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Abstract

We study some chaotic properties on G-space, we prove if f'is G-localy eventually onto then f
is G-sensitive dependence on initial conditions, also if f'is G-chain sensitive then is also G-chain

sensitive when /'~ h.Also we generalize some properties about G-blending.
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1. Introduction

In this paper, we introduce some chaotic
properties on G-space as; G-sensitive dependence
on initial conditions, G-localy eventually onto and
G-blending (strongly and weakly). We know that
sensitive dependence on initial conditions has
played an important role in the development of
the theory of chaotic dynamical system. The goal
of this research is to give definition of G-chain
sensitive in the case when X is a compact G-space
and we prove if f'is G-chain sensitive then 4 is
also G-chain sensitive when f= h. In [1] Iftichar
Al-shara’a and May Al-Yaseen proved that if fis
locally eventually and onto then f has sensitive
dependence on initial conditions, we find that
this result is also satisfied on G-space. Another
important dynamical property is blending
(weakly and strongly). In [2] Iftichar Al-Shara’a
showed that fiX—X and g:Y—Y are weakly
blending maps if and only if fxg: XxY—XXY
is weakly blending map and some results on
strongly blending, we generalize these results on
G-space. One such setting is the study of these
properties on G-space. In section 2, we give some
definitions and preliminaries. In section 3, we
prove that G-locally eventuality and surjection
and implies G-sensitive dependence on initial

conditions and some other results on G-blending.

2. Preliminaries

Let Z denote the set of integers and N denote
the set of natural numbers. By a G-space, we
mean a triple (X, G, 6), where X is a Hausdorff
space, G is a topological group and 0:GxX—X is
a continuous action of G on X. For x € X, the set
G (x) = {0 (g, x):g € G}, is called the G-orbit of x
in X. Note that G-orbits G (x) and G (y) of points

X, y € X are either disjoint or equal. If X, Y are
G-spaces, then a continuous map #:X— Y is called
equivariant if 4 (6 (g, x)) = 6(g, h (x)), for each g
in G and each x in X [3]. We will be denoted of
f (g, x) by gx. Now, we give some definitions on
G-space. A map f:X—X is called G-sensitive at x
€ X if for all open set U containing x there exists
g, &, € G and there exists y € U with y € G (x)
there is n € N and V open subset of X such that g,.
f"(x)eVand g, /" (y)e V. Amap fis G-locally
eventually onto if for every nonempty subset
U of X there exists a positive integer n, and g €
G such that for every n > no, g. " (U) = X. Let
(G, X, 0)and (G,, Y, 0,) be two transformation
groups. Two maps f:X—X and h:Y—Y are said to
be equivariant topologically conjugate if there
exists an isomorphism (, ¢):(G,, X, 6,)—(G,, Y,
6,) such that ¢ is topological conjugate, that is, ¢f
= he. In this case we say that f, & are equivariant
topologically conjugate [3].Let fiX—X be a
continuous map on a metric G-space (X, d) and
0 be a positive real number, a sequence {x }
v In X is said to be G-dchain if there exists g
€ G such that d (g .f (x ), x . ) < for all n [4].
A map f:X—X is called G-weakly blending, if
for any pair of nonempty open sets U and V in
X there is some n > (0 and g, g, € G so that g .
SrnU)Ng.f"(V)#0. Amap fX—Xis called
G-strongly blending, if for all nonempty open
sets U, V © X there is some n > (0 and g, g, €
G so that g ./ " (U) N g,.f" (V) = W; where W
is open subset of X. A point x € X is said to be
G-periodic point of f'if there exists n € N and g
€ G such that g. /" (x) = x......(2. 1). The smallest
positive integer # satisfying (2. 1) is called period

of f'at x. Let . X—X be a continuous map on a
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G-space X, we say f satisfy G-Touhey property
if for all nonempty open sets U, V' c X, there
is a G-periodic point p € U and a non negative
integer k and g € G such that g. f* (p) € V, that is,
every pair of nonempty open subsets of X shares
a G-periodic orbit. Let {f }n € N be a sequence of
continuous self-maps on a metric G-space (X, d).
we say that {f } is G-orbitally convergent to a
map fi:X—X if for every € > 0, there exists p € N
such that d (g. /" (x), k. f™ (x)) < € for all x € X,
forall m € N, for all g, k € G and for all n > p [4].

3. Main Theorems

In this section, we prove some results on
G-sensitivity and G-blending.

3. 1. Theorem

Let X be a G-space and f:X—X be a map.
If fis G-locally eventually and onto then f is
G-sensitive dependence on initial conditions.

Proof:

Suppose that 4 and B are two subsets of X
such that 4 N B # @ take x € X and choose V be
any open subset of X such that x € V. Since f'is
G-locally eventually and onto then there exist m,
€ Nand g € Gsuchthatg.f" (4)=X;,Vn >m,
also there exist m, € N and g, € G such that g,.
" (B)=X;Vn,>m,. So we have m <n, €N and
m,<n,eNsuchthatg ./ (A)NV=0andg, [
" (BN V=@.Letm=min{m , m, }, then there
exists y, € 4 with y, € G (x) and there exists g, €
G such that g.. f™ (v,) € V and there exists y, € B
with y, € G (x) and there exists g, € G such that
g, /" (y,) € V, so we have g.f" (x) € Vand g,.f
"(y)&Vorg.f"(x)eVandg,. f" (y,) &V for
some g, € G. So f'is G-sensitive dependence on
initial conditions.

We define the chain sensitive dependence
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on initial condition as: A map f: X—X is called
G-chain sensitive at x in x if for any J > 0, there
exists z € X for all y € X, and there exists finite
G-ochain y,, ...,y such thaty, =y andy =xand
there is no finite G-dchain z,, ..., z_such that z, =
xandz =z.

3.2. Theorem

Let i X—X, h:Y—Y be two maps on a metric
G-space and let /= h. If fis G-chain sensitive at x
€ X then h is also G-chain sensitive at x.

Proof:

Let x, y € X and let 0 > 0. Since f'is G-chain
sensitive then there exists z € X and for any y € X
there is finite G-échain yo, ..., y such that y, =
v, y, = x and there is no finite G-dchain z,, ..., z,
such that z, = x, z = z. By hypothesis, f'conjugate
to 4 then there exists a homeomorphism p:X—Y
such that ¢, /= h, ¢ This implies that for all ¢
(80 X), ¢ (g, ¥) € Y there is u (g) = o', 1t (g,) =
g, € G, and there exists ¢ (g, z) forall p (g, y) €
Y there is finite G-dchain ¢ (o, yo), ..., ¢ (g, ¥,)
such that ¢ (g0, o) = ¢ (€0, ) = (&0 ¢ ), ¢ (g,
y) =0 (g, x)=(g , ¢ (x) and there is no finite
G-oéchain ¢ (g, zo), ..., ¢ (g, z,) such that ¢ (g,
Z0) = ¢ (8o, X) = (g0, 9 (), 0 (g,,2,) = ¢ (g,,2) =
(g, ¢ (2)). So h is G-échain sensitive.

3.3. Theorem

Let {f} ., be a sequence of G-strongly
blending maps on a metric G-space (X, d)
converges G-orbitally to a map f, then f'is also
G-strongly blending.

Proof:

Let A, B be a nonempty open sets in X. Since
{f } G-orbitally convergent to f, then for all x € X
and for all € > 0 there exists k € N such that d (g.
L), b f7 () <(e/4) Vn>k, Vg, heGand Vm
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€ N. Since f is G-strongly blending, then there is
some m > () and there are g, g, € G such that g .
[ (A4) N g,. [ (B) = W; where W is nonempty
open set. Since W is open then there is € > 0 and p
€ X'such that W (p, €) € W, where W (p, €) is open
ball with center p and radius €, which implies g,.
fm(A) N g,.fm(B)= W(p, (e/4)). Note that g . /"
A)NW(p,(e/4)#Dandg, [ (B) N W (p, (/4))
# O, hence there are a € 4 and b € B satisfying d
(g, (@), p) < (/4) and d (g, " (b). p) < (€/4),
so we have d (h,.f" (a), h,.f" (b)) <d (g. [ (a),
b S @)+ d (£ (@), hy f" (b)) <d (g.£" (a),
h.f" (@) +d(g.f" (a),h.f" (b)) +d(h f"(b),
hy /7 () <d (g (@), hy. " (@) +d (g. £ ().
p)+d (h £ (). p)+d (h. £ (b). hy. [ (b)) <
(€/4) + (¢/4) + (¢/4) + (e/4) = €. So that d (h,. [
(@), p) <eandd (h,. /" (b), p) <€, that mean, . f
"(A)NW(p,e)#Dand h,. [ (B) N W (p,€)# D
so thath . /™ (4) N h,. f" (B) = W (p, €) € W and
consequently 4,. /™ (A) N h,. ™ (B) = W for some
m>0, h, h,€G.Thus fis G-strongly blending.

As a direct consequence of the above theorem
we have the following corollary:

3.4. Corollary

If {f} ., 1s a sequence of G-weakly blending
maps on a metric G-space (X, d) converges
G-orbitally to a map £, then f'is also G-weakly
blending.

Proof:

Since each G-strongly blending map, is
G-weakly blending then the corollary holds.

Now, if fis G -transitive and / is G -transitive,
then /< /1 is not Necessarily G xG,-transitive, but
this is holds when the maps are G-blending; as

the following theorem:

3.5. Theorem

Let X be a G -space and Y be a G, -space. f:
X—X and h: Y=Y are maps. f is G -weakly
blending and % is G -weakly blending if and only
if £ x h:XxXY—XxY is G xG -weakly blending.

Proof:

Suppose that f'is G -weakly blending and h is
G,-weakly blending. Let U, V be two nonempty
open subsets of X x Y, then there are U, and V|
nonempty open subsets of X, and there are U, and
V, nonempty open subsets of Y such that U= U, x
U,and V=V xV_. Since fis G -weakly blending,
then there exists k €N and there are g , g €G, such
that g .f(k,) (U)Ng,.f(k)) (V )79, also since h is
G,-weakly blending, then there existk eN and g,
g,€G, such that g h(k,) (U,))Ng,h(k) (V,) # O.
Choose k = k,+k,, then g .f (U )Ng .f* (V )#O
and g_.h* (U2)Ng,.h* (V,)#0. Then, we have ((g,,
g).(<h) (UDN((z, )N (V) = ((g,s 8,):
(B<h)¥ (U <U )N (g, g)-(Bh) * (V,xV,) = (g,.
£ (U)g, b (U)N(g, & (V)xg, b+ (V) = (g, f*
(UDNg, £ (V ) (g b (U) N g, 1 (V,))20.

Therefore, fxh is G *G,-weakly blending.

Conversely, suppose that fxh is G xG_-weakly
blending, we prove that f is G -weakly blending.
Let U and V, are nonempty open sets in X, thus
there exist U=U xY and V=V XY are nonempty
open subsets of XxY. Since fxh is G xG_-weakly
blending, then there exists keN and there is g, g,
€G,, g, g,€G, such that ((g,, g,).(Fxh)* (U)N((g,,
g,).(Fxh)* (V))#0. So we have O#((g,, g,).(fxh)*
(U YDN((,0 8)- (B0 (VX)) = (g, £ (U )=,
hE (Y)N(g,  (V)xg, hk (V) = (g, fk (U)Ng, f*
(V)x(g,h* (Y)Ng,.b* (Y)), thus, g .f (U)Ng,.
f* (V )#0, then f is G -weakly blending. By the

same way, we can prove h is G,-weakly blending.
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3. 6. Theorem

Let X be a G -space and Y be a G,-space.
f:X—X and h:Y—Y are maps. Then f is G -
strongly blending and h is G,-strongly blending
if and only if fxh:XxY—XXxY is G xG_-strongly
blending.

Proof:

It is similar to the proof of (3.5).

3.7. Theorem

Let £:X—X be a continuous action on X. If fis
G-strongly blending and has G-periodic points,
then f'satisty G-Touhey property.

Proof:

Let U and V be nonempty open subsets of X.
So there exist k> 0 and g, g, € G such that g .
f*(U) N g,. f* (V) contains open set, therefore,
there exists an open set W c X such that W c g ..
fFO)Ng,. fA(V).Let V=g f*(W)y NV, we
note g. /(W) is open since W is open set and 1
continuous map, thus V| is open. Since the set
of G-periodic points is dense, then there exists a
G-periodic point p of period m such that g. /* (p)
€ V, so there is y € U such that g. f* (y) =g. f* (p).
Therefore, g. /" (v) = g. /™ (f* () = g f"* (f*
P)=gf"P)=p,sopef"(U)yNV+0O,thenp
€g.f™(V), and consequently fsatisfies G-Touhey
property.

3.8. Lemma

Let X and Y be G, and G, spaces respectively.
f:X—X and h:Y—Y are maps. The set of G xG,-
periodic points are dense of /% 4 if and only if for
fthe sets of G -periodic points in X are dense and
for & the sets of G,-periodic points in Y are dense.

Proof:

We will prove the set of G, x G,-periodic points
of fx h is dense in X x Y. Let W be a nonempty
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open set of X x Y, then there are a two nonempty
open sets U of Xand V of Ysuchthat U x VS W.
By density of G -periodic points there exist: x €
Uand ne N with g,. " (x) = (x) for some g, € G,
also by density of G,-periodic points there exist y
€ Vand me Nwithg,. /" (y) =y for some g, € G,.
Now, for (x,y) €W, (g, g,) € G, X G, and k = nm,
we have (g, g,). (f* 1) (x,») = (g, &,)- (f* (x), h*
0) = (g, /" (). g, h* () = (x.). So that (x, y)
is G, x G,-periodic point of /< h.

Thus, we get that the set of G, x G,-periodic
points of /% h is dense in X x Y. Conversely,
suppose that U, V" are two nonempty open sub sets
of X and Y respectively, then U x V' is nonempty
open subset of X' x Y. Since the set of G, X G-
periodic points of ' x h is dense in X x Y then
there exist (x, y) € U x Vand n € N such that (g,
g) (f*xh)n(x,y)=(g.f"(x),g h"Y)=(,
y) for some (g, g,) € G, X G,. So that from this
equality, we get that g . /" (x) =x forx € Uand g,
€G,alsog,.h"(y)=yforyeVandg, €G,. Thus,
the set of G -periodic points of /is dense in X and
the set of G -periodic points of / is dense in Y.

3.9. Proposition

A map f: X— X satisfy G-Touhey property on X
if and only if f'is G-transitive and the G-periodic
points of f'are dense in X.

Proof:

Let /' be G-chaotic on X then every pair of
nonempty open sets shares a G-periodic orbit. In
particular, every nonempty open set must contains
a G-periodic point so the G-periodic points of f
are dense in X. By Definition of G-Touhey, for
each pair of subsets there are n> 0 and g € G such
that g,/ (U) N V shares a G-periodic orbit so the

intersection is not empty, then f'is G-transitive.
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Conversely, we assume that f'is G-transitive and
has a dense set of G-periodic points. Let U and
J be any pair of nonempty open subsets of X.
Since f'is G-transitive then there exist u € U, g €
G and there is k € N such that g. f* (1) € V. We can
define W= g. f* (V) N U. since the intersection
of two open subsets of X and u is an element of
both of them then W is also open and nonempty.
W has the property that g. f* (W) c V; but the
G-periodic points of f are assumed to be dense
in X, so the nonempty open set /¥ must contain
a G-periodic point p € W c U with the property
that g. f* (p) e g. f* (W) € V. So, we get that f'is
G-chaotic.
3.10. Theorem
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