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الخلاصة
نقدم في هذا العمل مفهوم شبه الموديول الجزئي المستقر وشبه الموديول تام الاستقرارية وندرس الشروط 

التي نحتاجها لنحصل على خصائص وصفات مشابهه كما في الموديولات.

الكلمات المفتاحية
شبه الموديول الجزئي الدوري، شبه الموديول الجزئي المستقر، شبه الموديول تام الاستقرارية.

Abstract
In this work, the concept of stable sub semi module and fully stable semi 

module will be introduced and studied, investigating the conditions which 
need to get properties and characterizations similar or related to the case in 
modules.

Keywords
Cyclic sub semi module, Stable sub semi module, Fully stable semi module.
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1. Introduction and Preliminaries
In this work the concept of fully stable 

module, that was introduced and studied in 
[1], will be converted to semi modules, inves-
tigating characterizations, properties and ex-
amples. Let M be an R-module, and N be a sub 
module of M, then N is called invariant if f(N)
⊆N, for each R-endomorphism f of M [2]. 
A sub module N of an R-module M is called 
stable if g(N)⊆N for each R-homomorphism  
g  of  N into M, and  M is  said to be  fully  
stable if  each sub module  of  M is stable. A 
ring  R  is  called  fully  stable  if  it  is  fully  
stable R-module [1].

A semi ring is a set R together with two bi-
nary operations, addition and multiplication, 
such that

(i) addition and multiplication are associative,
(ii) addition is commutative,
(iii) the distribution law holds, that is, if r, 

s, t ∈R then r(s + t) = rs + rt and (r + s)t = rt 
+ st,

(iv) there is an additive identity element 
(denoted 0) and a multiplicative identity ele-
ment (denoted l),

(v) 0 . r = r . 0 = 0 for all r ∈R.
The semi ring R is said to be commuta-

tive if its multiplication is commutative [3]. 
A (left) semi module M over a semi ring R is 
a commutative additive  semi group  which 
has  a zero element, together   with  a mapping 
from R × M into M  (sending  (r, m)  to  rm) 
such that(r + s)m = rm + sm, r(m + p) = rm + 
rp, r(sm) = (rs)m  and  0m = r0M = 0M for all  m 

, p∈M  and r , s ∈R,[4]. A subset N of the 
R-semi module  M is  called  a sub semi mod-
ule  of  M  if  a , b ∈N and  r ∈R  implies  
that   a + b ∈N  and  ra ∈N [5], in this case 
N itself  is an R-semi module. The concepts 
of  homomorphism, kernel, image are defined 
similar to the case in modules.

It is known that a module is duo if each of 
its sub modules is invariant, that is, for each 
sub module N of  M and for each endomor-
phism f  of  M, it follows that f(N) ⊆N [6]. 
Analogously, duo semi module can be de-
fined. A semi module M is said to be duo if 
each  sub semi module of M is invariant. A left 
R-semi module is said to be simple if it has 
no non-zero proper sub semi modules [7]. A 
semi module M is said to be semi simple if it 
is a direct sum of its simple sub semi modules 
[8]. A semi module M is cancellable if for all 
m, m’, m” ∈M, m + m’ = m + m”  ⇒  m’ = 
m” [9]. If  M is a left R-semi module then its 
left annihilator is LR(M) ={r∈R: rm = 0  for  
every  element m∈M} [10]. Let N be a sub 
semi module of an  R-semi module  M, then  
(N : M)  is  defined  as  

(N : M) = { r ∈R| rM⊆ N}. Clearly (N 
: M)  is  an ideal  of  R. The  annihilator  of  
M  is defined as (0 : M)  and  is denoted  by  
annR(M), too [5]. A left R-semi module M is 
called cyclic if M can be generated by a single 
element, that is M = (m) = Rm = {rm | r∈
R} for some m∈M  [11]. A semi ring R is 
called a regular semi ring if for each a∈R, 
there exists an element r∈R such that a = ara 
[12]. An element r in a semi ring R is said to be 
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nilpotent if there exists apositive integer n (de-
pending on r), such that rn = 0 for r ∈R [13].

2. Fully Stable Semi module
In what follows, R will stand for a semi 

ring with zero and identity.

2.1. Definition:
Let M be a semi module over a semi ring 

R. A sub semi module N of M is said to be 
stable if f (N) ⊆N for each homomorphism 
f: N → M.

M is called fully stable if each sub semi 
module N of M is stable. We note that the semi 
ring is called fully stable if it is a fully stable 
semi module over itself.

2.2. Definition:
A semi module M is said to be duo if each 

sub semi module of  M is invariant.

2.3. Remark:
Any fully stable semi module is duo.
Proof: Assume that M is fully stable, let N 

be a sub semi module of  M and f: M → M be 
any homomorphism. Consider g = f│N : N → 
M, by assumption g(N) ⊆N, it follows that 
f(N) ⊆N, that is N is invariant, thus M is duo.                                                     

But the converse is not true. For example, 
let M = Z+  be a semi module over R, where R 
= ( Z+ , + , ·) is a commutative semi ring, then  
any sub semi module of  M is of the form Rn = 
{ rn│r ∈R },with    n∈M, let f: M → M  be 
a homomorphism, then  f(Rn) = Rf(n) ⊆ Rn, 

then  Rn  is invariant, hence M is duo. Now 
let f: R2→ M, defined by  f(r2) = r3, then  f 
(r12+ r22) = f((r1 + r2)2) = (r1 + r2)3 = r13 + r23 
= f(r12) + f(r22).

f(s(r2)) = f((sr)2) = (sr)3 = s(r3) = sf(r2), 
where  r1 , r2 , s , r ∈R. It follows that f  is  a ho-
momorphism. Note that f(2) = 3∉R2, then  R2  
is not stable. Therefore,  M  is not fully stable.

2.4. Remark:
If  R is a semi ring and RM is a duo semi 

module over R, then, for each endomorphism  
f of  M, and  for each  x ∈M, there  exists  r 
∈R such that  f(x) = rx.

Proof: Since  f(Rx) ⊆ Rx, then  f(x)∈Rx, 
hence  f(x) = rx  for some 

r∈R.         □                                                                                                   

2.5. Examples and Remarks:
(a) Consider the semi ring R = (N, +, ·), 

where   x + y = max{x, y}, x · y = min{x, 
y}, ∀  x , y ∈N, and let  A  be the left semi 
module  R over itself, then  the  proper  sub 
semi modules  of  A are  of  the  form (In , + ) 
= {1, 2, … , n} ⊆ A, as we will be shown in 
the following :

( In , + )  is  a commutative  semi group, 
and  for each  r ∈R  and  m ∈ In, if r ≤  m, 
it follows that r · m = r ∈ In, if r ˃ m, then r · 
m = m ∈ In, thus In are sub semi modules of 
A for each n.

Now assume that J is any proper sub semi 
module of A, then:
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Case1: 
J has no greatest element, then ∀ r ∈R, 

there exists b ∈J such that b ˃  r, then  r · b = 
min{r, b} = r ∈J which is a contradiction, that 
is R⊆ J, which implies  J = A, (not possible).

Case2: 
If J has a greatest element say n, then ∀ r 

∈R, if r ˂ n, then r · n = min{r, n} = r ∈J, 
that is  J = {1,2,….,n} = In.

To prove  A  is  a fully  stable  semi mod-
ule, let  f : In → A  be  any

homomorphism, and  m ∈ In. Assume that  
f(m)∉ In, which means f(m) ˃ n, let r ∈R 
such that m ≤  r ˂ n, then f(r · m) = f(m) ˃ n, 
while  r · f(m) = r ˂   n which is a contradiction. 
Therefore f(m) ∈ In, ∀  m ∈ In. (i.e.) f(In ) ⊆
In, then  A is a fully stable.

(b) Any simple semi module is fully stable (trivial).

(c) The concepts of semi simple semi module 
and fully stable semi module are independent.

(d) The semi module in the example of Re-
mark (2.3.) is not fully stable.

2.6. Lemma:
If  M is a cancellable semi module with 

zero and f  is an endomorphism of  M, then 
f(0) = 0.

Proof:  0 + f(0) = f(0) = f(0 + 0) = f(0) + 
f(0), then f(0) = 0.□                                         

Let I be an ideal of  R, then annM(I)= {m ∈

M│Im = (0)}, it is easy to prove that annM(I) is 
a sub semi module of  M.

2.7. Remark:
Let M be a cancellable R- semi module 

with zero, where R is a semi ring. If  I is an 
ideal of  R, then  annM(I) = {m ∈M│Im = 
(0)} is a stable sub semi module of  M.

Proof: Let f: annM(I) → M  be  a homo-
morphism, and  ∀m ∈annM(I). Im = (0), that 
is  If(m) = f(Im) = f((0)) = (0), hence  f(m) 
∈annM(I), thus annM(I) is a stable sub semi 
module.□

2.8. Remark:
Let M be an R-semi module. If every cy-

clic subs emi module of  M is stable, then M is 
a fully stable semi module.

Proof: Let N be a sub semi module of M 
and f: N → M be a homomorphism. If x ∈
N, then Rx is a cyclic sub semi module of M, 
hence  by  assumption  Rx  is stable  in M, and  
so f (Rx) ⊆ Rx, but Rx ⊆N. Therefore f(x) 
∈N, ∀ x ∈N, that is f (N) ⊆N. Thus N is 
a stable, it follows that M is fully stable.     □

2.9. Corollary:
An R-semi module M is fully stable if and 

only if every cyclic sub semi module is stable.□                                                                                                

2.10. Corollary:
The sum of any family of stable sub semi 

modules is stable.
Proof: Let {Ni │i∈ I} be a family of sta-

ble sub semi modules of a semi module M. Let 
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f:∑
∈Ii

Ni → M, be a homomorphism, and let a
∈∑

∈Ii
Ni, then a = a1+ a2 + …………. + an , 

where  ai
∈Nki, for some  

i = 1, 2,……….., n , and  ki
∈ I, that is, 

f│Ni: Ni → M is a homomorphism, f(ai)∈Nki 

(since each Ni is stable), then f(a) =f(a1) + f(a2) 
+ …. + f(an)∈∑

∈Ii
Ni, that is f(∑

∈Ii
Ni) ⊆

∑
∈Ii

Ni . Therefore∑
∈Ii

Niis a stable.                                                                                                                       

2.11. Examples and Remarks:
(a) Every regular commutative semi ring 

is a fully stable semi ring. Let R be a regu-
lar commutative semi ring. Let f: Rm → R be 
any homomorphism, where m ∈R. Since R 
is regular, there exists an element k ∈R such 
that m = mkm, thusf (m) = f (mkm) = mf (km) 
= f (km)m   ∈Rm. It follows that f (Rm) ⊆  
(Rm). Hence R is fully stable.

(b) Let  M = Z8  be an R-semi module, 
where R is the semi ring Z8, then  the proper 
sub semi modules of  M are A0 = { 0 }, A1 ={ 0 
, 4 }, A2 =         {0, 2 ,4 , 6}. Let f : An → Z8  be 
a homomorphism, ∀ n = ( 0 , 1 , 2 ), note that 
│f(Ai)│≤│Ai│, if  n = 0, then  f(A0) = A0, and  
if  n = 1, then f(A1) = A0  or f(A1)⊆ A1, while  
if  n = 2, then   f(A2) = A0or f(A2) = A1orf(A2) = 
A2,and hence f(A2)⊆ A2. Therefore Z8 is fully 
stable. On the other hand 2 in Z8 is nilpotent, 
and so not regular. That is Z8 is not regular.

Note: In the rest of this section, we con-
sider that M is a cancellable semi module.

2.12. Definition:
A semi group (A, +) is said to satisfy the 

property P, if 
∀ x ≠ y ∈A, there exists  z in A such that  

x + z = y  or  y + z = x.

The left module M is said to satisfy the 
property P, if the semi group (M, +) is satisfy 
the property P. 

2.13. Remark:
Let M be a semi module satisfying the 

property P. If  
f:M → Mʹ is a homomorphism, where Mʹ is 

a semi module, then f  is 
1 – 1 if and only if  ker (f) = { 0 }.
Proof: The first part, even without, the as-

sumed property by Lemma (2.6) is true. Con-
versely, assume that f  is not 1 – 1, then f(x) = 
f(y) for some 

x ≠ y in M, by  the  assumed  property, 
there exists  z in M  such that 

x = y + z  or y = x + z, if  x = y + z, then f(x) 
= f(y) + f(z), by cancellablity, then f(z) = 0, it 
is clear that  z ≠ 0, and ker(f ) ≠ { 0 }.□                                                                                                                               

2.14. Lemma:
Assume that M is a semi module over a 

semi ring R, where  (R, +)  has  the  property  
P. If  annR(Ra)⊆  annR(Rb), then  for  each 

r1 ≠ r2  
∈R, r1a = r2a  ⇒  r1b = r2b, ∀  a , 

b ∈M.
Proof:  Let  r1 ≠ r2, r1a = r2a, and (say, by 

Property P)  r1 = t + r2, since  r1a = r2a, then (t 
+ r2)a = ta + r2a = r2a. By cancellablity, it fol-
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lows t∈annR(Ra), and  then, t ∈annR(Rb), 
that  is, r1b = (t + r2)b = tb + r2b =r2b, thus  r1b 
= r2.               □

2.15. Proposition:
Under the conditions of Lemma (2.14), 

then M is fully stable  if  and  only  if  for  
each  a , b  in  M,  b ∉Ra  implies annR(Ra)
⊄  annR(Rb).

Proof: Let M be a fully stable semi mod-
ule, and let a, b ∈M such that 

b ∉  Ra, and   annR(Ra)⊆  annR(Rb). De-
fine f: Ra → M, by   f (ra) = rb, 

∀ r ∈R, by  Lemma (2.14), f  is well  de-
fined, since  f (ra) = rb, then

f (a) = b. It follows that b ∈Ra which is a 
contradiction.

Conversely, let Ra be a sub semi mod-
ule of  M, and a homomorphism f: Ra → M, 
such that  f (Ra)⊄ Ra, let  b ∈Ra   such that   
f(b) ∉Ra, and let  c ∈annR(Ra), it follows 
that ca = 0, and cf(a) = f(ca) = f(0) = 0, that 
is  annR(Ra)⊆  annR(f(b))  which is a contra-
diction. Therefore annR(Ra) ⊄  annR(f(b)).                                                  
□

2.16. Remark:
By Proposition (2.15), M is fully stable if 

and only if, 
∀ a , b ∈M, annR(Ra)⊆  annR(Rb)  im-

plies  b ∈Ra.□                                                                     

Remark (2.16.) leads to another  property 
of  fully stable semi module.

2.17. Corollary:
Let M be a fully stable R-semi module. 

Then for each 
a, b in M, annR(Ra) = annR(Rb)  implies  Ra 

= Rb.□                                                                        

3. The Semi ring of Endomorphisms 
of a Fully Stable Semi module 

For any R-semi module M, EndR(M) is the 
set of endomorphisms of M is a semi ring with 
respect to the addition and multiplication de-
fined as follows: f + g = h where h(x) = f(x) 
+ g(x) for all x ∈M, f ₒ g = h where h(x) = 
f(g(x)) for all x ∈M [14].

3.1. Proposition:
Let R be a commutative semi ring. If M is 

a fully stable R-semi module, then EndR(M) is 
a commutative semi ring.

Proof: Let f , g be homomorphisms in 
EndR(M), and x ∈M. By Remark  (2.4).There 
exist  r , k ∈R  such that f(x) = rx and g(x) = 
kx, thus           (f o  g) (x) = f(g(x)) = f(kx) = kf(x) 
= k(rx) = (kr)x, and (g ₒ f) (x) = g(f(x)) = g(rx) 
= rg(x) = r(kx) = (rk)x, it follows that (f ₒ g)(x) 
= (g ₒ f)(x). Hence EndR(M) is commutative.                                        

It is  known that if  R is  a ring  then  EndR(R)
≅ R [15],in  the following we prove an analo-
gously result for semi rings.

3.2. Proposition:
If  R is a semi ring, then EndR(R)≅ R.
The proof is similar to the case in module 

(see [15]).
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Now let  R = Z+, then EndR(R)≅ R  which 
is a commutative semi ring, but RR is not fully 
stable (see example of Remark (2.3.). That is, 
the converse of Proposition (3.1.) is not true.

3.3. Definition:
A semi module  RM  is  said  to  be  regular, 

if  every cyclic sub semi module  of  it is  a 
direct summand.

Note: A direct summand of a semi module 
is defined in same way as in module [15].

3.4. Proposition:
Let  M  be  a regular  semi module. If   

EndR(M)  is commutative, then M is a fully 
stable semi module.

Proof: Let T = Rt  be  any  cyclic  sub semi 
module of  M, and  f : Rt → M  any  R-homo-
morphism. There exists  a sub semi module  S 
of  M  such  that  M = Rt ⊕ S. Let  g = f ₒ π, 
where  π : M → Rt is the  natural  projection, it 
is  clear that  g  is an extension of  f  to M. Now  
g = f ₒ π∈EndR(M), π can be considered  as 
an element  of  EndR(M), a ∈T, then  g(π(a)) 
= π(g(a)), that is g(a) = π(g(a)) ∈T, it follows 
that  f(a) ∈T. Therefore  f (T)⊆ T, hence M 
is a fully stable semi module.                    

       Now, by Proposition (3.1.) and Propo-
sition (3.4.), we have the following :

3.5. Corollary:
Let  M  be  a regular   R-semi module, where  R  

is  commutative semi ring. Then M is fully stable if 

and only if  EndR(M) is commutative.          □
3.6. Proposition:
 Let  M  be  a regular  R-semi mod-

ule, where  R  is commutative, and  let  S = 
EndR(M). If  S  is  a fully  stable  semi ring, 
then  M is a fully stable semi module.

Proof: Let N  be any cyclic  sub semi mod-
ule  of  M  and  R-homomorphism f : N → M, 
now we consider  I = HomR(M,N), I  is a right 
ideal of  S. Define h : I → S  by  h(g) = f o  g  for 
each  g∈ I. Clearly, h(g) ∈S, moreover, h is 
an  S-homomorphism. Since  S is a fully stable 
semi ring, then h(I)⊆ I, that is for each  g∈ I, 
f ₒ g∈ I  that is f ₒ g : M → N. But N is a direct 
summand of  M, then the natural projection  πN 
of  M onto  N  is in I, hence, f ₒ πN

∈ I, that is 
f ₒ πN : M → N, because  πN  is  onto, then  f : 
N → N  or  f(N)⊆N. Therefore  M is a fully 
stable semi module.               □
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