫)) }, where 𝑖𝑛𝑡{𝑐𝑙(𝑖𝑛𝑡(𝒫)) } is interior-closure-interior of 𝒫, 

and the set of all 𝛼-open is denoted 𝑋𝛼𝑜. 

Definition (2.5) [2], [5]: let (𝑋, 𝒯) is T.P. space and any subset 𝒫 ∈ 𝒯 is called 𝑤-

closed if 𝒫𝑐𝑙 ⊆ 𝑅, where 𝑅 is 𝑠𝑒𝑚𝑖-open of (𝑋, 𝒯), and the set of all 𝑖𝑛𝑡-open is 

denoted 𝑋𝑤𝑜. 

Definition (2.6) [4],[13]: let (𝑋, 𝒯) is T.P. space and any subset 𝒫 ∈ 𝒯 is called 

𝛼𝑤-closed if 𝑐𝑙(𝒫) ⊆ 𝑅, where 𝑅 is 𝛼-open of (𝑋, 𝒯), while the complement of 𝒫 

is called 𝛼𝑤-open, and the set of all 𝛼𝑤-open is denoted 𝑋𝛼𝑤𝑜. 
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Definition (2.7) [13]: let (𝑋, 𝒯) is T.P. space and any subset 𝒫 ∈ 𝒯 is called 𝑖𝑛𝑡-

open if ∃𝐺 ∈ 𝑋𝑂, where 𝐺 ≠ ∅, 𝑋, and 𝑋𝑂 is the set of all open sets in (𝑋, 𝒯), holds 

𝑖𝑛𝑡(𝒫) = 𝐺, the complement of 𝒫 is called 𝑖𝑛𝑡-closed, and the set of all 𝑖𝑛𝑡-open 

is denoted 𝑋𝑖𝑛𝑡𝑜, respect 𝑖𝑛𝑡-closed is denoted by 𝑋𝑖𝑛𝑡𝑐. 

Remark (2.8): we can express about definition of 𝑖𝑖-open set by (any subset 𝒫 ∈ 𝒯 

is called 𝑖𝑖-open set if 𝒫 is 𝑖-open set and 𝑖𝑛𝑡-open). 

Definition (2.9) [4]: let the set 𝑋 ≠ ∅, and any 𝒫 ⊆ 𝑋, we say 𝒫 is intuitionistic set 

(𝒫𝐼) if has form: 

𝒫 = 〈𝑋, 𝒫1, 𝒫2〉, as 𝒫1 ∩ 𝒫2 = ∅, where 𝒫1, 𝒫2 are set of element in 𝒫, and set of 

element not in 𝒫 respectively.  

Definition (2.10) [4]: let the set 𝑋 ≠ ∅, the intuitionistic topology 𝒯-𝐼 defined as 

subset of all intuitionistic set in 𝑋, satisfy the three Topological Axioms. Thus, the 

𝒯𝑖𝑠 is a framework that combines topological and intuitionistic operations (such as 

degrees of membership and non-membership). The pair (𝑋, 𝒯𝐼) is called intuitionistic 

topology space (𝒯-𝐼). 

Remark (2.11) [4]: To any 𝒫 = 〈𝑋, 𝒫1, 𝒫2〉, and 𝒮 = 〈𝑋, 𝒮1, 𝒮2〉, are two 

intuitionistic open sets in 𝒯-𝐼, then: 

1. 𝒫 ⊆ 𝒮 ⟺ 𝒫1 ⊆ 𝒮1 & 𝒮2 ⊆ 𝒫2 

2. 𝒫𝑐 =< 𝑋, 𝒫2, 𝒫1 >, where 𝑀𝑐 is the complement of OIS 𝑀. 

3. 𝒫 ∩ 𝑉 =< 𝑋, 𝒫1 ∩ 𝒮1, 𝒫2 ∪ 𝒮2 > 

4. 𝒫 ∪ 𝑉 =< 𝑋, 𝒫1 ∪ 𝒮1, 𝒫2 ∩ 𝒮2 > 

5. 𝑋̃ =< 𝑋, 𝑋, ∅ > 

6. ∅̃ =< 𝑋, ∅, 𝑋 > 

7. 𝑐𝑙(𝒫𝑐) = {𝑖𝑛𝑡(𝒫)}𝑐. 

8. 𝑖𝑛𝑡(𝒫𝑐) = {𝑐𝑙(𝒫)}𝑐 

 

3. Intuitionistic 𝐢𝐢-open Set 

Definition (3.1): let (𝑋, 𝒯𝐼) is 𝒯-𝐼 and any subset 𝒫 ∈ 𝒯𝐼 is called intuitionistic 𝑖-

open set (𝑖𝐼-open) if ∃ an proper set ∅ ≠ 𝑋 ≠ 𝒮 = 〈𝑋, 𝒮1, 𝒮2〉 ∈ 𝒯𝐼 if satisfy 𝒫 ⊆



 5202والأربعون  لثثاال العدد                                                                  مجلة كلية المأمون                         

244 

𝑐𝑙(𝒫 ∩ 𝒮), i.e. (𝑋, 𝒫1, 𝒫2) ⊆ {< 𝑋, 𝒫1 ∩ 𝐺1, 𝒫2 ∪ 𝒮2 >}𝑐𝑙 ⟹ 𝒫1 ⊆ 𝑐𝑙(𝒫1 ∩

𝒮1)& 𝑐𝑙(𝒫2 ∪ 𝒮2) ⊆ 𝒫2. The set of all 𝑖𝐼-open in 𝒯-𝐼 denoted by 𝑋𝐼𝑖𝑂. 

Example (3.2): let 𝑋 = {𝑢, 𝑠}, and 𝒯 − 𝑖𝑠 = {∅̃, 𝑋̃, 〈𝑋, {𝑢}, {𝑠}〉, 〈𝑋, ∅, {𝑠}〉}, 𝒯c −

𝑖𝑠 = {∅̃, 𝑋̃, 〈𝑋, {𝑠}, {𝑢}〉, 〈𝑋, {𝑠}, ∅〉}, while the power set of 𝑋 𝑃(𝑋)I =

{
∅̃, 𝑋̃, 〈𝑋, {𝑢}, {𝑠}〉, 〈𝑋, {𝑠}, {𝑢}〉, 〈𝑋, ∅, ∅〉, 〈𝑋, {𝑠}, ∅〉, 〈𝑋, {𝑢}, ∅〉

, 〈𝑋, ∅, {𝑠}〉, 〈𝑋, ∅, {𝑢}〉
}, finally the 𝑋𝐼𝑖𝑂 =

{∅̃, 𝑋̃, 〈𝑋, {𝑠}, {𝑢}〉, 〈𝑋, {𝑠}, ∅〉, 〈𝑋, ∅, ∅〉, 〈𝑋, {𝑢}, ∅〉, 〈𝑋, ∅, {𝑠}〉} 

Definition (3.2) : let (𝑋, 𝒯𝑖𝑠) is 𝒯-𝑖𝑠 and any subset 𝒫 ∈ 𝒯𝑖𝑠 is called intuitionistic 

𝑖𝑖-open set (𝑖𝑖𝐼-open) if ∃ an proper set ∅ ≠ 𝑋 ≠ 𝐺 = 〈𝑋, 𝒮1, 𝒮2〉 ∈ 𝒯𝑖𝑠 if satisfy 𝒫 ⊆

𝑐𝑙(𝒫 ∩ 𝐺), i.e. (𝑋, 𝒫1, 𝒫2) ⊆ 𝑐𝑙{< 𝑋, 𝒫1 ∩ 𝐺1, 𝒫2 ∪ 𝐺2 >} ⟹ 𝒫1 ⊆ (𝒫1 ∩

𝐺1)𝑐𝑙& 𝑐𝑙(𝒫2 ∪ 𝐺2) ⊆ 𝒫2, and 𝑖𝑛𝑡(𝒫) = 𝐺, as 𝑖𝑛𝑡(𝒫1) = 𝐺1 & 𝑖𝑛𝑡(𝒫2) = 𝐺2. The 

set of all 𝑖𝑖𝐼-open in 𝒯-𝑖𝑠 denoted by 𝑋𝐼𝑖𝑖𝑂. 

Example (3.4): 𝑋 = {𝑎, 𝑏, 𝑐}, and 𝒯 − 𝑖𝑠 = {∅̃, 𝑋̃, 〈𝑋, {𝑎}, {𝑏, 𝑐}〉, 〈𝑋, {𝑎, 𝑏}, {𝑐}〉}, 

𝒯c − 𝑖𝑠 = {∅̃, 𝑋̃, 〈𝑋, {𝑏, 𝑐}, {𝑎}〉, 〈𝑋, {𝑐}, {𝑎, 𝑏}〉}, while the power set of 𝑋 𝑃(𝑋)IS =

{
∅̃, 𝑋̃, 〈𝑋, {𝑎}, ∅〉, 〈𝑋, {𝑏}, ∅〉, 〈𝑋, {𝑐}, ∅〉, 〈𝑋, {𝑎, 𝑏}, {𝑐}〉, 〈𝑋, {𝑎, 𝑐}, {𝑏}〉

, 〈𝑋, {𝑏, 𝑐}, {𝑎}〉, 〈𝑋, ∅, {𝑎}〉, 〈𝑋, ∅, {𝑏}〉, 〈𝑋, ∅, {𝑐}〉, 〈𝑋, {𝑎}, {𝑏, 𝑐}〉,
〈𝑋, {𝑏}, {𝑎, 𝑐}〉, 〈𝑋, {𝑐}, {𝑎, 𝑏}〉

}, finally 

𝑋𝐼𝑖𝑂 = {∅̃, 𝑋̃, 〈𝑋, {𝑎}, {𝑏}〉, 〈𝑋, {𝑎}, ∅〉, 〈𝑋, ∅, ∅〉, 〈𝑋, {𝑏}, ∅〉, 〈𝑋, ∅, {𝑏}〉}, and 𝑋𝐼𝑖𝑖𝑂 =

{∅̃, 𝑋̃, 〈𝑋, {𝑎}, {𝑏, 𝑐}〉}. 

Definition (3.5) : let (𝑋, 𝒯𝑖𝑠) is 𝒯-𝑖𝑠 and any subset 𝒫 ∈ 𝒯𝑖𝑠 is called intuitionistic 

𝑠𝑒𝑚𝑖-open set (𝑠𝑒𝑚𝑖𝐼-open) if 𝒫 ⊆ 𝑐𝑙(𝑖𝑛𝑡(𝒫)), and the set of all 𝑠𝑒𝑚𝑖-open is 

denoted 𝑋𝐼𝑠𝑒𝑚𝑖𝑂. 

Definition (3.6) : let (𝑋, 𝒯𝐼) is 𝒯-𝑖𝑠 and any subset 𝒫 ∈ 𝒯𝐼 is called intuitionistic 𝛼-

open set (𝛼𝐼-open) if 𝒫 ⊆ 𝑖𝑛𝑡{𝑐𝑙(𝑖𝑛𝑡(𝒫))}, and the set of all 𝛼𝐼-open is denoted 

𝑋𝐼𝛼𝑂. 

Definition (3.7) : let (𝑋, 𝒯𝑖𝑠) is 𝒯-𝑖𝑠 and any subset 𝒫 ∈ 𝒯𝑖𝑠 is called intuitionistic 

𝑤-closed set (𝑤𝐼-closed) if 𝑐𝑙(𝒫) ⊆ 𝒮, where 𝒮 is 𝑠𝑒𝑚𝑖𝐼-open  i.e. 𝑐𝑙(𝒫1) ⊆

𝒮1 & 𝑐𝑙(𝒫2) ⊆ 𝒮2, and complement of 𝑤𝐼-closed is 𝑤𝐼-open. The set of all 𝑤𝐼-open 

is denoted 𝑋𝐼𝑤𝑂. 
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Definition (3.8) : let (𝑋, 𝒯𝑖𝑠) is 𝒯-𝑖𝑠 and any subset 𝒫 ∈ 𝒯𝑖𝑠 is called intuitionistic 

𝛼𝑤-closed set (𝛼𝑤𝐼-closed) if 𝑐𝑙(𝒫) ⊆ 𝒮, where 𝒮 is 𝛼𝐼-open  i.e. 𝑐𝑙(𝒫1) ⊆

𝒮1 & 𝑐𝑙(𝒫2) ⊆ 𝒮2, and complement of 𝛼𝑤𝐼-closed is 𝛼𝑤𝐼-open. The set of all 𝛼𝑤𝐼-

open is denoted 𝑋𝐼𝛼𝑤𝑂. 

Definition (3.9) : let (𝑋, 𝒯𝐼𝑠) is 𝒯-𝑖𝑠 and any subset 𝒫 ∈ 𝒯𝐼𝑠 is called intuitionistic 

𝑖𝑛𝑡-open (𝑖𝑛𝑡𝐼-open) if ∃𝒮 ∈ 𝑋𝐼𝑖𝑖𝑂 , where 𝐺 ≠ ∅, 𝑋, holds 𝑖𝑛𝑡(𝒫) = 𝐺, the 

complement of 𝒫 is called 𝑖𝑛𝑡𝐼-closed, and the set of all 𝑖𝑛𝑡𝐼-open is denoted 𝑋𝐼𝑖𝑛𝑡𝑂, 

respect 𝑖𝑛𝑡𝐼-closed is denoted by 𝑋𝐼𝑖𝑛𝑡𝐶 . 

Proposition (3.10): in (𝑋, 𝒯𝐼) is 𝒯-𝐼 every 𝑖𝑖𝑖𝑠-open is 𝑖𝐼-open and 𝑖𝑛𝑡𝐼-open. 

Proof: let (𝑋, 𝒯𝐼) is 𝒯-𝐼 and a subset 𝒫 ∈ 𝒯𝐼 is 𝑖𝑖𝐼-open, then 𝒫 is ∃ an proper set 

∅ ≠ 𝑋 ≠ 𝒮 = 〈𝑋, 𝒮1, 𝒮2〉 ∈ 𝒯𝐼 if satisfy 

a) 𝒫 ⊆ 𝑐𝑙(𝒫 ∩ 𝐺), i.e. (𝑋, 𝒫1, 𝒫2) ⊆ 𝑐𝑙{< 𝑋, 𝒫1 ∩ 𝐺1, 𝒫2 ∪ 𝒮2 >} ⟹ 𝒫1 ⊆

𝑐𝑙(𝒫1 ∩ 𝒮1)& 𝑐𝑙(𝒫2 ∪ 𝒮2) ⊆ 𝒫2,  

b) 𝑖𝑛𝑡(𝒫) = 𝒮, as 𝑖𝑛𝑡(𝒫1) = 𝒮1 & 𝑖𝑛𝑡(𝒫2) = 𝒮2,  

Follows form condition (a) 𝒫 is 𝑖𝐼-open, and from (b) 𝒫 is 𝑖𝑛𝑡𝐼-open. 

Remark (3.11): the converse of [Proposition (3.8)] is not true in general, shown 

in following examples. 

Example (3.12): from [Example (3.4)], then 𝑋𝐼𝑖𝑖𝑂 =

{∅̃, 𝑋̃, 〈𝑋, {𝑥}, {𝑝}〉, 〈𝑋, ∅, {𝑝}〉}, hence 〈𝑋, {𝑝}, ∅〉 is 𝑖𝐼-open but not 𝑖𝑖𝐼-open. 

Example (3.13): let 𝑋 = {𝑠, 𝑏, 𝑦, 𝑑}, and  

𝒯 − 𝑖𝑠 = {∅̃, 𝑋̃, 〈𝑋, {𝑠}, {𝑏, 𝑦, 𝑑}〉, 〈𝑋, {𝑠, 𝑏}, {𝑦, 𝑑}〉}, 𝒯c − 𝑖𝑠 =

{∅̃, 𝑋̃, 〈𝑋, {𝑏, 𝑦, 𝑑}, {𝑠}〉, 〈𝑋, {𝑦, 𝑑}, {𝑠, 𝑏}〉}, take 𝐹 = 〈𝑋, {𝑠}, {𝑏}〉, then 𝐹 is  𝑖𝑛𝑡𝐼-

open but not  𝑖𝑖𝐼-open. 

Theorem (3.14): In (𝑋, 𝒯𝐼) is 𝒯-𝐼𝑖𝑠 every intuitionistic open set is 𝑖𝑖𝐼-open. 

Proof. Let 𝒫 ∈  𝒯-𝐼, it follows 𝒫 ⊆ 𝑐𝑙(𝒫 ∩ 𝒫 ) = 𝑐𝑙(𝒫  ) ⟹ 𝒫 is 𝑖𝐼-open. Also, 𝒫 

is 𝑖𝑛𝑡𝐼-open  since 𝑖𝑛𝑡(𝒫) = 𝒫, since all conditions is holds then 𝒫 is 𝑖𝑖𝐼-open.  

Corollary (3.15): If (𝑋, 𝒯) is a T.P space then  (𝑋, 𝒯𝐼) is 𝒯-𝐼.  

Proof. Take 𝒫 is intuitionistic open, then it is 𝑖𝑖𝐼-open  
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Therefore, let 𝑥 ∈  𝒫 ⟹ 𝑥 ∈  𝑐𝑙(𝒫) & 𝑥 ∈ 𝑐𝑙(𝐺) , where 𝐺 is an open set in (𝑋, 𝒯) 

[since 𝒫 is intuitionistic open] 

• If 𝐺 is closed, then 𝑥 ∈ 𝐺 ⊆  𝒫 and 𝒫 is open.  

• If 𝐺 is not closed and 𝑥 ∉  𝐺 then 𝑥 ∉ 𝑐𝑙(𝐺) 

Since 𝑥 ∈  𝒫 ⟹ 𝑥 ∈ 𝑐𝑙(𝒫) ∩ 𝑐𝑙(𝐺) ⟹ 𝑥 ∉ 𝑐𝑙(𝐺) , this contradiction . Therefore 

𝒫 is intuitionistic open. 

Theorem (3.16): In (𝑋, 𝒯𝐼) is 𝒯-𝐼 every 𝛼𝐼-open set is  𝑠𝑒𝑚𝑖𝐼-open. 

Proof: take (𝑋, 𝒯𝐼) is 𝒯-𝐼, with 𝒫 is 𝛼𝐼-open, since 𝒫 ⊆ 𝑖𝑛𝑡{𝑐𝑙(𝑖𝑛𝑡(𝒫))}, and 

𝑖𝑛𝑡{𝑐𝑙(𝑖𝑛𝑡(𝒫))} ⊆ 𝑐𝑙(𝑖𝑛𝑡(𝒫)) ⟹ 𝒫 ⊆ 𝑖𝑛𝑡{𝑐𝑙(𝑖𝑛𝑡(𝒫))} ⊆ 𝑐𝑙(𝑖𝑛𝑡(𝒫)), hence 𝒫 

is 𝑠𝑒𝑚𝑖𝐼-open. 

Theorem (3.17): In (𝑋, 𝒯𝐼) is 𝒯-𝐼 every 𝛼𝐼-openset is  𝑖𝐼-open. 

Proof: take  (𝑋, 𝒯𝐼) is 𝒯-𝐼, with 𝒫 is 𝛼𝐼-open, hence 𝒫 is 𝑠𝑒𝑚𝑖𝐼-open from [Theorem 

(3.16)], because there is an intuitionistic open, namely 𝐺 ≠ ∅, 𝑋, holding 𝑖𝑛𝑡(𝒫) ⊆

G ⟹ 𝑖𝑛𝑡(𝒫) ⊆ 𝒫 ∩ 𝐺 ⟹ 𝒫 ⊆ 𝑐𝑙(𝒫 ∩ 𝐺) ⟹ 𝒫 is 𝑖𝐼-open. 

Theorem (3.18): In  (𝑋, 𝒯𝐼) is 𝒯-𝐼 every 𝛼𝐼-openset is  𝑖𝑖𝐼-open. 

Proof. take  (𝑋, 𝒯𝐼) is 𝒯-𝐼, with 𝒫 is 𝛼𝐼-open. Thus, 𝒫 is  𝑖𝐼-open from [Theorem 

(3.17)], now we enough to prove for any intuitionistic open, namely 𝐺 ≠ ∅, 𝑋, 

𝑖𝑛𝑡(𝒫) = 𝐺.  

Assuming 𝑖𝑛𝑡(𝒫) ≠ 𝐺 ⟹ 𝑐𝑙(𝑖𝑛𝑡(𝒫)) ≠ 𝑐𝑙(𝐺), this include to 𝒫 ⊆ 𝑐𝑙({𝑖𝑛𝑡(𝒫)} ∩

𝒫 ∩ 𝐺) ⟹ 𝒫 ⊄ 𝑐𝑙(𝐺) [this contradiction] ⟹  𝒫 is 𝑖𝑖𝐼-open. 

Remark (3.19): in general the converse of theorems { Theorem (3.16), Theorem 

(3.17), and Theorem (3.18)} not true as shown in the following: 

Example (3.20): let 𝑋 = {𝑎, 𝑏, 𝑐}, and  

𝒯-𝐼 = {∅̃, 𝑋̃, 〈𝑋, {𝑎}, ∅〉, 〈𝑋, {𝑎, 𝑏}, ∅〉, 〈𝑋, {𝑎, 𝑏, 𝑐}, ∅〉}, take 𝐹 = 〈𝑋, {𝑎, 𝑏}, ∅〉, then 

𝐹 is  𝑠𝑒𝑚𝑖𝐼-open set  but not 𝛼𝐼-open. 

Example (3.21): let 𝑋 = {𝑠, 𝑏, 𝑦}, and  



 5202والأربعون  لثثاال العدد                                                                  مجلة كلية المأمون                         

247 

𝒯-𝐼 = {∅̃, 𝑋̃, 〈𝑋, {𝑠}, {𝑏, 𝑦}〉, 〈𝑋, {𝑠, 𝑏}, {𝑦}〉}, 𝒯𝑐 − I =

{∅̃, 𝑋̃, 〈𝑋, {𝑏, 𝑦}, {𝑠}〉, 〈𝑋, {𝑦}, {𝑠, 𝑏}〉}, take 𝐹 = 〈𝑋, {𝑏}, {𝑦}〉, then 𝐹 is 𝑖𝐼-open set  

but not 𝛼𝐼-open. 

Example (3.22): let 𝑋 = {𝑎, 𝑏, 𝑐}, and  

𝒯-𝐼 = {∅̃, 𝑋̃, 〈𝑋, {𝑎, 𝑏}, {𝑐}〉, 〈𝑋, {𝑎, 𝑏}, ∅〉}, take 𝒫 = 〈𝑋, {𝑎, 𝑏}, {𝑐}〉, then 𝒫 is  𝑖𝑖𝐼-

open set  but not 𝛼𝐼-open. 

Theorem (3.23): In  (𝑋, 𝒯𝐼) is 𝒯-𝐼every 𝛼𝐼-openset is  𝑖𝑛𝑡𝐼-open . 

Proof: directly. 

The following example demonstrates that the preceding corollary's converse 

is not generally true. 

Example (3.24): let 𝑋 = {𝑎, 𝑏, 𝑐}, and  

𝒯-𝐼 = {∅̃, 𝑋̃, 〈𝑋, {𝑎}, {𝑏, 𝑐}〉, 〈𝑋, {𝑎, 𝑏}, {𝑐}〉, 〈𝑋, {𝑎, 𝑏, 𝑐}, ∅〉}, take 𝒫 =

〈𝑋, {𝑎, 𝑏}, {𝑐}〉, then 𝒫 is  𝑖𝑛𝑡𝐼-open set  but not 𝛼𝐼-open. 

4. intuitionistic 𝐢𝐰-closed and intuitionistic 𝐢𝐢𝐰-closed sets.  

We present the concept of intuitionistic 𝑖𝑤−closed and intuitionistic 𝑖𝑖𝑤−closed 

sets in topological space, as well as some of its fundamental characteristics. The 

evidence supporting this section's primary findings. 

Definition (4.1): let  (𝑋, 𝒯𝐼) is 𝒯-𝐼 and any subset 𝒫 ∈ 𝒯-𝐼 is called intuitionistic 

𝑖𝑤-closed set (𝑖𝑤𝐼-closed) if 𝑐𝑙(𝒫𝑤) ⊆ 𝒮, where 𝒮 is 𝑖𝐼-open  i.e.  𝑐𝑙(𝒫1) ⊆

𝒮1 & 𝒮2 ⊆  𝑐𝑙(𝒫2), and complement of 𝑖𝑤𝐼-closed is 𝑖𝑤𝐼-open. The set of all 𝑖𝑤𝐼-

open is denoted 𝑋𝐼𝑖𝑤𝑂. 

Theorem (4.2): In  (𝑋, 𝒯𝐼) is 𝒯-𝐼 every 𝑖𝑤𝐼-closed  set is  𝑤𝐼-closed. 

Proof: take  (𝑋, 𝒯𝐼) is 𝒯-𝐼, with 𝒫 is 𝑖𝑤𝐼-closed, and 𝒮 is any 𝑠𝑒𝑚𝑖𝐼-open in 𝑋, as 

that 𝒫 ⊆ 𝒮 because [every 𝑠𝑒𝑚𝑖𝐼-open is 𝑖𝐼-open]. Since 𝒫 is closed ⟹ 𝑐𝑙(𝒫𝑤) ⊆

𝑖𝑛𝑡(𝒫) ⊆ 𝒮 ⟹ 𝒫 is 𝑤𝐼-closed. 

The following example demonstrates that the preceding corollary's converse 

is not generally true. 

Example (4.3): let 𝑋 = {𝑎, 𝑏, 𝑐}, and  
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𝒯-𝐼 = {∅̃, 𝑋̃, 〈𝑋, {𝑎}, {𝑏, 𝑐}〉, 〈𝑋, {𝑎, 𝑏}, {𝑐}〉, 〈𝑋, {𝑎, 𝑏, 𝑐}, ∅〉}, take 𝒫 =

〈𝑋, {𝑎, 𝑏}, {𝑐}〉, then 𝒫 is  𝑤𝐼-closed set  but not 𝑖𝑤𝐼-closed. 

Theorem (4.4): In  (𝑋, 𝒯𝐼) is 𝒯-𝐼every 𝑖𝑤𝐼-closed  set is  𝛼𝑤𝐼-closed. 

Proof: take  (𝑋, 𝒯𝐼) is 𝒯-𝐼, with 𝒫 is 𝑖𝑤𝐼-closed, and 𝒮 is any 𝛼𝐼-open in 𝑋, as that 

𝒫 ⊆ 𝒮 because [every 𝛼𝐼-open is 𝑖𝐼-open]. Since 𝒫 is closed ⟹ 𝑐𝑙(𝒫𝑤) ⊆ 𝑖𝑛𝑡(𝒫) ⊆

𝒮 ⟹ 𝒫 is 𝛼𝑤𝐼-closed. 

The following example demonstrates that the preceding corollary's converse 

is not generally true. 

Example (4.5): let 𝑋 = {𝑎, 𝑏, 𝑐}, and  

𝒯-𝐼 = {∅̃, 𝑋̃, 〈𝑋, {𝑎}, ∅〉, 〈𝑋, {𝑎, 𝑏}, {𝑐}〉, 〈𝑋, {𝑎, 𝑏, 𝑐}, ∅〉}, take 𝒫 = 〈𝑋, {𝑎, 𝑏}, {𝑐}〉, 

then 𝒫 is  𝛼𝑤𝐼-closed set  but not 𝑖𝑤𝐼-closed. 

Theorem (4.6): In  (𝑋, 𝒯𝐼) is 𝒯-𝐼 every 𝑖𝐼-open & 𝑖𝑤𝐼-closed  set is  𝑤𝐼-closed. 

Proof: take  (𝑋, 𝒯𝐼) is 𝒯-𝐼, with 𝒫 is 𝑖𝐼-open & 𝑖𝑤𝐼-closed, and 𝒮 is any 𝑠𝑒𝑚𝑖𝐼-open 

in 𝑋, as that 𝒫 ⊆ 𝒮. We must prove  𝑐𝑙(𝒫) ⊆ 𝒮. Since 𝒮 is any 𝑠𝑒𝑚𝑖𝐼-open ⟹ 𝒮 is 

𝑖𝐼-open  ⟹  𝑐𝑙(𝒫) ⊆ 𝒮 ⟹ 𝒫 is 𝑤𝐼-closed. 

Definition (4.7): let  (𝑋, 𝒯𝐼) is 𝒯-𝐼 and any subset 𝒫 ∈ 𝒯𝐼 is called intuitionistic 𝑖𝑖𝑤-

closed set (𝑖𝑖𝑤𝑖𝑠-closed) if  𝑐𝑙(𝒫𝑤) ⊆ 𝒮, where 𝒮 is 𝑖𝑖𝐼-open  i.e.  𝑐𝑙(𝒫1) ⊆

𝒮1 & 𝒮2 ⊆  𝑐𝑙(𝒫2), and complement of 𝑖𝑖𝑤𝐼-closed is 𝑖𝑖𝑤𝐼-open. The set of all 𝑖𝑖𝑤𝐼-

open is denoted 𝑋𝐼𝑖𝑖𝑤𝑂. 

Example (4.8): let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑}, and  

𝒯-𝐼 = {∅̃, 𝑋̃, 〈𝑋, {𝑎}, {𝑑}〉, 〈𝑋, {𝑎, 𝑏}, {𝑐}, 𝑑〉, 〈𝑋, {𝑎, 𝑏, 𝑐}, {𝑑}〉, 〈𝑋, {𝑎, 𝑏, 𝑐, 𝑑}, ∅〉}, 

then 𝑋𝐼𝑖𝑖𝑤𝐶 =

∅̃, 𝑋̃, 〈𝑋, {𝑎}, {𝑑}〉, 〈𝑋, {𝑎, 𝑏}, {𝑐}, 𝑑〉, 〈𝑋, {𝑎, 𝑏, 𝑐}, {𝑑}〉, 〈𝑋, {𝑎, 𝑏, 𝑐, 𝑑}, ∅〉. 

Theorem (4.9): In  (𝑋, 𝒯𝐼) is 𝒯-𝐼 every 𝑖𝑖𝑤𝐼-closed  set is  𝛼𝑤𝐼-closed. 

Proof: take  (𝑋, 𝒯𝐼) is 𝒯-𝐼, with 𝒫 is 𝑖𝑤𝐼-closed, and 𝒮 is any 𝛼𝐼-open in 𝑋, as that 

𝒫 ⊆ 𝒮 because [every 𝛼𝐼-open is 𝑖𝑖𝐼-open]. Since 𝒫 is closed ⟹ 𝑐𝑙(𝒫𝑤) ⊆

𝑖𝑛𝑡(𝒫) ⊆ 𝒮 ⟹ 𝒫 is  𝛼𝑤𝐼-closed. 
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The following example demonstrates that the preceding corollary's converse 

is not generally true. 

Example (4.10): let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑}, and  

𝒯-𝐼 = {∅̃, 𝑋̃, 〈𝑋, {𝑎}, {𝑑}〉, 〈𝑋, {𝑎, 𝑏, 𝑐}, {𝑑}〉, 〈𝑋, {𝑎, 𝑏, 𝑐, 𝑑}, ∅〉},take 𝒫 =

〈𝑋, {𝑎, 𝑏}, {𝑐}, 𝑑〉, then 𝒫 is  𝛼𝑤𝐼-closed set  but not 𝑖𝑖𝑤𝐼-closed. 

Theorem (4.11): In  (𝑋, 𝒯𝐼) is 𝒯-𝐼 every 𝑖𝑤𝐼-closed  set is  𝑖𝑖𝑤𝐼-closed. 

Proof: take  (𝑋, 𝒯𝐼) is 𝒯-𝐼, with 𝒫 is 𝑖𝑤𝐼-closed, and 𝒮 is any 𝑖𝑖𝐼-open in 𝑋, as that 

𝒫 ⊆ 𝒮 because [every 𝑖𝑖𝐼-open is 𝑖𝐼-open]. Since 𝒫 is closed ⟹ 𝑐𝑙(𝒫𝑤) ⊆ 𝑖𝑛𝑡(𝒫) ⊆

𝒮 ⟹ 𝒫 is 𝑖𝑖𝑤𝐼-closed. 

The following example demonstrates that the preceding corollary's converse 

is not generally true. 

Example (4.12): let 𝑋 = {𝑎, 𝑏, 𝑐}, and  

𝒯-𝐼 = {∅̃, 𝑋̃, 〈𝑋, {𝑎}, ∅〉, 〈𝑋, {𝑎, 𝑏}, {𝑐}〉, 〈𝑋, {𝑎, 𝑏, 𝑐}, ∅〉}, take 𝒫 = 〈𝑋, {𝑎, 𝑏}, {𝑐}〉, 

then 𝒫 is  𝑖𝑖𝑤𝐼-closed set  but not 𝑖𝑤𝐼-closed. 

Theorem (4.13): In  (𝑋, 𝒯𝐼) is 𝒯-𝐼 every 𝑖𝑖𝐼-open & 𝑖𝑖𝑤𝐼-closed  set is  𝑤𝐼-closed. 

Proof: take  (𝑋, 𝒯𝐼) is 𝒯-𝐼, with 𝒫 is 𝑖𝑖𝐼-open & 𝑖𝑖𝑤𝐼-closed, we have  𝑐𝑙(𝒫) ⊆ 𝒫 ⟹

 𝑐𝑙(𝒫) = 𝒫 ⟹ 𝒫 is 𝑤𝐼-closed. 

Conclusion: 

The paper provides an important extension of the traditional concepts of open 

and closed sets by defining new sets in intuitional topological spaces. It also 

integrates topological concepts with intuitional topology to develop a framework 

that combines topological and intuitional operations (such as degrees of belonging 

and non-belonging). The properties and relationships between open and closed sets 

of type 𝑖𝑖𝐼-open and other sets are reviewed, providing a deeper understanding of the 

structural relationships between these types. Several theorems and their proofs are 

presented to demonstrate the intrinsic properties of open and closed sets of type - in 

intuitional topological spaces. Cases where the converse propositions are not true 

are also indicated, demonstrating the complexity of the new concepts and the need 

for deeper study. This work provides the basis for future studies on the application 
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of intuitional topology in areas such as complex data analysis, artificial intelligence, 

and the analysis of fuzzy systems. 
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