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I L1
Publication Conditions

Inasmuch as Al-'Bahir- effulgent- Abualfadhal Al-'Abbas cradles his
adherents from all humankind, verily Al-Bahir journal does all the original
scientific research under the conditions below:

1. Publishing the original scientific research in the various scientific sciences
keeping pace with the scientific research procedures and the global common
standards; they should be written either in Arabic or English .

2. The research should not be published before under any means .

3. The research should adhere the academic commonalties; the first page
maintains the title, researcher name /names, address, mobile number under
condition that the name, or a hint, should never be mentioned in the context
and keywords should be written in Arabic and English as there is an abstract
in Arabic and English.

4. The Research studies should be delivered to us either via Journal website
http://albahir.alkafeel.net , after filling the two standard format the first with
the name of the researcher and the second without in Word .

5. The page layout should be (2)cm .

6. The font should be of (16 bold),Time New Roman, subtitles of (14 bold) and
also the context.

7. The space should be single, indentation should not be, as 0 before, 0 after
and no spacing, as 0 before, 0 after.

8. There should be no decoration and the English numeral should proceed to
the last text.

9. Any number should be between two brackets and then measurement unit,
for instance: (12) cm .

10. All sources and references should be mentioned at the end of the article
and categorized in conformity with Modern Language Association (MLA) ,
for instance :

Name of Author/ Authors, Journal Name Volume Number (Year) pages from
- to.

Similarly done in the Arabic article withy a proviso that superscript should be
employed.

11. There should be a caption under a diagram in 10 dark, Arabic and English;

for instance:
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Title or explanation; number of the Fig.

Similarly done with tables.

12. Diagrams , photos and statics should be in colour with high resolution
without scanning.

13. The marginal notes, when necessary, should be mentioned at the end of the
article before the references.

14. Wherever there is the word “ figure” should be abbreviated as Fig. and table
should be Table.

15. The pages never exceed 25 pages.

16. The Formulae should be written in Math Type.

17. All the ideas and thoughts reveal the mindset of the researcher not the
journal and the article stratification takes technical standards.

18. All the articles are subject to :

a- The researcher is notified that his paper is received within 14 days in
maximum.

b- The article is to be sent to the researcher as soon as it does not meet the
requirement of the publication conditions.

c- The researcher is notified that his article is accepted.

d- The articles need certain modification , as the reviewers state, are sent to the
researchers to respond in a span of a month from the date of dispatch.

e- The researcher is to be notified in case the article is rejected.

f- The researcher is to be granted an edition containing his article.

19. Priorities are given in concordance to :

a. The articles participated in the conferences held by the publication institute.
b. The date of receiving.

c. The date of acceptance.

d. The importance and originality of the article.

e. The diversity of the fields the articles maintain in the meant edition.

20. The researchers should appeal to the modifications the language and
scientific reviewers find in the articles.

21. The researcher should fill the promise paper having the publication rights of
the Scientific Al-Bahir Journal and adhering to integrity conditions in writing

a research study.
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In the Name of Allah

Most Compassionate, Mort Merciful

Edition Word
O Allah, my Lord

Cast felicity in me, facilitate my cause and unknot my tongue
to perceive my speech , thanks be upon Him the Evolver of the
universe and peace be upon Mohammad and his immaculate and
benevolent progeny .

A fledged edition of Al-Bahr , peer reviewed scientific
journal, embraces a constellation of research studies pertinent to
engineering and natural sciences we do hope to overlap a scientific
gap the specialists observe as an academic phenomenon worth
being under the lenses of the researchers, that is why there is
diversity in the studies to meet the requirements of the journal
readership . For the journal, now, comes to the fore , at the efforts
of the editorial and advisory boards and the researchers who strain
every sinew to publish in Al-Bahr, to be global as to be published in
an international publishing house in line with the global scientific
journals.

On such an occasion we do pledge the promise of fealty and
loyalty to those who observe our issues with love and heed in the
International Al-'Ameed for Research and Studies , Department
of Cultural and Intellectual Affairs in the Holy Al-'Abbas Shrine
and the strenuous endeavour to cull whatever invigorates the
scientific interaction and academic research in Iraq and worldwide
to create a new generation keeping pace with the development of
the current scientific phase and to lay the hands of the researchers,
nationwide and worldwide, upon the desired missions.

Thanks be upon Him ,the Evolver ad infinitum .
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Kareema Abed Al-Kadim and Mohannad Mohammad Fadhil

Abstract

In this article we suggest abivariate generalized double weighted exponential distribution with
discussion some of its properties , suchasjoint probability density function and its marginal,joint
reliabilityfunction,the mathematical expectation , the marginal moment generating functionand,we

usethe maximum likelihood method to estimate its parameters.

Keywords
Generalized double weighted exponential distribution, Conditional probability density function,

Joint reliability function.
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1. Introduction

Abed Al-Kadimand Hantoosh[1]introduced
the double weighted distribution and double
weighted exponential (DWE)distribution.

So that our object of this article is to
display abivariate generalized double weighted
exponential (BGDWE) distribution, which is
aspecial case of the multivariate distributions.
Its marginal’s are generalized double weighted
exponential (GDWE) distribution by using
the method similar to those used by Marshall
and Olkin [2], Sarhan and Balakrishnan
[3] defined a new bivariate distribution
using generalized distribution and exponential
distribution and derived some properties
of this new distribution, Al-Khedhairi

El-Gohary [4] presenteda class of bivariate

and

Gompertz distributions, Kundu and Gupta [5]
proposed the bivariate generalized exponential
distribution ,El-Sherpienyetal. [6] presenteda
new bivariate distribution with generalized
[7]

studied the bivariate life time geometric

gompertzmarginals and Davarzanietal.

distribution in presence of cure fractions.

Plan of the Article:
In this article, we define the BVGDWE
different
properties in Section 2. Section 3 present
the
4weintroducethemathematical

distribution and discuss its

reliability  analysis. In  Section
expectation.
In Section 5 we derive the marginal moment
generating function. Section 6 obtains the
parameter estimation using MLE. Finally, a

conclusion for the results is given in Section 7.

Kareema Abed Al-Kadim and Mohannad Mohammad Fadhil

2. Bivariate Generalized Double
Weighted Exponential Distribution

Suppose ¥ ¥ is anon-negative random
variable with probability density function
(PDF),, then the double weighted exponential
distribution by using probability density

function is:
fowe (V) = LG 76N FG) _ whIF ]

Hw Hw

L y>0 and g, = E[w(y) 7(;)] < o

The first weight is w(y) = yand the second
isf (1), wheref () is probability density
function of exponential distribution. Then
fows (v;4) = 4‘12},3—2}13; , ¥y =0,4=0(D)
also the cumulative distribution function is:
Fows(V;A) =1 —24ye % —e72%
(2)The univariate GDWE distribution has
the following PDF and CDF respectively for
V> 0; foows (03 @, 2) = 4ai’ye™??(1— 22ye™ — e=22)*7(3)
Fepwe(v;a,4) = (1 —2Aye™4 — 3_2@)&(4)
where & > 0 and A = 0 are the shape and
scale parameters respectively.. Suppose that
D, ~ GDWE(a,,4),D, ~ GDWE(a,,4)
andD; ~ GDWE(a5, A)and they
are mutually in dependent. Here' ~ '
means is distributed GDWE .Define
Y, = max(D,,D;)and¥, = max(D,,D,).
Then we say that the bivariate vector
(¥;,Y,) has a bivariate generalized double
weighted exponential distribution with the
shape parametersa,, &, anda;and the scale
parameterd .We will denoteit by BGDWE
(e, a,, aq,4).

2.1. The Joint Cumulative
Distribution Function
We now introduce the joint distribution

AL-Bahir Quarterly Adjudicated Journal for Natural and Engineering Research and Studies 55 -



of random variables ¥; and ¥, considered the
following theorem of the joint CDF of the
BGDWE(e,, @, &3, 4).

2.1.1. Theorem [8].
1f(Y,,Y;) ~ BGDWE(«a;, @,, as,4),
then the joint CDF of (¥}, ¥, )for
v, =0,y =0,is:
= (1- 2y e720 — o720 ) " (1= 23p,e 7242 o(5)
X (1 - 2Ate™24 — g7244)"

Fegows (1, 72)

g~y )

where t = min(y,, y,)

Proof.
Since F(y,y,) = P(Y; = y,,Y, <y,)WE get

F(yy,y2) = P(max(D,,D;) < yy, max(D,,0;) <y,) = P(Dy <y, D, < y,,0; <
min(yy, y,))

where D;(j =

independent, we readily obtain
Fyepws (01,32) = P(D; = y,)P(D, < y,)P(D; = min(y,,y,)) =
Fopwe (015001, A Fgpwe (V2 @2, D Fapyrs (6@, 4)

(6)
Substituting (4) into (6) we obtain (5)

1,2,3) are mutually

which completes the proof of the theorem 2.1.

2.2. The Joint Probability Density
Function

2.2.1. Lemma

If (V,,¥,) ~BGDWE(«a,,a,, az,1),
then the joint PDF of(Y;, Y, ) for
v, =0,y = 0,is:

f0wy2)
faeows 1,20 =1 L0, 02)
3 (J’.J’)

ifo<y, <p<o  (7)
o<y <y <o
fo<y, =p=y<o

where

[0, ¥2) = fepws (015 a1 + a3, D fapwe (¥2; @2, 4) =(a +

a3) 164y, 67240 (1 — 2Ry, 07240 — =240 )almg X 8
e Zﬂvz(l 22y, 2&1}27672}1\12) -1 ( )

Kareema Abed Al-Kadim and Mohannad Mohammad Fadhil
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=a,(a, +

Xy, e 2 (1— (9)

(1, y2) = feowe iy, D fopws 2s @z + @3,2)
@) 164%y, e (1 — 22y, e 7240 — 7240 )51171

20y, 240 — =242 )astas-l

feowe(Vio + &g + as, A)

e~ 2Ay)@saztaa -1

ROy =
2ye~2Av —

@y +az+ag

= (@) 4#2ye 22 (1— (1 O)

Proof.

Let us first suppose that y; <y,
Then,Fggpuws (Vy,¥2 ) in (5) will be
denoted by F;(y;,V,) and becomes
Filynys) = (1- 2y o2t — 7220 ) 72 (1 94y, =280 — o=20)"2

By taking 2%0u2) ‘W’l Y2) _ £ (y,,v,),We get
equation (8). By the same way we find
£ (vy,¥2 )when v, < y, .Butf; (v, V) cannot
be derived in a similar way. Using the facts
that:

R AGuydydy, + 7 [ B dyadys + [T R0y =1(1])

Let

L= [ Aoumanan ad o= [ AL duan
o 0 0 0

Then
T, = fam J'ﬂyz(ozz1 + ;) 164 ;67240 (1 — 2hy, @72 — e~
e 2 (1 2hy,e7 e — 7240 )az_l f a4y, em e (1—

—24y; =22y ya +p+az —1
20,07 — Yz )@tz ta, dy,

aytag—

s *(12)
Similarly
T, = fom @, 472y e 2 (1= 20y 0720 — e’Z“J’l)almzﬂrl dy, ( 1 3)
By substituting (12) and (13) in equation(11)
, we get
—fmaz 4123’3‘223’(1 — 2Aye M — e‘z’h’)alﬂrzma_1 dy
- J‘malﬂhlzye‘m?(l — 2Aye 2 — e‘”J’)almzma_l dy
This is
A0, = a4y 22 (1 - 20ye 24 — e72W) faran T

" u(14)

2.3. Marginal Probability Density

Function
The following theorem gives the

marginal density function of ¥,and ¥ .

“ 56 AL-Bahir Quarterly Adjudicated Journal for Natural and Engineering Research and Studies
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2.3.1. Theorem

The marginal probability density
functions of ¥; (i = 1,2)is given by
Jor ) = (o + ag) 4%y, 0724 (1 — 2y e~ 24 — g-ﬂy:—)“**“ﬁ(lS)

= feowe Vs + a3, 1), v, =>0,(i=12)

Proof.

The marginal cumulative distribution
function of ¥, sayFy, (¥;), written as:
Fy(y)=P(Y, <y,) =P(max(D,,Dy)=<y,) =P, =y,.,D;<y)
and since D;is independent of D5, we

simply have
Fi () = (1 2Aye720% — o728 ) (1 - 22y,e72400 — g722)™ = (16)
(1—2aye~2% — e‘”yf)aﬁ%

= Fopwe (Vi + a3,1)y; > 0,i =1,2
By differentiating w.r.t.y; , we get (15) .

2.4. Conditional Probability
Density Functions
We present the conditional probability
density functions of ¥;and ¥, by using the
marginal probability density functions in the
following theorem.

2.4.1. Theorem
The conditional probability density
functions of ¥;, given ¥; = y;denoted by

Frore, (0e/;) 5 L7 =12;i %] ,is

J‘rl/'(lz"Jl/'J (v:/v;) if y; <y;
fofYJ- (}J'z /}{j) = fY(;szY_, (J /y}.) if y; <, (1 7)
fY(;af'rJYJ(-} /J) 1’.)"‘_’}1'1:_‘}1'-Ir =JJ'
where

T e 1)

) (crz-i—aa]afj 412y 87
2.‘{)_J 72.1.)‘,]

(1)
fy!fyj (yi /_}’

(chJrcr;](l 24yj e

fy(i-’]y) (} /J{.r) = al.f.}j_zyig_zl!’i (] — 213;1_9_23.!’1' — o2y )a;—l( 1 9)

Kareema Abed Al-Kadim and Mohannad Mohammad Fadhil

and
@ a5 (122 ya = —a22) "} 90)
"'FY.J ('}I /'} ) - (o +ag)
Proof.

We get (18),(19)and (20), using the joint
PDF of(Y;,¥,)given in (7) and fy, (3;) in
(15) in the following formula:

frgr/y)
feore, il Y; )—% i=j=12 2D

3. Reliability Analysis [9]
We discuss some reliability measures
, the joint reliability function , joint hazard

function and joint reversed hazard function .

3.1. The Joint Reliability Function
In the following Proposition, we find the
joint reliability function of ¥; and ¥ .

3.1.1. Proposition
The joint reliability function of ¥; and
¥, is given by:

Ry (31,5,) 7y <92(22)
Rsgows(V1,02) = R,(n,y,) if v, <y
R;(v,y) ifyi=y=y

then
+
Ry(yy,y:) = 1— (1—22y,e72M0n — g=2An )7
_(1 — 24y, e~ 24z _ p—24¥, )ﬂ2+a'3
+H(1— 22,6720 — 728) T (1 - 20y, m20 — e-myz)az(z?))

Rz (‘}’1’-}’2) =1- (1 - 21}113_23}’1 — e—Zﬂyl)al"'ﬂ’a

Qo+
_(]_ — 2’1}:2 3_22.}’2 — 3_23332) 2rre
+(1 _ 21},18—23311 — g 24y )“1 (1 — 24y, e 2tye _ p—24y, )“z+aa(24)
and
Ry, =1~ (1—2aye 24 — g=20) "% (1 _gaye-2dy _ g-2ay)™'%
(1- Zlye‘”yfe‘“y)alwzma (25)
Proof.

The joint reliability function of ¥;and ¥; is:

Rpowe (1, y2) =1— [Fyl(}’ )+ Fy, (32) — Fagpwe (01,02 )](26)

AL-Bahir Quarterly Adjudicated Journal for Natural and Engineering Research and Studies 57 -



substituting from equation (16) and (5)in

equation (26) ,we get
@y g
Rsepwe(y1,2) =1 —(1 — 2Ay e M — g—?ﬂh)

_(1 — 21}}2 3_2:’13’2 —_ 3_23}’2 )af2+a‘a
+(1 - 24y, 721 — e721) " (1 - 20y,e 72802 — g~ 2M92)™?

X (1— 22te™24 — g=244)"

where t = min(y, ,V, ),

if y; <y, , we have obtain the
expression of given in (23),

if y» <<y, , we have obtain the
expression of given in (24) and

if y; = ¥, = ywe have obtain the

expression of given in (25).

3.2. Joint Hazard Function
Let(Y; , ¥, )be two random variables
with probability density function
fseows (V1,2 ). defined joint hazard

function as:

hscows (V1. Y2 ) = Tooows s %2) (27)

RecpwEWs ¥z )

Then, the joint hazard function is:

hy(v,05) if yp <y (28)
heeows(V1,32) = h, (0, ) ify, <n
ha(v,3) ifyp=y=y
if v, <7y, ,then
. f {J"‘i Vo ) (29)
hy(yy,y:) = R, (s s )

where f; (y,,¥,) from equation (8) and
R, (y,,y,) from equation(23),

if y2 < y1 s thenp, y,,y,) = E2e222 (30)
wheref; (yy,y,)fromequation(9)

and R,(yy, v, )from equation(24),

if y1 =32 =¥ thenhs(3,y) = E2231)

where f; (y,y) from equation(10)and
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R, (v, y) from equation(25).

3.3. Joint Reversed Hazard
Function

The joint reversed hazard function is
defined as the ratio of the PDF and the
corresponding CDF .

1.The joint reversed hazard

function of (¥;,¥;) is defined as:
) = fecowEe @1.v2) (32)

Fecpwe (V1 .72)

Taeowe V1, Vs

so that
Tl(’}’l!.}’?) i.f.}’l < y? (33)
Tseows V1, 2) = (v, ¥s) ify, <y
() fyn=y=y
then

(v, ) = (ay + a3)a, 1624y, v, e —2A s +32)

X [(1— 223,623 — o722 )(1— 22y,e7202 — e 722%2)] 7 (34)

(v, v,) = @, (@, + a;) 1644y, y, e~ 2A01+y2)

x [(1 = 22y, €72 —e=22) (1 — 223,624 —e=242)] (35)

and

(1Y) = az 4y e (1 — 24ye 24 — 3‘2‘13’)_1(36)
2.The gradient vector of the joint reversed

hazard function is given by:

(¥, ¥2) = (Tyl (1), 7, (1 )) , where

re ) = 25— 20 p )y i = 1,2 then(37)

Fy,(y) 8w
1y, () = (o, + @) 447y, e 2 (1 — 22,720 — e’ul’!'yl Ji= 1,2(3 8)

4. The Mathematical Expectation
In the following Proposition ,we can

derive the mathematical expectation of

Y, (=12

4.1. Proposition
If Y, ~ GDWE(a; + @4, A),then the
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rmoment of Y. as following:

E[Y;’) = (o, + “3)2 g“ (_1)a;+a3—1—j+k (flg + f;g - l) (i)(21)2+k

rir+k+2) ? 1 2(39)
(2 Ar;+2a3—22j+ 22k) (r+k+z) '
Proof.
EY)) = f Vi fe (v)) dy;
= [P(a +as) ?u,z 3ot e (1 2Apetin) - g2} dyl_Since

0 < ((1-22y,e722n) =2 ) < 1 for y; = 0, then
by using the binomial series expansion we
have((1 - 2ay.e2an) —e-2a)™" ™ = i (1-22y,e22)

X (—1)@taa=1) (ag+afa—1) (3_2;#)@5+af3—1—f(40)

li
also(1 2Aye=2n) = 1 (2)(24y,e=24) x(41)

than \'

E(Yr)f(fl +3) 41 J’ +1 —zﬂvzz (—1)mtas= 1§ ((I +a3_1)

i
« (e_ﬂy)aima— _jZ(*l)i (k)(zjlyie-zayi) dy,
)
= ® ) 1
_ (a! 4 ﬂig)z Z (—l)“f+“3_l_-’+k (al + f‘IE )(j)[ZA)EH‘
= = j k

[=a]
e J’ y'r'-‘r 1+k e {EAJE-I-ZH,CQ —2Aj+24k) ¥; d.}’i
0

E(y:) = (a, + ag)g é“ (—1)@rtea-1-7+k (051- + f;-’a - 1) (i)(21)2+k

y F'r+k+2)
(2Aa; + 2Aas — 2Aj + 2Ak)Gr+k+2)

Then the 7*"moment of ¥ is:

E[Y;’) = (o, + ag)i i (_1)a;+a3—1—j+k (051' + f;g — l) (i)(21)2+k

rr+k+2)
(2/1(1 + 2/1(13 — 2,:[] + 2,1k)(r+k+2] ,

i=12m

5. The Marginal Moment
Generating Function

We find the marginal moment generating
function ofY; , (i = 1,2) in the following

lemma

5.1. Lemma
If Y, ~ GDWE(e; + a5, 1),
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then the marginal moment generating

function of ¥;, (1 = 1,2)as following:

MY,— (fl-) _ (al +a3)§ é“ ; (_1)m+ag—1—j+k (ﬂz+a’a )(})(21)24—&

T rlr+k+2) .
X * , i=1,2(42
rI(2 A+ 2403 — 2] +24K) (rHi+z) ,2(42)

Proof.
MYE' (tlj = E(Etf}rf]

= f et fr; (v:) dy;
0

= t7 [ .
= § FJ’ yi' ij I:},i) d.}’!
= - Jo

- 52500

Epe

-t a) ; g e - 57 one

tir(r+k+2)
T (2Aa; + 2Aas — 2A) + 2Ak)r+k+2)

,di=12m

6. Maximum Likelihood
Estimation
To estimate the unknown parameters of
the BGDWE distribution , we use the method
of maximum likelihood estimators (MLES)
Let((an ¥21), (Y12, ¥o0), .., (Yo, an])
is a random sample from
BGDWE(a,,a,, @3, A),where
ny= (G, <) n =GV, >h)n=GY, =6 =¥),n= g n, (43)
By using the equations (8) , (9) ,(10) and
(43), we find that the likelihood of the sample
as following:

lay,0;,05,4) = Hfl 16 Ya2:) Hfz Q’mJ’zg)Hfa i)
i=1 i=1 i=1
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The log-likelihood function becomes:

L(ay, @, 002, 4) = nylno, + @) + 1y In(4) + 2n, () + 2 In(yy) —
=1

m m

202 () + (g + oy — 1) X 2 In(1— 24y, e720 — em280ar) ¢
i=1 i=L

n £
1y In(ay) + ny In(4) + 2nydn(d) + Z} In(ys) — 2121 () + (@ — 1) %

.

Z n(l —2Ay;;e

“2hvar — =Mt 4y In(a,) + ny In(4) + 2n,In(R) +

YL ?‘!n
Z tn(y;,) — 2»12 )+ (& — D x Z In(1—-24y,, e 2 —
T n

n, In(a, + ;) +n, In(4) + 2n, (1) + ZI: n(y,;) — 2121: (Vas) + (o, + 05 —

e*ﬂyﬂ) +

nq
1) (1 — 22y, g7 221 — g72401) 4
i=1

) n
nginfes) +ngin(4) + 2ngln(ld) +§ In(y;) — 21; ) + (ay +ap + oy —

1) % In(1— 22y, e 2% — g~ 24%) (44)

Taking the first partial derivatives of (44)
with respect to a4, &5, @3 and 4, and setting
the results equal zero:

oL _ — “2hra — g4 = N

day (a1+craJ Z‘ ln(l 24y, @72 vn) + 21 - Zl‘ m(l (45)

vy =2y _ e—zﬂyﬂ) 3 Z l?’l(l —22y; e~ 2hyi e‘Zﬂy:’)
i=1

3, < >

L - a2k n, _

S il T e 4 S Yl

2y, P g—Zﬂyz;-) + % In(l - 21}’18*2311:' — g*Zﬂy;') (46)
fal

a. - >

a:; - (a1+a;] + Z‘ 171(1 — 24y, ey — eimuﬂ) + (a:‘fﬂaJ * ; In(l a

2y e — efzﬂyz,-) +:_2 + Z In(l — 24y, e 2 — 3*2331:') (47)

aL 47/11 A0(yy) e 2
—_—=— -1
Fr i ZZ (1) + (@, + g )Z (1= 223,, e—22%1 — g—2n1)
4A(y,) e 4n,
— ) 1 )
2; 02:) + (@, — )Z (L= 24y, e 2= — g~ 2Avar)
n Ay,
h 4A(y;)? e P
_ , 1
2; y) + (@ — ]Z (L= 2Ay, e 2ot — g~ 2avr)

%)
—2§ ) + (@ + ay1)

&) 41(},21)2 —2A;
X Zl: [1 — 2;{}, e—24y2i — e—zﬂvm)

+——27 (vp)

(y)2e 21
1:1 ? = z.ly;_g—zly;-} (48)

(o, +a; +ag — [ a2ye

These equations cannot easy to solve , but
numerically by using the statistical software,
to get the MLEs of the unknown parameters.
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7. Conclusion
This

generalized double

article introduced the bivariate

weighted exponential
distribution whose marginals are generalized
double weighted exponential distribution.
Some statistical properties of this distribution.
It is observed that the MLEs of the unknown
parameters can be obtained by solving
four non-linear equations using numerical

technique.
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