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Abstract

In this paper we introduce operators defined for functions from Lp for p<1 defined on unit sphere
and then we are using to prove direct inequalities in terms of K-functional. Also we are to prove

some propped related to these operator.
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1. Introduction
For R, the unit sphere U is given by

U= {x = (xq, .., xg) ¢ |x| = (x2 + -+ x2)V/2=1}
IffELp(Ud_l) , p<Tand the mapping f: U%~1 — R, then let us define:

1
/
11l sy = Uy = (Spasl FIP)

And
Li={f:fel, f,.fMeL,}  p<1

For a function f (X) (XEUd'l), which is Lebesgue integrable on udt, d = 3, the average on the
cap of the sphere is given by [1]

B(f,y) =55 )y f@)do() ,t>0 Y

, where; (={y: |y|=1, cost<x .y <1, x, y €Ud1} and x. y is the inner product in R¢ is the

measure on the sphere

For a function f(X) (XEUd‘l) which is integrable on U*', the average on the rim of the cap S (f,
y) is given by [1]
1

St ¥) = 55 Jey=cost f ()Y (0),£>01-2)

, Where;
dy () is the measure (d-2 dimensional) of x on X. y = cost

The Laplace — Beltrami operator on XEUd91 is given by
s BFCO=AfGe/lx) 09
62

AF(x) = a‘”’—); FOO+onnn +oe f(3)

If f €L, (Ud1), p<1, the K-functional can be defined as
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K:A(fA, 21y = inf(lf — glip+ || A

A" g €L,(U41))

K({fAR)p = Ki (AR, (4

Using the definition of B (f, x), for B(f, x) is bounded operator, we get that

”Bt(f’ x)”Lp(Ud_l) = ”Bt(f' x)”p(l' 3)-

if (0)do(x)
‘P(t)t, fx)do(x
< c@IfIL

If A is the Laplace — Beltrami, for € Lf, (U4™1), we get

AB.(f,x) = AB.(f(x)/|x]) (1.6)

;’—,;Bt<f<x1))/|x| +onnet LB ()

5k FedoG))/Ixl+ =+ 2 s [, faddoea)/ 1

<p(t)

—(—ff ;’— f e do )/ I1xl + -+

<p(t)

<p(t) ft’ ox2 f(xa)do(xq))/ x|
=B,(2 £()/Ix])
= Bt(Afrx)

Then:
ABy(f,x) = B (Af,x)
If the collection v,......... , v, 1s an orthonormal basis of the space orthogonal to x, the tangential
gradient of f(x) is defined by [1]
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grads.f(x) = Ry
When fe L,(U*™Y) , p<1

d
|gradignf (x)| = maxe ) o)

9

2. Auxiliary Result
2.1. Lemma [3]
Suppose f(x) € L3, and

Bi(fx) = (t)f f®)do(x)

SUFX) = o s FOOAY () 10
Af(x)=Af(x/|x]) forx € U,

Then for x € Ud-1 and 0 <t <§ , we have:

Bt(fl X) t_ f(X)

o
1 ~
= mjsind"zejsinz"dp ¢(p)B,(Af,x)dp db
0 0

— [sin®=29 ([ sin®>p [, Af(y)d a(y)dp}d6.

An(c?

t(fx) f(x)=

—%smd 2t ftsinz_de d@f Af (y)da(y)
(t)f sin*~%6 ¢(6)By (Af, x) db
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2.2. Lemma [1]
for & L x, Bi(fx) is given by

Bt(f; X) —
LfQ f_KKf(v + (xcos@ + ésinf)/1 — |v|?)d6 dv.

@(t) y
-1)/2
Where; @(t) = i fot sin®™2 u du

|
&
Q= Bygsint ={v:v.x =0,v.§ =0,|v| < sint},
k = arccos (cost//1 — |v]?), then

J B
ﬁ_f ¢(f5x)

1
= ml [f (v + xcost
+ 6\/1 — v|? — coszt) a(t,v)
—f(x+xcost
— f\/l — v|? — coszt)ﬁ(t,v)] dv

Where a(t, v) and f(¢, v) are close to 1 and arebounded by 1
2.3. Lemma [4]
For f € Le(U%™1), 1< 0 < oo, there exsist g € Ly(U%™1), such that% + % =1

We have:
”EBtBTf”e — & < |<grABtB‘cf)|

< |<g' BtAB‘L'f>|

< |<BtgrAB‘rf>|

< (grad;snBeg, gradian B f)|
Then

”EBtBTf”e — & =< ”gradtanBtgllé ) ”gradtanBTfHB-

3. The main results

In this section we shall introduce our main result

3. 1. Theorem

For B.(f, %), S;(f, x), K(f, A, t?) are given by (1. 1), (1. 2), (1. 4) respectively, we have for
p<1
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If = Bfll.
Proof: ”f_Stf”L

2
We choose g€ Ly,

If = glly + e3g]l < 2K(f,B,¢%);
1B:(f =)= (fF =y < IBG—DIL+1If —glly
<clIBG —Ib+1f —glip] <t

< c() K(f,A, tz)Lp(Ud—l)
< c(p) K(f.A tZ)Lp(Ud—1).

pud-1

p(Ud-1)

Then
IB:(f —9) = (fF =y < 2If —gll}
1S:(f =) = (F =Dy < IS = DIS + 1If = glly
<c[ISG=pIy +1If —gllp], c<1.
Then

IS:(f —9) = (f —lly < 2lf — gl

Using Lemma2.1, we get
1Beg — gllp =

[y sin®=20( ] sin*~p |, Ag(y)da(y)dp}den

< c(p)t2||Ag||p.
1S.9 — gl
= ”%smd ztf sin*~46d6 |, Ag(y)da(y)”
< c(p)t2||Ag||p.
Then
If = Beflly, yary < 2If = glly + c(@)?||Ag]]
= c(K (f.At3), yar
If = Seflly, asy < 21If = glly + @ Bg|]
= cPK (f,5,t%), yay

|76

3.2. Theorem
If L (U*), p<1, then grad, , B is in L (U*') and
c(p)w(®) c(p
lgradeanBef s, < ==l < “2fl,
@
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Proof:
By Lemma 2. 2 we get

[ Be(f, )| =
|<p(t) [/ (v + xcost + &/ (1 — [v]?) — cos?t)a(t,v) —
f(x + xcost — /(1 — [v]2) — cos?t)B(t, v)]du|
< 25Uy [f@+ xcost + §/T=ToP?) = cos0)| v +
Q |f(v + xcost + &/ (1 — |v]2) — coszt)| dv}.
Since

Jya-1 f(x)dx <[ measure of U% [max, cya-1 f(x)]
, then

5B (f 0] < ZEESfL ).

5p(t)
|gradienB.(f, )| = maxg . |32 B (f, )|
Then we get, forp < land f € L3,(U%"1), that

lgradianBe(f D, = [ (gradanBe(f, 0P’

ya-1

= f(|max gBt(f x)| dx) '/

ya-1
< Jyas (225,0171,0| dx)

2y ()
< Z2s.f1L0lL,,

@(t)
since 2v() < @) ,then
@(t) t
1
“gradtanBt(f'x)“Lp < @ W j fx)dy(x)

x.y=cost L
p

()
Dyey,,
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3.3. Theorem
Iff € Lp(Ud‘l) , p<1. Then
% cr(p)
|A7By, B, fll < EE=NIfll, . p<l

------ T

Proof:

Since |AB.Bf||, — & < |ABBf|[,— & , 621
We choose g of in Lemma 2.3, then we get:
”EBtBTf”p — &< ||97'adtanBtg||9 AlgradignB:fllg »

R 1 1
f=>1,and =+ ==1
6 0

i 1/,
lgradeanBeglls = ( f \gradeenB.g|? dx) /o

ya-1
1

1i6-6

b+——— .
=(fUd—1|gradtanBtg| 6" 6" dx)e

1 -
b2 v
= (f a_1lgradenBegl ¢|gradea, Begle dX) X
]
g1 1
j |gradanBegl o|gradi,,Begledx
Ud—1
Assumethat% =q,S0 6 =21 , and g <1 ,then
1 1
17q
1
llgradeanBiglly < f |gradianBegla " |grada, Beg|dx
Ud—l
1
q
1
X |gradeanBegl *|gradi,, Begldx
Ud—l
1
< c(q) % (fUd—1 C(q)|gradtanBtg|qu)q
= C(q)”gradtanBtg”qrq<1 (1. 8).
And
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”gradtanBrflle = j- |gradtanBrf|9dx
Ud—l

1 5+6-6

1
= ([ aslgradeanB.f1°*55dx)

1
1 1.\
< (fya-1lgradeanBf 1751 gradeq, B.f 7dx)

6

1 1
X J |gradtanBrf|e_glgradtanBrflydx

ya-1

A

Assume that % =p SO 0 = % and p < 1, then

”gradtanBTfHG

<=

p—

1_
< j |gradiqnB.f1? plgradtanB‘cflp dx

ya-1

ST

1
X j |grad;an B f1P"|grad,q, B f1P dx

ya-1

<R

< c(p) f (0| gradanB.f1? dx

ya-1

< C(p)”gradtanB‘rf”p ;P < 1(l. 9).
From (1. 8), (1. 9), we get:

”EBtB‘rf”p —& =< C(p, Q) ”gradtanBtg”q ) ".gradtanB‘rf”p
, where: p<1, g<l and p + g=1
Letllgll; = ¢(q) , and by Theorem 3.2 we get:

c(q) c(p)

|1AB:Bf|, — e < —=llglly - —1Ifll,

c?(q) c¢(p)
< CD@ gy

Which, as is an arbitrary, implies our result for r=1.

Repetition of the above consideration implies.
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