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Abstract:

Let R be a finite commutative ring with a non-zero unit, and L be an ideal of R. focuses on
expanding the notation of the Zero Divisor Graph to create what is known as the Ideal-Based
Zero Divisor Graph. The main goal is to classify rings using the ideal-based Zero divisor graph
that consists of 9 vertices and symbolizes (I'L(R)) by using the properties [V(I'L(R))|=|L|.[V((T'
(R /L))|, [L]>2.

Keywords: Zero Divisor Graph, Ideal-Based Zero Divisor Graph, Direct Product, Finite
Ring, Local Ring.

(Immediately after the abstract, provide 5-7 keywords and arrange them alphabetically, using American spelling and avoiding
general and plural terms and multiple concepts (avoid, for example, ‘and’, ‘of’). Be sparing with abbreviations: only
abbreviations firmly established in the field may be eligible. These keywords will be used for indexing purposes).

P,
Web Site: https://isnra.net/index.php/kjps E. mail: kjps@uoalkitab.edu.iq

e

164



https://doi.org/10.32441/kjps.09.01.p11
https://isnra.net/index.php/kjps
mailto:kjps@uoalkitab.edu.iq
https://isnra.net/index.php/kjps
mailto:husamqm@uomosul.edu.iq
mailto:sahbaa1977@uohamdaniya.edu.iq
mailto:rwafa1993@uohamdaniya.edu.iq
mailto:rwafa1993@uohamdaniya.edu.iq
https://doi.org/10.32441/kjps.09.01.p11
http://creativecommons.org/licenses/by/4.0/

Mohammad HQ, Younus SA, Yahya WY. / Al-Kitab Journal for Pure Sciences (2025); 9(1):164-171.

99 Ay (Alial) A jial) andd ¢l cilBlal) Ciyiual

*Z(ﬁ’* U.uij..j 9&3 ‘Zu‘u:’g JM\ e ;-L).g.m Jdiaaa e.u& em

Gl o sl Al eipunly 5 ol o sle 2IS il ) !
Goal dilaaall sl ¢y i RS (iluialy I and?

husamgm@uomosul.edu.ig, sahbaal977@uochamdaniya.edu.iq, rwafal993@uohamdaniya.edu.iq

sAuadAll

praxd Glo Sl 13 38 5a0 (R Adla) (8 e L (S5 bt Gal e peaiag dyetie 410 Al S

Liad Canl 138 8 (DL(R)) 4 e s il aalsl 31 juall ausld gl 1 jteall sl l llaias a5 g

Lalall e dlaieWh 9 4nsy) aae s M Al gdll il Al ol L G Gl e Chyial
L2, [VAIUR))FILL VT (R/L))]

Aolaal) dalal) dginall Adlal) ¢ pilaall (ol ¢ il dnll jiall anld ol ¢ iuall anld ol dalidall clalst)

1. Introduction:

Let R be acommutative ring with identity and Z(R) the collection of all zero divisor elements
in R. The polynomial ring R[X] is defined to be the set of all formal sums ap+ a; X+...+anXn+
an+1Xn+1 +...= X aiX;, where the coefficients a; €R for i=0, 1, 2, ...n, n+1, ... When working
with polynomial rings, say R[X]/L, we will let X denote the coset X+L. It is well-known that
any finite ring R is a direct product of local rings R; for i=1, 2, ..., n.

In 2003, SP. Redmond [1]introduced a new definition called an ideal-based zero-divisor
graph, denoted by I'; (R), which is defined as a statement in which the vertices, r,,7, € R — L
are adjacent if, r,. 7, € L, where L is an ideal of R. This definition generalizes the zero-divisor
graph proposed by D. F. Anderson and P. S. Livingston [2], which has the vertices, r;, 1, €
Z(R)*. adjacent if and only if ;. 7, = 0, which is denoted by I'(R). IfL = 0 then I'L (R) =T (R)
and I'L(R) = @ if and only if L is a prime ideal of R, additionally, I'L (R) is a connected graph.
[3] The study of algebraic graphs, which is considered a modern and important topic linking the
theory of rings in abstract algebra and graph theory, has received wide attention from
researchers, for example, [4,5,6].

Clearly, every ring has I';(R) graph, and if R1 = Rz, then I't(R1 ) = T'L(R2 ), but the convers
is not true in general as well as there are T'L(R1) = I't(R2 ),but R1 % R2. Redmond proved the
following relationship: |V (I}, (R)| = |L] - |[V(I'(R/L))| and |L| = 2. Using this mathematical
expression, researchers in [7,8] were able to find all rings corresponding to the ideal L with the

number of vertices n, where 1< n< 7 or n is a prime number. In this work, we used this
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relationship to classify a ring when an ideal-based zero divisor graph with vertices 9. In [2] it is

provided that I'(R) is connected, if R is an integral domain, then I"'(R) is empty, I'(R) has - finitely
many vertices if, either R is finite or an integral domain, diam (I" (R)) < 3 [9,10] Gan and Yang
presented the Zero-divisor graphs of MV-algebras
2.Ring | V(I'(R))| =9
In this section, we give all possible rings with [V(T'L(R))| =9.
2.1 Remark: We consider when a non-trivial I'L(R ) is the graph on 9 vertices since |
V(IL(R)|=[V(I'(R /L) | L]and | L|> 2 we get two possibilities :-
1- |[L|=9and [V (I (R /L)| =1.
2- |[L|=3and [V (T (R/L) =3.
2.2 Proposition: When Ris a ring with | I'.(R) | = 9, then R is nonlocal ring
Proof: We impose R to be a local ring with | TL(R ) | = 9, therefore by remark 2.1 there are
two cases:
Case 1: If|L|=9 and |V (I' (R /L) | =1, then by [11,12 ], R/L = Zs0r Z2[A] / (A?) and so
|(R/L) | =4 which implies that |R| =9.4=36, but R local which is a contradiction.
Case 2: If|L|=3 and | V(T'(R/L) | =3, then by [4,12] R /L= Zs, Z2[A]/(A%), Z2[A,B]/(A,B)?,

Za[A)(A2,2A), Z4[Al/(A? - 2,2A) or Fo[A]/(A?). If R/ L = Zs, Zo[A)(A3), Zo[A,B]/(A,B)?,
Z4[A)/(A%,2A) or Z4[A]/(A%- 2,2A) then | (R /L) | =8 therefore| R |=24, but R local which is a
contradiction. When R/L = F4[A]/(A?), the order | R/L| = 16, therefore | R |=48, but R local
which is a contradiction. So R is not local.

2.3 Theorem: let R be isomorphic with R1X Rz, when Ry, R2 will be local rings and [V(I'L(R

)) |=9, therefore R isomorphic to one of 12 rings with corresponding ideal L from Table 1.

Table 1: R isomorphic with R1X R>

Ring Ideal Figure
Zo X Z4 Zg9 X (0) Ko
Zo X Zo[A) (A? Zo X (0) Ky
Z3 [A)(A?) X Z4 Z3 [AJ(AY) X (0) Ko
Zs [AV(AY) X Z5[AJ(A?Y) Zs [AJ(A?) X (0) Ko
Zo X7 (3) x (0) 1
Z3 [A)(A?) X Z» (A) X (0) 1
Zs X 73 (0) X Z3 Kg
Z4[AV(2A, A?) X Z3 (0) X Z3 Ko
Z, [AJ/(A®) X Zs (0) X 7 2
Z> [A,BJ/(AB)* X Z3 (0) X Z3 Ko
ZJ[AJ(2A, A%-2) X Z3 (0) X Z3 Ky
Fa[A]/ (A?) X Z3 (0) X Z3 Ks
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Proof: If|L|=9and |V (I' (R/L)| =1, then (R /L )= Z4 or Z;[A]/ (A% so that |R | =36, then |R4|=

9and| Rz =4 soR1=7Zy or Z3 [A]/(A?) and R,= Z,, or Z, [A]/(A?), then R isomorphic one of 4 rings

with corresponding ideal L from Table 2.

Table2: |[R|=36

Ring Ideal
Zo X Zs Zs X (0)
Zy X Z5[AY (A?) Zs X (0)
Z3 [AlI(A?) X Z4 Zs [AJI(A%) X (0)
Zs [AJ(A?) X Zo[AY (A?) Zs [AJ(A%) X (0)

IfIL| =3and [V (I' (R /L) | =3, then by [4,5] R /L = Zs, Zs, Z2[Al/(A%), Zo[A,B]/(A,B)?,
Z4[AJ/(A%,2A) , Z4[A]/(A? - 2,2A) or F4[A]/(A?) .
If (R /L)= Zs, then|R|=18,|R1|=9, and | Ry = 2 then R1= Z4 or Z3[A]/ (A?) and R, = Z, . Hence R

isomorphic one of 2 rings with depending on the ideal L from Table 3.

Table 3:|R|=18

Ring Ideal
Zo X 7, (3) X (0)
Zs [AlI(A?) X Z2 (A) X (0)

Now, when R /L= Zs, Zj[AJ/(A%), Z[AB)/(AB)? ZiJAJ/(A?2A), or Zij[AJ/(A%—2,2A), then

|R|=24, and we get | R1| =8, | R2| =3, then R will be one of 5 rings with corresponding ideal L from

Table 4.
Table4: |R|=24
Ring Ideal
Zo [AN(A®) X Zs (A) X (0)
Zg X Z3 0) X Z3
ZAVQAN) X Zs (0) X Zs
Z2 [AIIA®) X Zs (0) X Z3
Z> [ABJ((AB)* X Zs 0) X Z

When R /L = F4[A]/(A%), we have | R/L | =16, so | R | = 48 where |R 1| = 16, then Ry
isomorphism of one 18 rings from Table 5 and |R 2| =3, R2= Z3, there is only one ring of order

16 it is F4 [A]/(A2), R = F4[A]/ (A2 X Zs, with | = (0) X Z 5.
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Table5: |R|=16

Ring

F2[A)/(A%

Z,[A]/(A%-2)
Z,[A]/(AZ-2A-2)
Z,[A]/(AZ-2A)
Z,[A]/(A%-2,2A)
F2[A,B]/(A% AB,B?)
F.[A,B]/(AB,A? -B?)
F2[A,B]/(A%,B?)
Z,2[A,B]/(A%,AB- 2,B?)
Z4[Al/(A?)

Z,[AB]/(A% - 2,AB,B?2A)
Z4[Al/(A° 2A)

Zg[Al/(A* — 4,2A)
Zs[Al/(A*2A)
Z4[ABJ/(A,B,2)?
F2[A,B,CJ/(A,B,C)?
Z,[AB]/(A%-2,AB,B? - 2,2A)
Z16

Figure 1 Figure 2

Figures 1 & 2: Ideal-Based Zero Divisor Graph with Vertices 9
2.4 Theorem:

When R = R1X R2 X R, where R local ring i € {1,2,3} as well as |[V(I'.(R))|=9;

therefore, R isomorphic to one of 3 rings with depending on ideal L from Table 6.

Table6: |R| =36

Ring Ideal Figure
Zs X 7Z3 X Z; Z3 X Z3 X (o) Ky

Zs X 73 X Z; [AJ(A%) Zs X Z3X (o) Ko

Z3 X Z3 X 7, Zz X (o) X (0) 1
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Proof:

1- Suppose |L|=9and [V (I' (R /L) | =1, we note (R /L) = Z4 or Zo[A] / (A?) sothat |R| =
36, which implies that R=R1X R2X R3, where |R1| =|R2| =3 and | R3| =4, so that R 1 and
Ro =73 ,& Rs=7, or Zo [A]/(A?), then R=Z3 X Z3 X Z, or Zz X Zs X Z» [A]/ (A?)
withL = Z3 X Z3 X (0).

2- When |L|=3and |V (I' (R /L) | =3, we see R /L =Zgor Zsor Z2[A]/(A%), Z2[A,B]/(A,B)?,
Za[A)(A2,2A) , Za[A]/(A? - 2,2A) or F4[A]/(A?).

IfR/L = Zg,then |R|= 18, we have RxR:1X R2> X Rz, wesee|Ri =|R2=3&|R
3|=2. Then R is isomorphic Z3z X Z3 X Z, , withL =73 X (0) X (0).
Butif R /L= Zs, Zo[Al/(A®), Zo[ABl/(A,B)? , Za[Al/(A%,2A) or Z4[A]/(A? - 2,2A) then |R
| = 24, we have R=ZR1X R2X R3, suchthat |R1 =2, |R2=3and | R3| =4. Then R = Z»
X Z3 X Z,0rZs X Z2 X Z2[AJ/(A?) ,withL = (0) X Zs X (0). But R/L % Zs, Z2[A]/(A3),
Zo[A,B]/(A,B)?, Za[A]/(A%2A) or Z4[A]/(A? - 2,2A) we get contradiction.

If G/L = F4[A)/(A?) then | (R/L)| =16, s0 |R | = 48 where |R1| =|R2| = 4and |R3| = 3.
ThenR=Z4 X Zs X Z3, Z2[AI(A%) X Z2 [AlI(A?) X Zs or Za X Zo[Al/(A?) X Zs,
with L = (0) X (0) X Zs. But G/L % Fa[A]/(A%) we get a contradiction.

2.5 Theorem:

If R is isomorphic with R1 X R2 X Rz X ... XRn, where n>4, and R local rings for all i

=1,...,nwith [V(TL(R)) |=9, we get G no isomorphic with any ring

Proof: If n > 5, then by same method in proof theorem 1.4, then we get contradiction. Let n =4,
then by remark 1.1, we have two cases:

Case 1: If|L|]=9and [V (' (R /L) |=1,then (R /L) = Zs or Z2[A) (A% so that R | = 36,
which implies that R= R1X R2X R3 X R4, such that |Ri| = |R2 =3 & | R3] = | R4| =2, s0
that R1 & R2=Z3 but Rs=7Z,,thenR=Z3 X Z3 X Z, X ZowithL = Z3 X Zz X (0) X (0).
But R /L2 Z4 or Z2 [A]/(A?), we get a contradiction.

Case 2: If |L| =3 and [V(I'(R/L) | =3, then R /L = Zg, Zs, Zo[A)/(A®), Z2[A,B]/(A,B)?
Za[A]/(A%2A) , Za[A]/(A% - 2,2A) or F4[A]/(A?). If R /L= Zg, then| R | =18 there is no existence
R of order 18, .. R is isomorphic R1XR2 X R3 X R, we get contradicts. If R/L = Zs,
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Zo[A)(A®), Zo[AB/(AB)? , Z4[A)/(A%2A) or Za[A]/(A? - 2,2A), then |[R | =24 and R=Z>

X Z2 X Z, X Zs with L = (0) X (0) X (0)XZs, but R/Lz Zsor Zo[A]/(A%), Z2[A,B]/(A,B)?,
Z4[A)/(A2,2A), Z4[A]/(A? - 2,2A), we have a contradiction. If R /L = F4[A]/(A?), then |R |
=48. Sothat R=Z> X Z2 X Z3X Za with L = (0) X (0) X Zs X (0). But R /L2 F4[A]/(A?)
contradiction.

3. Results
Ring| V(I'L(R ))| =9 shown in Tables [1-6]

4. Discussion
If R commutative non local ring with identity, I an ideal of R and I';(R) zero divisor graph

with ideal based I and V(I';(R)) = 9, then there are three graphs (Fig 1, Fig 2, K,) realized ring
R with respect ideal /. Additionally, if R direct product n local rings, where n > 4, then no
graph realized R.

5. Conclusions

Finally, we expand the notation of the Zero divisor graph to create what is known as the
Ideal-Based Zero Divisor Graph, in our research we find and classify all rings using the ideal-
based Zero divisor graph that consists of 9 vertices as shown in Tables (1-6) and find the graph
of Ring | V(I'L(R ))| =9 as shown in figures (1,2 ).
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