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Abstract

This paper presented an extension of ii-opren sets to include in intuitionistic space
called intuitionistic ii-opren sets. The study also presents some properties of this sets in
intuitionistic space and finds the relationship between it and other sets in intuitionistic space
which are also known as the intuitionistic iw-closed sets, and intuitionistic iiw-closed sets,
with given some basic properties and relationships between these sets and other sets such as
intuitionistic w-closed set, and intuitionistic aw-closed sets.
Keywords: intuitionistic space, iw;¢-closed, iiw;s-closed, aw¢-closed.

V. Introduction

Open sets and different types of closed sets are pivotal areas in topology,
providing the mathematical basis for analyzing complex spaces and describing
geometric and functional relationships between them. They emerged as specialized
concepts aimed at expanding the traditional understanding of open and closed sets.
Among these concepts: semi-Open Sets were defined to expand the concept of
traditional open sets [ '], Closed sets of type w-open set were defined as an extension
of the definition of traditional closed sets, where the relationship between internal
closure and specific overlaps with open sets was achieved [Y], the a-Open Set
concept was introduced to develop the study of sets of a semi-closed nature [Y], and
the aw-Closed Set concept was introduced to combine the concepts of a-open and
w-closed [£], and these concepts were expanded to show a new type of sets such as
i-Open Set [°], and ii-Open Set that achieves an additional condition for the i-Open
Set [V], followed by the emergence of the int-Open Set principle that achieves
properties specific to internal closure only [Y], Jasim and Sultan presented a study
on open subsets of type "Micro-b-open" and continuity of function associated with

then [A], then Ahmed and Jasim followed it with a study on the concept of regular
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semi-sepra open sets and continuity of functions [], then other study delt with the
definition and properties of open sets of type Nano 6-open in nono topology [} +],
a study provided an analysis of open sets of type (-open and the continuity of
functions associated with them in topological spaces ['], a study On Soft S_p-
Closed and Soft S_p-Open [ Y].

It aims to expand the traditional understanding of open and closed sets with a
focus on ii-Open Set to bring them into the concept of intuitive topology. This
research also aims to review these sets according to the sequence of their discovery,
focusing on their basic properties and mutual relations, and studying their theoretical
applications.

Y. Some basic concepts
Definition (Y, V) [¢]: let (X,T") is T.P. space and any subset P € T is called i-open
set if 3 an proper set G € T if satisfy P € cl(P n G), where cl(P N G), is closure
of PNG,and G # @ or X.
Definition (Y,Y) [1]: let (X, T) is T.P. space and any subset P € T is called ii-open
set if 3 an proper set G € T if satisfy P € cl(P N G), and int(P) = G, where
cl(P n G), and int(P) are closure of P N G, and interior of P respectively.
Definition (Y,¥) [']: let (X,T") is T.P. space and any subset P € 7 is called semi-
open if P < cl(int(P)), where cl(int(P)) is closure-interior of P, and the set of
all semi-open is denoted X..mio-
Definition (Y,¢) [¥]: let (X,T) is T.P. space and any subset P € 7 is called a-open
if P € int{cl(int(P)) }, where int{cl(int(P)) } is interior-closure-interior of P,
and the set of all a-open is denoted X .
Definition (Y,¢) [Y], [¢]: let (X,T) is T.P. space and any subset P € 7 is called w-
closed if P.; € R, where R is semi-open of (X,7), and the set of all int-open is
denoted X,,,,,.
Definition (Y,%) [¢],[V¥]: let (X,T) is T.P. space and any subset P € T is called
aw-closed if cl(P) < R, where R is a-open of (X,T), while the complement of P
Is called aw-open, and the set of all aw-open is denoted X, -
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Definition (Y,V) [V¥]: let (X,T) is T.P. space and any subset P € T is called int-
open if 3G € X,, where G # 0, X, and X, is the set of all open sets in (X, 7), holds
int(P) = G, the complement of P is called int-closed, and the set of all int-open
Is denoted X;,,;,, respect int-closed is denoted by X,
Remark (Y,A): we can express about definition of ii-open set by (any subset P € T
Is called ii-open set if P is i-open set and int-open).
Definition (Y,9%) [¢]: letthe set X # @, and any P € X, we say P is intuitionistic set
(P,) if has form:
P =(X,Py,Px), as P, N Py = @, where P,, Py are set of element in P, and set of
element not in P respectively.
Definition (Y,Y+) [£]: let the set X # @, the intuitionistic topology T'-I defined as
subset of all intuitionistic set in X, satisfy the three Topological Axioms. Thus, the
T is a framework that combines topological and intuitionistic operations (such as
degrees of membership and non-membership). The pair (X, 7;) is called intuitionistic
topology space (7°-I).
Remark (Y,VY) [¢]: To any P =(X,P,,P), and S =(X,S,,Sy), are two
intuitionistic open sets in 7'-1, then:

. PCSo P S &Sy TPy

Y. P =< X, P, P, >, where M€ is the complement of OIS M.

Y. PnV=<X,PNS,PUS >

. PUV=<XPUS,PNS >

o X=<X,X,0>

T 0=<X0X>

v.  cl(PC) = {int(P)}~.

Ao int(PC) = {cl(P)}

Y. Intuitionistic ii-open Set
Definition (¥,V): let (X, 7;) is T-1 and any subset P € 7; is called intuitionistic i-

open set (i;-open) if 3 an proper set @ # X = § = (X, S,,Sy) € 7J; if satisfy P C
Yy
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cl(PnS), i.e. X, P, P) c{<X,P,NG,PrUS >}, =P Ccl(P,n
§)& cl(Py U 8y) € Py. The set of all i;-open in T-1 denoted by X;;,.

Example (*,¥): let X = {u,s}, and T —is = {8, X, (X, {u}, {s}), (X, 0,{s})}, 7¢ -
is ={0,X,(X,{s}, {u}),(X,{s},0)}, while the power set of X P(X) =

@, X, (X, {u}, {s}), (X, {s}, (u}), (X, 0, B), (X, {s}, 0), (X, {u}, ON «: o
{ PO } finally the X,;, =

{8,X, (X, {s}, {u}), (X, {s},0), (X, 0, 0), (X, {u}, ), (X, 0, {s})}
Definition (¥, Y) : let (X, 7;) is T-is and any subset P € 7;. is called intuitionistic
ii-open set (ii;-open) if 3 an properset @ += X + G = (X, Sy, 8y) € T, if satisfy P <
cl(P NG, i.e. X, P, P)CSc{<X,P,NG,PxUGy >}=>P, S (PN
Gy\) & cl(Py U Gy) € Py, and int(P) = G, as int(Py) = Gy & int(Py) = Gv. The
set of all ii;-open in T-is denoted by X;;;0.
Example (*,¢): X = {a,b,c}, and T —is = {@,X, (X,{a}, {b, c}), (X, {a, b}, {c}h},
T¢—is ={0,X,(X,{b,c},{a}), (X, {c}, {a, b})}, while the power set of X P(X)s =
{&3, X,(X,{a}, ), (X, {b}, ), (X, {c}, ®), (X, {a, b}, {c}), (X, {a,c}, {b})} o

: inally

AX,{b, c}h{a}), (X, 0,{a}), (X, D, {b}), (X, 0,{c}), (X,{a}, {b, c}),
(X,{b},{a, c}), (X, {c},{a, b})

Xiio = {8, X,(X,{a}, {b}), (X, {a}, 0), (X, 0, 0), (X, {b}, 0),(X,0,{b})}, and X;;;p =
{8,%,(X,{a}, {b, c})}.

Definition (¥.¢) : let (X, J;) is T-is and any subset P € 7, is called intuitionistic
semi-open set (semi;-open) if P < cl(int(P)), and the set of all semi-open is
denoted X;somio-

Definition (¥,%) : let (X, J;) is T-is and any subset P € T; is called intuitionistic a-
open set (a;-open) if P < int{cl(int(P))}, and the set of all a;-open is denoted
X1a0-

Definition (¥,V) : let (X, T;,) is T-is and any subset P € J;, is called intuitionistic
w-closed set (w;-closed) if cl(P) € S, where § is semi;-open i.e. cl(Py) S
S\ & cl(Py) < Sy, and complement of w;-closed is w;-open. The set of all w;-open

is denoted X},
Yt
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Definition (Y,A) : let (X, 7;;) is T-is and any subset P € 7;. is called intuitionistic
aw-closed set (aw;-closed) if cl(P) S, where § is a;-open i.e. cl(Py) S
Sy & cl(Py) € Sy, and complement of aw;-closed is aw;-open. The set of all aw;-
open is denoted X;,,0-
Definition (¥,4) : let (X, TJ;5) is T-is and any subset P € ;. is called intuitionistic
int-open (int;-open) if IS € X0, Where G # @,X, holds int(P) = G, the
complement of 2 is called int,-closed, and the set of all int;-open is denoted X;;,+0,
respect int;-closed is denoted by X;;nsc-
Proposition (¥,Y+): in (X, J;) is T-I every ii;;-open is i;-open and int;-open.
Proof: let (X,J;) is T'-I and a subset P € J; is ii;-open, then P is 3 an proper set
O0+X+8=(X3§,38) €7 if satisfy

a) Pccl(PnG), ie. X,P,P)CSc{<X,P NG, PrUS >} =P C

cl(Py N 8)& cl(Px U Sy) € P,

b) int(P) =S8, as int(Py) = S8, & int(Px) = Sy,
Follows form condition (a) P is i;-open, and from (b) 2 is int;-open.
Remark (¥,V'): the converse of [Proposition (¥,A)] is not true in general, shown
in following examples.
Example (Y5VY): from [Example (¥>9)], then Xiio =
{0,X,(X,{x},{p}), (X, 0, {p})}, hence (X, {p}, @) is i;-open but not ii;-open.
Example (¥;VY): let X = {s,b,y,d}, and
T —is ={0,X,(X,{s},{b,y,d}) (X, {s b} {y,d}}, T —is =
{0,X,(X,{b,y,d}, {s}), (X, {y,d},{s,b})}, take F = (X,{s},{b}), then F is int,-
open but not ii;-open.
Theorem (Y, ¢): In (X, J;) is T-Iis every intuitionistic open set is ii;-open.
Proof. Let P € T-I,itfollowsP € cl(P NP ) = cl(P ) = P isi;-open. Also, P
Is int;-open since int(P) = P, since all conditions is holds then P is ii,;-open.
Corollary (¥,Ve): If (X,T) isa T.P space then (X,7;) isT-I.

Proof. Take 2 is intuitionistic open, then it is ii;-open
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Therefore, letx € P = x € cl(P) & x € cl(G) ,where G isanopensetin (X,T)
[since 2 is intuitionistic open]

e IfGisclosed,thenx € G < P and P is open.

e IfGisnotclosedand x & G thenx € cl(G)
Sincex € P = x €cl(P)ncl(G) = x €& cl(G) , this contradiction . Therefore
P is intuitionistic open.
Theorem (Y,VV): In (X, ;) is T-1 every a;-0open set is semi;-open.
Proof: take (X,7;) is T-1, with P is a;-open, since P < int{cl(int(?))}, and
int{cl(int(?))} c cl(int(.’P)) =P C int{cl(int(?))} c cl(int(iP)), hence P
IS semi;-open.
Theorem (Y,\V): In (X, ;) is T-I every a;-openset is i;-open.
Proof: take (X,J;) is T-1, with P is a;-open, hence P is semi;-open from [Theorem
(¥, Y1)], because there is an intuitionistic open, namely G # @, X, holding int(P) <
G=int(P)SPnNnG=PCccl(PNG)= Pisi;-open.
Theorem (Y;VA): In (X,T;) is T-1 every a;-openset is ii;-open.
Proof. take (X,J;) is T-1, with P is a;-open. Thus, P is i;-open from [Theorem
(¥,YV)], now we enough to prove for any intuitionistic open, namely G # @, X,
int(P) =G.
Assuming int(P) # G = cl(int(P)) # cl(G), this include to P < cl({int(P)} N
PNG)= P ¢ cl(G) [this contradiction] = P is ii;-open.
Remark (¥, 4): in general the converse of theorems { Theorem (¥,Y1), Theorem
(¥,VV), and Theorem (¥, YA)} not true as shown in the following:
Example (¥,Y+): let X = {a, b, c}, and
T-1 ={8,X,(X,{a},0),(X,{a, b},0),(X,{a,b,c},0)}, take F = (X,{a, b}, 0}, then
F is semi;-open set but not a;-open.
Example (¥,>¥Y): let X = {s,b,y}, and
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T-1={8,%,(X,{s}, (b, y}), (X, {s,b}, ¥}, Te—1 =
{8,%,(X,{b,y}, {s}), (X, {y}, {s, b})}, take F = (X, {b},{y}), then F is i;-open set
but not a;-open.
Example (¥,¥YY): let X = {a, b, c}, and
T-1 ={0,X,(X,{a b}, {c}), (X {a b}, 0)} take P = (X,{a, b}, {c}), then P is ii;-
open set but not a;-open.
Theorem (Y,¥YY): In (X,T;) is T-Ievery a;-openset is int;-open .
Proof: directly.

The following example demonstrates that the preceding corollary's converse
Is not generally true.
Example (¥,Y¢): let X = {a, b, c}, and
T-1 ={8,X,(X,{a},{b,c}),(X,{a, b}, {c}), (X, {a b, c}, 0)}, take P
(X,{a, b},{c}), then P is int;-open set but not a;-open.

¢. intuitionistic iw-closed and intuitionistic iiw-closed sets.

We present the concept of intuitionistic iw—closed and intuitionistic iiw—closed
sets in topological space, as well as some of its fundamental characteristics. The
evidence supporting this section's primary findings.

Definition (¢,Y): let (X,7;) is -1 and any subset P € T-I is called intuitionistic
iw-closed set (iw,;-closed) if cl(R,) €S, where § is i;-open i.e. cl(P) S
S &Sy € cl(Py), and complement of iw,-closed is iw;-open. The set of all iw;-
open is denoted X;;,,0-
Theorem (¢,Y): In (X,T7;) is T-1 every iw;-closed setis w;-closed.
Proof: take (X,7;) is -1, with P is iw,-closed, and § is any semi;-open in X, as
that P € S because [every semi;-open is i;-open]. Since P is closed = cl(®,) S
int(P) € § = P is w;-closed.

The following example demonstrates that the preceding corollary's converse
Is not generally true.
Example (¢,¥): let X = {a, b, c}, and

Yev
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T-1 = {8,%,(X,{a}, {b, c}),(X,{a, b}, {c}), (X, {a, b, c}, B}, take P =
(X,{a, b},{c}), then P is w;-closed set but not iw,-closed.
Theorem (¢,¢): In (X,7;) is T-Ievery iw,-closed set is aw;-closed.
Proof: take (X,7;) is -1, with P is iw;-closed, and § is any «a;-open in X, as that
P < § because [every a;-open is i;-open]. Since P is closed = cl(P,,) S int(P) S
S = P is aw,-closed.

The following example demonstrates that the preceding corollary's converse
is not generally true.
Example (¢,¢): let X = {a, b, c}, and
T-1 = {B,%,(X,{a}, 0),(X,{a, b}, {c}), X, {a,b,c},®)}, take P =(X,{a,b},{c}),
then P is aw,-closed set but not iw,-closed.
Theorem (¢,%): In (X,7;) is T-1I every i;-open & iw;-closed setis w;-closed.
Proof: take (X,7;) is T-1, with P is i;-open & iw,;-closed, and § is any semi;-open
in X, asthat P € §. We must prove cl(P) € §. Since § is any semi;-open = § is
i;-open = cl(P) € § = P is w;-closed.
Definition (¢,V): let (X,7;) is T-1 and any subset P € 7; is called intuitionistic iiw-
closed set (iiw;s-closed) if cl(®,) S S, where § is ii;-open i.e. cl(Py) S
Sy &Sy € cl(Py), and complement of iiw,-closed is iiw,-open. The set of all iiw;-
open is denoted X;;ivo-
Example (¢,A): let X = {a, b, c,d}, and
T-1 ={0,%,(X,{a}, {d}),(X,{a, b}, {c}, d),(X,{a,b, c},{d}),(X,{a,b,c,d}, ®)},
then Xiiiwe =
®,X,(X,{a}, {d}),(X,{a, b}, {c},d),(X,{a,b,c},{d}),(X,{a,b,c,d}, 0).
Theorem (¢,9): In (X,7;) is T-1 every iiw,-closed setis aw;-closed.
Proof: take (X,J;) is T-1, with P is iw;-closed, and S is any a;-open in X, as that
P < § because [every a;-open is ii;-open]. Since P is closed = cl(R,) S

int(P) € 8§ = P is aw,-closed.
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The following example demonstrates that the preceding corollary's converse

Is not generally true.

Example (¢,V+): let X = {a, b, c,d}, and

T7-1 ={8,X,(X,{a},{d}),(X,{a, b,c},{d}),(X,{a b, c,d}, @)} take P =
(X,{a, b},{c},d), then P is aw,-closed set but not iiw,-closed.

Theorem (¢,VY): In (X,T;) is T-I every iw;-closed set is iiw,-closed.

Proof: take (X,7;) is T-I, with P is iw;-closed, and § is any ii;-open in X, as that
P < S because [every ii;-openis i;-open]. Since P is closed = cl(P,,) € int(P) <
§ = P is iiw;-closed.

The following example demonstrates that the preceding corollary's converse

Is not generally true.
Example (¢,VY): let X = {a, b, c}, and
T-1 ={8,X,(X,{a}, 8),(X,{a, b}, {c}),(X,{a,b,c},B)}, take P = (X,{a,b},{c}),
then P is iiw;-closed set but not iw,-closed.
Theorem (¢,VY): In (X,T;) is T-I every ii;-open & iiw;-closed set is w;-closed.
Proof: take (X,7;) isT-1, with P is ii;-open & iiw;-closed, we have cl(P) € P =
cl(P) =P = P is w;-closed.

Conclusion:

The paper provides an important extension of the traditional concepts of open
and closed sets by defining new sets in intuitional topological spaces. It also
integrates topological concepts with intuitional topology to develop a framework
that combines topological and intuitional operations (such as degrees of belonging
and non-belonging). The properties and relationships between open and closed sets
of type ii;-open and other sets are reviewed, providing a deeper understanding of the
structural relationships between these types. Several theorems and their proofs are
presented to demonstrate the intrinsic properties of open and closed sets of type - in
intuitional topological spaces. Cases where the converse propositions are not true
are also indicated, demonstrating the complexity of the new concepts and the need

for deeper study. This work provides the basis for future studies on the application
Yéq
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of intuitional topology in areas such as complex data analysis, artificial intelligence,

and the analysis of fuzzy systems.
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