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which is true for any e.
Therefore
1 1 (¢
O (f, )y < c(p)m{;k (do(F. RE(@D)) + ||f||p}
To know the number of neurons in the hidden
layer, we must choose n smallest integer larger

than €' . So we must choose m_>min

c=c@wy(f,D)p O

d
(ot Where

3.2. Theorem let K be a compact subset of
Riand f € L (K). Then, d10 (R ° (d) = O (n*),if
and only if f € Lip(a), where Lip(a)={f:o_(f;t) =
O (% a€(0,r]}

Proof: first let us assume dp (f,R °(d))=O(n™).
From Theorem3.1 we have

o (f )y < c(p)—(z kdy (£, RE(@) + I71},)

< C(p)F(Z oz +I171)

n(n+1) 1

=c(p ) 7 ( — T Ifll)

= C(I’);(na—_2+ £l

1 1
< C(P)(m t2

1
=c(P) =

Now for the opposite side we have, for
feLip(a), that
1
w,-(f, ;),, =O(nia) .Using Theorem?2.3 to have

1
dp(fr Rg(d)) = C(p: d)wr(f' E)p
< c(p, d)nia

3.3. Theorem let K be a compact subset of
Réand €L (K).if

dp(f, R"(d)) < (1+2)2d, (f, R4 (d))
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Then

- (f,2)p < cPdy(f, RIUD) +
And

wr(f,p < c(@)— 1l <d (£R ° (d)
< (2 +5Va) w0, (1, ),

Proof:

Using Theorem 1.3, we have

S 11113

0r(f,2)p <€) 75 ey kel (f, RE (@) + I£1lp)-

Then using proposition2.4 with
A=o, (f1/n) and B=d (fR °(d))and E=Ifl we get

- (f, )p
n?If )

<c(p) (1+1/n) d (£R

n+1

c(dp(f, RE(@) +n72IIf ) < c(p)(dp(f, R (D) +

()il
This completes the proof mi
3.4. Theorem If K is a compact subset of R¢
and
o (f, —)p < cOIN Ty (£, R @) + cOIN "y (f, Ry (@) +
C(P) (741

Proof . In Theorem 3.2 we have

1 1 N
or(fiz) < c(p);(kzzl k dp(£,RE(@D) + I 1)

= c0) 2 Tk dy (f, RE (@) + T sy k o (7, RED) + 111)

-1
< e(p) = (£ RE(D) Z k+dy (£.R @) z k+1fll)
k=[]
= @ (R @) =D o (7 e ) 22D
=17,

< cEIN Ty (£, R @) + oI dy (£, R (@) + @) Il
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dp(f, R(d)) < c(p, D)o, (f, D)y,

2.4. Proposition [4] assume that for the
sequences {a j, {b }, satisfied
by <(1+ —)pbk_,_l , and the inequality

nonnegative

a, < Cn-Z{Z kb +€}

Holds for n€N, then one has
a <C(b_+n’€).
Here C>1 is a constant and € is a constant

independent of n, k

3. The main results

In this article we introduce our main results

3.1. Theorem let K be a compact subset of R¢
and f€L (K). Then there is a nearly exponential
type of forward neural network with hidden
components number m_ > min__ n‘, where
¢ =c(P)wy(f,2)p. And €N, such that

1 1 N
W (f D)y < c(p);(kz_l k.dy (£, RE(@D) + I 1)

Proof we have

1L Dl = [|@mt [ rec- @
[~rm)d »
p
= ( f (2m)~¢ f Flx—OV,(D)de| dry
[-m,m]d [-m,m]4

< cOIflp (G fionme e ©t) = c@IIf,
Therefore

ID¥IL, A, < c@ID*fll, O
Then using Bernstein inequality we get

DML O < e ifll,

Nowlet,4, = [ID"L(V,. N,
. Then using (1)and(2) to get

B, =IL(Vo, f) — f”p

An = =5 [DPIL(V, )] forn > k= 1

we have
1
An — W ”D'V' L(Vn;L(Vkuf) - L(Vk;f) + f)”

<)y (IID'”L(V LWV DN, + DL f = LWV D)

vl
< c(p)—”D'”'L(Vk f)|| + c(p)—n"" < c(p)( ) A + c(p)By

Then for p=|v| in Lemma2.1, we get

Ap < eI (ko kYT + Ay

and

DML O, < C(P)n"”'(z KPHILW ) = Fllp + 1£11p)
k=1

Then for n>|v|, there is a natural number m
satisfyn/|v|<m <n.
Then

L<k<n
[v]

If =LV Ollp < If = LVi Dl

Then using definition of K-functional to obtain

K(re") = i {Ilf—gllp+t'"' sup [[DI™lg]| }
[m|=|v| p

ImI

and

1
Ky, (f, m)p < If = LWV Ol +
)

Q. HIf = LGNl

n|17|
s
), lvl-1
b <Z KL Vi £) = fll, + ||f||,,>
<) (Z KILVio ) = £l + ||f||p>
k=1
<on (Z dy(f, Pel(@)) + ||f||p)
Then using Theorem?2.2 to obtain
Ol (Fr Dy < €(0) 7 {Zhos (dp (L RE(@D) + €) + IIf I}
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1. Introduction

In [3,5,6], the authors proved inverse theorems
for the approximation by neural networks of
continuous functions on R? using the 1st order
modulus of continuity. There is a natural question
can we improve the above estimates interms of
the k th order modulus of smoothness for k variate
functions in L spaces for <1 ? in this article we
answer this question.

Let N be the set of nonnegative integers
numbers, R"dbe the d-dimensional Euclidean
,--X,)ERY R ° (d)the set of
all polynomials of the form

erl(Nu{O})d a, o(-Ax+tb, )(1>0).
, 6:R—R, and let|k|th order partial derivatives

space (d>1), x=(x,.x,

of fas

(d=1),x =(x1,X3,...,X3) E2]

A Korovkin's kernel u_(x), defined by
2acinuf-hd Mo (—=Ax + b)) (L > +)>

whereu (x) €T, (1),u,>0and 1/22x[_"u_ (x)
dx=1, where T_(1) is the space of all triangular
trigonometric polynomials of degree less than
n, t (x) =arc cos(nx), t (x) is called Chebyshev
polynomial. Define the d-product of u (x) as

follows

d times

Vo (1, Xz, ey Xg) = Up () X Up (x) X oo X Uy (%) €T, (d)
,also v, >0, (2n)™¢ f(_m)d Vo(x)dx = 1. [4]

We can define the K -functional as follows :

K.(f,t7) = inf

1
DImlgeA.c.loc

fir =gl +27 sup g1}
|m|=r

where g€A.C.loc means that gis |m| times

differentiable and D™ g is continuous in the finite
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set [5]. Bernstein inequality can be written as

12|, < c@M NPl

1.1. Definition [4] let Q be metric space with
metric d then if f € Lp (Q), given a direction eERY,
the rth order Symmetric difference of f defined by

ARf(x) = Z(—l)r“' (:) flx+ (% - i) he)
i=0

and ,the rth modulus of smoothness of a

function f have the form

wr(f, t)p = Sup

xi%e(),lhlst

IARS (Ol

2. Auxilary results

In this section we shall introduce some results
that we need in our proof of the main result.

2.1. Lemma [7] a positive sequences {a j,
{b_}, if (p>0), and

e\ P
6, < (3) ax+b(1<k<mVvneN (1)

Then
ay < Cyn P {Xiy kP by + a1} . 2)

2.2. Theorem [7] If fEL (RY),
r — : _ r (m)
K (ft7p D|m|1gnefL;m>”f gll, + ¢ [ID™gll, .

Then
C(p)Kr(f; t);) S w‘r(fr t)p S C(p)KT‘(fI tr)p/
where c(p) is a positive constant depending on

p, and it may different from one line to other.

2.3. Theorem [1] Let fEL ([0,1]%)and n€eN,
then there is a nearly exponential type of forward
neural networks , and let R ° (d)as defined above,
its number of hidden layer components is

M >min___ (n+1)¢,

(where € = c(p,d)w(f,5),), n is any integer satisfy
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Abstract
In this paper we introduce a lower bound estimates for approximation by neural

networks in L 'spaces for p<I.
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