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Abstract . We study the concept of & - convergence of nets in bitopologica?‘.@pf::(&sf b7 g

and we find the relation among this concept and some new concepts as 0—clusg_e‘poi/f14§ of a
set , & —adherent points of a set ,and @ -closed sets in bitopological spaces .And wéntroduce
the concept of the & —Hausdorff bitopological space and we fined the relation between this new
concept and the concept of & - convergence of nets in bitopological spaces.

1. Introduction. A bitopological space [2] , is a non empty set X with two non identical
topologies ¢ and p denoted by (X, o, p) .By a direct set [4,5] , we mean a pair (4,2) consisting
of a non empty set 4 and a binary relation > defined on A4 which directs 4. Let (4,2)be a

directed set and let B < A. Then B is said to be a residual subset ot A [4,5] , if there exists an
element ae A such that be A,b>a = be B.If for every aec A, there exists an element

be Bsuch that 5> a , then B is said to be a cofinal subset [4,5] .

Definition 1.1.[4,5]. Let (A,2) be a directed set and let i be an arbitrary mapping of A into a
set X . Then n is said to be a net in X and is denoted by (n,X,4,2).

Definition 1.2.[4,5].Let 4(17,X ,A,>) be anet and let Y c X . Then 1 is said to be eventually in
Y, if there exists a residual subset B C A such that n(B) Y, and is said to be frequently in
Y, if there exists a cofinal subset D c A such that n(D)cCY.

Definition 1.3.[4,5].Let (,X,A,2)and (7, X,B,>*) be two nets . Then 7 is said to be a subnet

of 7 if there exists a mapping ¢: B — A such that

() m=nogp and

(ii) for each a € A, there exisis an element b € Bsuch that ¢(x) = a forevery x>*be B.
Definition 1.4.[4].Let (A4,2)and (B,2*) be two directed sets . Then a mapping y : A — Bis
said to be isotone ,if x=y =y (x)2 w(y) (x,yed).

*) into directed set (A,2)such

Theorem 1.5.[4] .Let y be an isolone map of directed set (B,2
thaty(B) is cofinal in A.Let (17, X,4,2) be a net..Then noy isasubnetof 1.
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2.Main results.

Definition 2.1.Let (X,0,p) be a bitopological space and let A be a subset of X . A point
x€ X is said to be a (o - p)-0- cluster point of A, if for every c—nhd N of x the
intersection (p—CI(N) - {x}) N A is non empty .

Definition 2.2.[1]Let (X,0,p) be a bitopological space and let A be a subset of X . A point
xe X is said to be a (o - p)-0 - adherent point of A, if for every ¢ —nhd N of x the
intersection (p—CI(N)) A is non empty .

Clearly a (o — p)—0 — cluster point of a subset A4 of a bjfopalogical space (X,c,p) is a
(o — p) — @ — adherent point of A4 . s ,w,, :
V ¥ . JLJ,"_,

Definition 2.3. Let (X,o,p) be a bitopological space tr‘ﬁ&f of }?fzs’a said to be
(o= p) -6 —closed , ifit consist of all it is (o — p)—6 — cluster pouts<___ W4 Zf‘

Definition 2.4.4 bitopological space (X,o, p)is said to be (o — p)— 0 — Hausdorff, if for every
two distinct pointsx and y in X there exist two o —open sets U andV such that
xeU.yeVand p—CI(U)Np-CI(V)=¢.

Definition 2.5.[3] .Ler (X,0,p) be a bitopological space and let (7, X,A,2) be a net in X .We
say that nis (o — p)— 60— converges(c —weakly convergent with respect to p) lo a point
xe X, if forevery o —nhd N of x, n is eventually in p—CI(N).

Theorem 2.6. Let (X,o0,p) be a bitopological space and let Y c X .A point xe Xis a
(o — p)— 6@ — adherent point of Y if and only if there exists a net in Y (G — p)—6 — converges to
apoint xe X.

Proof. The "if " part .Let (7,Y,A4,2)beanetin ¥ (o — p)— 6 — converges to a point x € A .And
let N be a o-nhdof x.Then there exists aeAd such that for every
bedb>2a=nb)e p—CI(N). Now , a=a therefore n(a)e p—CI(N)NY so that
p—CI(NYNY # ¢. It follows that x is a (¢ — p)— & —adherent point of Y.

The "only if " part .Let x is a (o — p) — & —adherent point of Y . Then for every o —nhd N of
x, p—CI(N)NNY #¢. Let Q be the collection of all & —nhdsof x , then Q directed by the
inclusion relation c. Since p—CI(N)NY #¢ VYN e Q by axiom of choice VN € Q we must
choose x(N) e p—CI(N)NY . Now consider the mapping
77:Q — Ysuch that n(N) =x(N),VYN € Q. Then evidently 7 is a net in ¥ (oc-p)-0-
converges to a point x€ X .m

Theorem 2.7. Let (X,o,p) be a bitopological space and let Y c X' .A point xe X is a
(o - p)—6—cluster point of Y if and only if there exists a net in Y—{x}
(0 — p) — 8 — converges to a point x€ X
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Proof. The " if " part . Let (1Y —{x}, 4,>)be anetin ¥ - {x} which is (o - p) -0 - converges
to a point x€ X .And let N be a o —nhd of x.Then there exists a € 4 such that for every
bed,bza=n(b)e p—CI(N).Now, a>a therefore (@) e p—CI(N)N(Y ={x}) so that
p-CINYN(Y - {x}) # ¢ . It follows that x is a (¢ — p) — @ — cluster point of Y.

The " only if " part . Let x is a (o - p)— @ - cluster point of Y . Then for every & —nhd N of
x, p—CI(N)YN(Y - {x}) # ¢ . Let Q be the collection of all & —nhdsof x , then Q directed by
the inclusion relation . Since p— CI(N)N(Y - {x}) # ¢ VN e Q by axiom of choice YN €
we must choose x(N)e p-CI(N)N (Y —{x}). Now consider the mapping 7:Q — Y — {x}such
that 7(N) = x(N),VN € Q .Then evidently 7 is a net in ¥ — {x} (o — p)— 0 — converges to a
point x€ X .m

Theorem 2.8. Let (X, 0, p) be a bitopological space. A s
ifand only if no netin Y (o - p) — 6 — converges to a poin

% -./4;"’ {/\.
n; " . / /4 5 :
Proof. The "if " part. Suppose that no net in ¥ (oc-p)-6- D_niﬁgg 30 a point in

X —Y Suppose if possible that Yis not (c—p)—6-—closed. Then thefé exists a is a
(o — p)—06 —cluster point x of Y such that xgY, that is x € X —Y . Then by Theorem 2.7. ,
there exists a net in ¥ -- {,\} and consequently a net in ¥ (¢ - p)— 08— converges to -a point -

x € X —Y . But this is a contradiction .
The "only if " part. Suppose that Yis a (o — p)— @ —closed set. Suppose if possible there

exists anet 77 in Y (o — p) -6 — converges to a point x€ X —Y .Since x¢ Y, » is also a net in
Y —{x} (6 - p) -6 —converges to a point xeX Y. Hence by Theorem 2.7. x is a
(o — p) — 6 —cluster point of Y. But this is a contradiction since x g Y. Hence no net in Y
(o —p)—6 —convergestoapoint in X —Y .m

Theorem 2.9. 4 bitopological space (X,o,p) is (o — p)—06— Hausdorff if and only if every
netin X can (o — p)—6 — converges to at most one point .

Proof. The "if " part. Suppose that every net in X can (o — p) -6 - converges to at most one
point and suppose if possible , that the space (X,o,p) is not (o - p)—8 - Hausdorff. Then

there exist two distinct pointsx and y in X such that
for every o-nhd Nof x and every o-nhd Mof ythe intersection

p—CI(N)N p—Cl(M)is non empty .Let Q and @ be the collection of all the o - nhdsof x
and y respectively. Then Q@ and @ are directed by the inclusion relation . Consider the
Cartesian product P=Qx®. In this product , we define a relation > as follows . Let (4, B)and
(C,D) be two element of P. We define (4,B) 2(C,D)ifand onlyif 4cC and Bc D. Then
P is directed by >. We have p—CI(N)Np—CI(M)=# ¢, V(N,M)e P.Hence by the axiom
of choice we may choose a point x(N,M)in p-CI(N) p—CI(M)for all (N,M)e P. Now
consider the mapping
n:P>X: n(NM)=x(N,M) V (N,M)eP.

Then 7 is anetin X (o — p) -6 — converges to both x and y in X .But this is a contradiction.
Hence (X, o, p) mustbe (o - p)—6~ Hausdorff.
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The " only if " part. Suppose that (X,0o, p) be a (¢ — p)— 8 - Hausdorff .Let x and y be two
distinct points of X .Then there exist a o —nhd Nof x and & —nhd M of ysuch that
p-CI(NYNp-CI(M)=¢ . Since a net cannot be eventually in each of two disjoint sets it is
evident that no net in X can (o - p) - @ — converges to both x and y in X .Hencea netin X
can (o — p) — @ — converges to at most one point .m

Definition 2.10. Let (X, o, p) be a bitopological space and let 5 be a net in X . Then a point
xe X issaid to be a (o — p)— 0 - cluster point of a net n if 17 is frequently in the p — closure
of every o —nhd of x.

Remark 2.11. Let (X,0,p) be a bitopological space. If a point xe Xisa (c—p)—0— limit
pointofanet n in X, then it is (o — p) — 8 — cluster point of 1.

Theorem 2.12. Let (X,0, p) be a bitopological space and let (,X,A,2) be anet in X . Let ®
be the collection of subset of X satisfying the following two conditi
(i) nis frequentlyin p—CI(F), ¥V Fe®.

(ii) If S,T € @, then there exists amember Ue® > UcS
Then there exists a subnet of  which is eventually in p—CI(F

Proof. 1t is evident from (ii) that @ is directed by the inclusion relation ./N y{;off;sider the
subset B of the Cartesian product Ax ® defined by e
B={aU):ac AU e®, and n(a)e p-ClU)} .

We define a binary relation = # in B as follows :

Let (a,S)and (b,T)be any two members of B. Then (a,§)2*(b,T) if and only if a> b and
S « T .Then B is directed by > *. Define a mapping :

w:B—o A: y(a,S)=a V(a,S)eB

Hence i is an isotone mapping. For there w[B]is cofinal in 4. It follows by Theorem 1.5. the
mapping @ =7y : B — X is a subnet of 77. We now show that this subnet is eventually in the
p —closure of each member of ®. Let U be an arbitrary member of ®. By (i), there exists a
member a € A, such that r(a) € p— CI/(U). Hence by definition of B, b= (a,U) is a member
of B.Now let d = (c,V) be an arbitrary element of B such that 4 >*b. Then c2a and V' c U .
We have o(d) =(now)(d)=n(y(d))=n(y(cV))=n(c)e p-Cl(V)c p-CIU).Thus there
exists an element b € B, such that forevery d e B, d 2*b = ¢p(d)e p—-CI(U) .m

Theorem 2.13. Let (X,0,p) be a bitopological space. A point xe X is a (o — p) -0 - cluster
point of a net (1,X,4,2) if and only if a subnet (1,X,B,2*) which (o — p)— 86— converges to
X

Proof. The "if* part. Suppose that 77has a subnet 7 which (o - p) -6 - converges to x. To

prove that x isa (o —p)—6- cluster point of anet 7. Let Nbea o —nhd of x andlet ae 4.
Since 7 is a subnet of 77, there exists a mapping ¢ : B — A such that

() z=10°0.




T R T Y Y T T e e 2 O W gy T e e

e T

AL-.Qadfsiya Journal for pure Science Vol. 13 No.4 year 2008
The first scientific congress for science col. Which's hold in March Year 2008

(1) For each c € 4, there exists an element d € Bsuch that ¢(x) >¢,¥ x2#*d € B.Henceby
(i) , corresponding to a € A4, there exists an element b € B such that p(x)za,V xz*b
Since 7 (0 —p)—60—converges to x, there exists an element p>#*be Bsuch that
7(p)e p—CIH(N).Now ,let p(p)=q.Then ge Aand g >a. Also

17(q) = 1(p(p)) = (n°9)(p) = z(p) e p—CI(N).
Thus we have shown that for each element a € 4, there exists an element g = a € 4 such that
1(g) € p—CI(N). Hence n is frequently in p— CI/(N) for every ¢ —nhd N of x. It follows
that x isa (o — p)— & — cluster point of 7.
The " only if " part. Let a point x € X is a (¢ — p) — @ — cluster point of a net (77, X, 4,>) and let

Q be the collection of all o —nhds of x. If L and M are any two members of Q, then
LN M is also a member of Q. Also since x is a (o — p)—8 - cluster point of 7 ,then nis

frequently in the p—-closure of each member of Q. Hence by Theorem 2.12. ,there exists a
subnet 7 of 7 which is eventually in the p — closure of each member of Q. This implies that 7
is (¢ — p) — 6 —converges to x.m

Theorem 2.14. Let (X,o0,p) be a (o—p)—60— Hausd
(¢ — p)— 6 — convergent net has a unigue (G —p)-—

bitopqlogical space. Then every

(G —- p) -0 - limit peint of that nel.

s %

Proof. We know that in a (oc-p)—-6- Hausdorff 't’%%l% space every
(o — p)— 6 — convergent net has a unique (o — p) — & — limit point by He rem2.9. Let p bea
unique (o — p)—@—limit point of a (o —p)—6&—convergent net pin X . Since every
(o — p) -6 —limit point is also (o — p)—& — cluster point, pis a (¢ — p)—& — cluster point of
7. Suppose if possible that » has another (o — p) — & — cluster point g distinct from p. Since
(X.c,p) be a (¢ — p)—6— Hausdorff bitopological space, there exists two disjoint o — nhds
Nof p and M of g,such that p—CI(N)Np-CI(M)=¢. Since pis a (- p)—6-limit
point of 7, then pis eventually in p—CI(N) and since p- Cl(M) is disjoint from
p—CI(N) then 7 cannot be frequently in p—CI(3). But this contradicts our supposition that
g is

(o — p) — 6 - cluster point of 7. Hence 7 cannot has two distinct (o —p) -6 - cluster points.m
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