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الخلاصة
قدمنا في هذا البحث مؤثرات معرفة على فضاء الدوال المعرقة على كرات الوحدة والتي تنتمي الى الفضاء Lp عندما 
p<1. باستخدام تلك المؤثرات قدمنا بعض النظريات المباشرة ونظريات اخر￯ معاكسة لها بدلالة الدالي K الذي يكون 

مكافئاً لمقياس نعومة تلك الدوال.

الكلمات المفتاحية
.K معرف المشغلات للدوال، فضاء الوحدة، بدلالة الدالي

Abstract
In this paper we introduce operators defined for functions from Lp for p<1 defined on unit sphere 

and then we are using to prove direct inequalities in terms of K-functional. Also we are to prove 
some propped related to these operator.
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1. Introduction
For Rd, the unit sphere Ud-1 is given by

If  and the mapping , then let us define:

And

 For a function , which is Lebesgue integrable on , the average on the 
cap of the sphere is given by [1] 

 (1. 1)

, where;  and x. y is the inner product in Rd is the 
measure on the sphere

. 

For a function  which is integrable on Ud-1, the average on the rim of the cap St (f, 
y) is given by [1] 

 (1. 2)

, where;
dγ (χ) is the measure (d-2 dimensional) of x on x. y = cost

The Laplace – Beltrami operator on  is given by
, where;  (1. 3)

If , p<1, the K-functional can be defined as
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 (1. 4)

Using the definition of Bt(f, x), for Bt(f, x) is bounded operator, we get that

 (1. 5). 

If  is the Laplace – Beltrami, for , we get

 (1. 6)

 If the collection v1,........., vd-1 is an orthonormal basis of the space orthogonal to x, the tangential 
gradient of f(x) is defined by [1] 
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2. Auxiliary Result
2. 1. Lemma [3]
Suppose , and
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2. 2. Lemma [1]

Where α(t, υ) and β(t, υ) are close to 1 and arebounded by 1
2. 3. Lemma [4]
For , there exsist , such that . 
We have:

3. The main results
In this section we shall introduce our main result
3. 1. Theorem
For  are given by (1. 1), (1. 2), (1. 4) respectively, we have for 

p<1 
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Proof:

We choose 

3. 2. Theorem
If Lp(U

d-1), p<1, then gradtan Btf is in Lp(U
d-1) and 
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Proof:
By Lemma 2. 2 we get
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3. 3. Theorem

Proof:

(1. 8). 

And
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(1. 9). 
From (1. 8), (1. 9), we get:

Which, as is an arbitrary, implies our result for r=1. 
Repetition of the above consideration implies. 



Quarterly Adjudicated Journal for Natural and Engineering Research and Studies124

Eman Samir Bhaya Vol. 1, No. 1 and 2, P.(115-124)

References
[1] W. Chen and Z. Ditzian,, Acta, Hungar. 75, 165 (1997).

[2] E. Bhaya, On the constrained and un constrained 

approximation Ph. D. Thesis, Baghdad university, Iraq, 

(2003).

[3] Z. Ditzian and K. Runovskii, J. Approx.Theory, 7, 113 

(1999).

[4] V. H. Hristov and K. G. Ivanov, math. Balkanica (N.s.) 

4, 236 (1990). 

[5] Yuan. Xu , Funk-Heck formula for orthogonal polynomials 

on spheres and on balls. Bull London Math, 505, 447-457, 

(2001).

[6] Yuan. Xu, Orthogonal polynomials and summability in 

Fourier orthogonal series on spheres and on balls. Math. 

Proc. Cambridge Philos. Soc., 31, 139-155, (2001).

[7] Yuan. Xu,Generalized classical orthogonal polynomials 

on the ball and on simplex. Constr. Approx., 17, 383-412, 

(2001).


