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Abstract

In this paper we introduce operators for functions from Lp for P<I, defined on
unit sphere and then we use them to prove strong converse inequality for direct
theorem that we introduce in terms of K-functional.
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1. Intoduction

For RY, the unit sphere U%'is given by U+ ={x =

(Xppee X)) 1 [X|= (x% + -+ x3)Y/?=1}. LetL,(U%™1)

, p<1 be the space of all mappings pyd-1 5 R,

with Ifll, ey = Iflly: = (fud_llﬂp)l/ ¥ <o,
And

Ly ={f:f €Ly, fr, f™ € LU},
For a function ,feL, (U%"),d>3, the average on

the cap of the sphere is given by[1]

1

By(f,y) = mf{, fX)do(x) 0 ... (1.1)
where ; (={y: |y|=1, cost<x.y<1,x,y U*}

and x.y is the inner product defined on R do(x)

is the measure on the sphere

Ad-29 du

For a function f(x) (x€ U*') which is integrable
on U*', the average on the cap S (f, y) is given
by[1]

S0, W) =2 Frymeose fOOAY () 0, x y €U .....(12)
where dy(x) is the measure (d-2 dimensional)

of X on x.y= cost,

The Laplace — Beltrami operator on x€U*'is given by

Af(x) = ARX/(X]) oo (1.3)
where ; 52 52
Af(x) = 3z fOO)+......... +a_x§ f(x)

If fELp(Ud") , p<l, the K-functional can be defined as

K (EA, ), =inf ([If = glip+ t

Arg|

P B g eLyUs)

....... (1.4)
K (EALY =K, (FAL)

p <1

Using the definition ofB (f,x),B (f,x) is bounded

operator. In fact

”Bt(f; x)”Lp(yd—l) = ”Bt(fl x)”p =

iff()d()
(p(t)[ X)ao(x

p

<c(p)ifttp L. (1.5)
If A is the Laplace — Beltrami , for fELf)

(U, we getAB, (fx) = AB, (f(x) / |x])
= ;—J;(Bt(f(xl))/|x| o + aa_yiziBt(f(xd))/lxl)

=G, FEdoG)/Ix] + -+ 2 (s f, flca)do(xa)/ 1

=Gy 2 o))/l + 4 (5, 2 fGra)dotxa)/Ix]

=B:(A f(x)/1x])
= B,(&f ,x).

Then :

AB (fx)= B (Afx) ... (1.6)

2. Auxiliary Results

In this section, let us introduce the results that

we need in our work.

2.1. Lemma [3]
Suppose f(x)EL3(U*'), p <1, and B, (£x),S,
(f,x),Af(x) are given by (1.1), (1.2) ,(1.3).Then for

x € U¥! and0<t<§ , we have :
B(f,x) - f(x) = Lfsin"l‘zé) f sin?~%p ¢(p)B,(&f, x)dp do
' o) J J P
=$ fotsind‘zg {fog sin®~4p I, Af(y)d o(y)dp} do .

And
Sdfx) - f0) = 55

= ﬁf; sin*~6 ¢(0)By(Af,x) d6 .

sin?=2t fotsinz‘de do [, Af(y)da(y)

2.2. Lemma
For f EL;(U‘“) ,p<1,and B, (g.x),Ag(x) are
given by (1.1), (1.3). Then we have :
IB2(x)-g(x)-a(t) Ag(x)l < c(p)t* 1Ag(x)1, .
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where ; 0<At?< a (t) < Bt?
Proof :
We can use Lemma 2.1

and write B;(g,x) — g(x) =

(t)f sin~ 26f sin>~%p p(p)B,(Ag,x)dp do

1 t
~5@)
0

f sin~4p @ (p) (B, (Bg, x) + &g — Ag)dp do

t

0
(t) SlTl f

(t)fsmd Zefsm 4p p(p)(B (Ag,x) —Ag)dp db

~pp(p)dp d) +

= a(t)Ag(x) + ct?(B,(Ag,x) — Ag(x))

B.(g,%) — g(x) — a()Ag(x) = ct*(B,(Ag,x) — Ag(x))

2. ) ~ 9 — a®Eg @], < ct?[B.(Bg.x) ~ Ea )],

< ct?||AB.(g,%) - Bg ()|,

< ct?[|A(B.(9. ) - g)|

¢ 0
- 1 .
<ct?||A <—)f sin%=20 f sin*™%p ¢(p)B,(Ag,x)dp d@)
0

0

t 0
1 ~ -
< ct? —fsind‘zefsinz‘dp @(p)AB,(Ag,x)dp db
0 0

< ct?

¢ 0
1 ~
—fsind‘zefsinz‘dp @(p)B,(A%g,x)dp dO
0 0
P

< ct?||A(Bi(g,0) = g )|
< ct?[|A(B.(9.,0) — g ()|

< ct?||A(B.(g,x) — g(x))”,,l

2.3. Lemma
For feL (U*'),p<1, and B, (f;x) given by (1.1)
,A is the Laplace — Beltrami , then we get

|1AB2f Coll,, = |AB2f () + ABEf (x) = BB (1)),
< [|ABZ (||, + |ABEf (x) — ABZ ()|,
<iBBzroll, + [|382 (1 ¢ - 382 )|
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2.4. Lemma [1]
If &x, B (f,x) is given by

B.(f,x) = (p(t)f f_Kf( v + (xcosB + &sinf)/1 — |v|2)d6 dv
where;
Zn(d_l)/z
(t) = —f sin® 2 u du
[ a-1
&) 0o

Q=B , sint = {v:0.x=0 ,0.5=0 ,|v| < sint},

Kk = arccos (cost/+/1 — |v]?)

iB(fx)— f(v+xcust+§ 1—|v|2—coszt)a(t,v)—
ag "t f(x+xcost—f 1—|v|2—coszt)ﬁ(t,v)

;fn

[40]

where a(t,v) and B(t,v) are close to 1 and are
bounded by 1

2.5. Remark [4]
For f €L, (U*"), 1<6<0o, there exsists ,g€EL; (U*
1,1 <0 <oosuch that for%+ % =1, We have :
||EBtB,f||9 — ¢ < [(g,AB.B.f)|
< (9, B/AB.f)|
< |(Bg, 8B.f)]
< gradenB.g, gradan B:f)|

Then: ||AB.B.f||, - & < llgradeanB.glly - llgradeanB.flle

3. The Main Results

In this section we shall introduce our main results.

3.1. Theorem

If fin L (U, p<l, then grad B, f is in
Lp(U‘“) and

lgradianBefll., <

c(p)w(t) c(p)
o Il <SPS,

Proof :
By Lemma 2.4 we get

a_th(f'x)|
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1
=[—= 1 |f(v+xcost + &/ (1 — |v|?) — cos?t) a(t,v)
w(t)i[ ( )

- f(x + xcost — &/ (1 — |[v|?) — coszt)ﬁ(t,v)] dv

< %{J |f(v + xcost + &/ (1 — [v]|?) — coszt)| dv

+J |f(u+xcost+f\/(1—|v|2)—coszt)|dv}
Q

Since Jya-i f()dx <[ measure of U™'][ rerlllz;li)flf(x)].

29
2O 5(1f1x)

.|
Then : |§Bt(f,x)| <
\graduanB.(f, )] = max |2 B.(f, )|
Then we get, forp <1 and fEL:) (U1),that

||9TadtanBt(f:x)”p = f(|gradtanBt(f,x)|pdx)1/P

Ud—l
0 P 1
) /
f(|"§&xa§B‘(f’x)| dx) v

Ud—l
P o
< f<|2‘“(t)5(|f|x) )

ud
1S (£ 1,201l

@(t)

2P
0}

29O _ <@

, then:
() t

since —=

20)

lgradeanBe(f, )Ml < =

j £y ()

x.y=cost

o)

p

2
“ZIfll, =

3.2. Theorem
For f €L (U*Y), p<I . Then

”ZrBl& ''''' BTzrf”

Proof :
Since |IA~Bt B f ||p -e< IIANBt B fl-¢, 01

We choose g as in Remark2.5 , then we get :

||&Bt B f |Ip- e <lgrad B, gl -

Igrad, B,

fl, ,0>1 and =+
9

%\| =
Il
[y

1/é
6
llgradyemB.glly =< [ lg7adans,| dx)

ya-1
—+9 ]
(fud 1|gradtanBtg| 9 sdx)
<
6-1 10 6-1 1 \®
(fUd—llgradtanBtgl 9‘|gradtanB[g|9‘dx) (fudﬂlgradtanBtgl H'|gradmnBtg|B'dx)

Assume that:x =q, so 6= and g <1, then
0 q

-t
llgradianBegllg S( f IgradtanBthﬁ"‘IgradtanBth“dX>

yd-1
N flgradmnBtgﬁ“’“’dx
ya-1
1.q? qxqiz
= (fUd—1|gradtanBt.g|q dx)
1
=(fauslgrad;en Bglidx)’
“gradtanBtg”q ’ q<1 ....... (3.1)

And

[
11
gradeanB:flle =< f |gradtanB‘rf|8dx) = ( flgradtanBrf|H+yydx)
yd-1 yd-1

[ 0
s( | |gradmn31f|"ﬂgradmstflvdx) ( | |gradeffl*’vlgmdmn&flmx>

Assume that: %: p so 0 =% and p < 1, then
”gradtanB‘erG

d-1

" »
1 1
= ( f |gradianB.f17"|gradanB.f1? dx) < f |gradianB.f17"" |grad an B-f P dx)
yi-1 u

10

-1,
~(Jpamsl radeanBef 177 )7
xL.
= (fud—1lgradtanBrf|%xp2 dx)p i

1

=(JyacilgradeanBef 1P dx)’
=lgrad, B_f ||p,p<l
From (3.1) and (3.2) ,we get:

IAB, B_flp-¢ <lgrad B, gllq- lgrad, B_f I|p
,where:p<1,q<1 and p+q=1
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Let ||g||q= c (q) , and by Theorem 3.2 we get:

~ c(q@) c()

”ABtBTf”p —& = —IIgllq —IIfllp
c?(q) c(p)

<———|Ifllp.
€is arbitrary , implies our result for r =1
Repeting the above we get
|87 B, B £, < ZE2= N1, p<i®
3.3.Corollary
Forfel (Uth),p <1, and B, (fx) given by (1.1)
, we have

~ (p)
138z, 0, <

3.4. Theorem

For f € L) (Ut , p<l, and B, (fx),K(fA,t)
are given by (1.1) , (1.4) we have, for some M
independent of ', p or t

K(f,A t2),

Proof :

We note that we need to show only that

K(f.5t%), ~|If = Befllp + [If = Beyu I,

~If = Befllp + [If = Beymf ||,

We use Lemma 2.2 to write
4

1Be/mBEf = B f — a(®BBE]|, <c(p) 7 13%BE ]l
< c(p) IIABEf ABEf],
5c<p>—4 D zszr |,
< c(p) ~Iaszr I,

By Lemma 2.3

IB,,\, B} f- B} f-a(AB; {1

<c@) s s +c(p)M4||ABt(f BN,
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2

<cP 7188 ||, +C(p)—llf BEf

Choosing M independent of f and t to have

1 t\ |~
o) 3B |, =  a () 132 |,

Then we get :
K(f,A, tz)p <c@If = Bflp, + ”f - Bt/Mf”p.
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