Vol. 6, No. 11 and 12 P. (119-125)E, 2018
M.A.Seoud and M.N.Al-Harere

&-Divisor Graphs

*M.N.Al-Harere and **M.A.Seoud
*Department of Applied Science,University of Technology, Baghdad, Iraq.
**Department of Mathematics, Faculty of Science, Ain Shams University, Abbassia, Cairo, Egypt

Received Date: 2 /5 / 2016
Accepted Date: 22 / 8 / 2016

LML
O-divisor Ly v ke LAl 15 ¢ &3L) o g I Bl oo g 1 Latd ¢ Sl a3
NINES e Gl s o2 5L 525

R RN

AL-Bahir Quarterly Adjudicated Journal for Natural and Engineering Research and Studies 119 -



Vol. 6, No. 11 and 12 P. (119-125)E, 2018
M.A.Seoud and M.N.Al-Harere

Abstract
In this paper, we introduce results for a kind of labelings of graphs, which we

named it the d-divisor graph which is a modified divisor graph.
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1. Introduction

G. Santhosh and G. Singh [1,4] called a
graph G(V,E) with vertex set Vand edge set
E a divisor graph if Vis labeled by a set of in-
tegers and for each edge uveE either the label
assigned to u divides the label assigned to v or
vice versa.Here, we studythe notion “divisor
graph” in the sense thatits vertices can be la-
beled with distinct integers 1,2,...,|V| such that
for each edge uveE either the label assigned to
u divides the label assigned to v or vice versa
and we named it d-divisor graph. A graph which
1s not ad-divisor is called a non-d-divisor graph.

We introduce a method to calculate the
number of vertices of degree 2 in the maximal
d-divisor graph of n vertices. We prove the
following graphs are non-6-divisor graphs:
the (Sy, ,Sn, ,Sn,)is a non-d -graph if and only
l5l-1

e +nk+3>EI, where n=mn, +n, +

if a,>[% -1 orm-

, where n=n;+n,tn;+5, n; ,n.n, are the
number of the pendant vertices of the star S,
,i=1,2,3 where the degrees of their central ver-
tices ared;,d,,d, respectively, de d, > d,.(G=(S,,
,Sis- - -»9n,) 18 the graph obtained by joining the
central vertices of each starS, | and the starS,,
to a new vertex X,, ,where 2 <m <t);P, except
p, ,P, ,P; P,and P; G=w S, m>1l,w>4
(the union of w stars each of m vertices);and
hence every graph can be embedded as an in-
duced subgraph of a 6-divisor graph.

Any notion or definition which is not found

here could be found in [1], [2].

1.1. Definition [2]

Let x be a non-negative real num-

ber .The Gauss function n(x) is defined to
be the number of primes not exceeding x .

1.e.,m(x)=|{p:pisprime ,p < x}|.

1.2. Lemma [5]
The number of vertices of degree 1 in the
maximal divisor graph is

m(n) —m (ED, where 7 1s the Gauss’s function.

2 o-divisor graphs

2.1. Definition

A graph G(V,E)with vertex set V is said to be
d-divisor if its vertices can be labeled with dis-
tinct integers 1,2,...,|V| such that for each edge
uveE either the label assigned to u divides the
label assigned to v or vice versa. A graph which
is not d-divisor is called a non-6-divisor graph.

2.2. Definition

A maximal 6-divisor graph of n vertices is
a o-divisor graph such that adding any new
edge yields a non -d-divisor graph.

2.3. Method

A method to calculate the number of verti-
ces of degree 2 in the maximal d-divisor graph
of n vertices:

Explanation of method: Let the num-
ber of vertices of degree 2 in the maximal
d-divisor graph of n vertices be M(n). There
are two kinds of vertices of degree 2:

Kindl. Let p i be the prime less than or
equal to EJ, 1=1,2,....k, where

k=n(

n
2

) P <P d =12, k=1 If 3p;>n..(1)
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, then the vertex which is labeled by p 1 has
degree 2, because p; is joined only with 1 and
2p;. Letp,, ,0 <u, <k , be the smallest prime
number satisfying (1), then the number of ver-
tices of degree 2 in this case isu,+1.

Kind 2. Let p;< EJ, such that EJ<pi2 <n
,i=1,2,...k.... (2).

It is clear that the degree of the vertices labeled
by pi is 2, since pi’is joined with 1 and p; (2p?
>n). Let u, be the number of the prime numbers
which are satisfying (2),0 < u, <k, therefore
(n)=u,+u,+1.

2.4. Example

G(V,E),|V|=n=10

Prime numbers are 2,3,5,7

Kind 1: n(|])=3.0: < |2 .i.e.p: <5, thenthe
prime satisfying condition (1) is p;=5, then p;
=p,, » therefore u,=0.

Then the number of vertices of degree 2 in
this case is u,+1=1

Kind 2: If 5 <p?<10 , the only prime sat-
1sfying condition(2) is 3 , so u,=1. Therefore
M(n)=u,tu,+1=0+1+1=2.

4 3

ZILEX.
A

6
Fig. (1): Maximal é-divisor graph of order 10

2.5.Remark

If G(V,E) is a connected graph of n vertices
and degree (v) <m(n) —m (ED

for every v€V, then G is a non-d-divisor
graph.

Proof.By hypothesis, there is no vertex veG
such that degree (v) > n(n) — (ED, so there
is at least one isolated vertex whose label is a
prime number, since all m(n) — =« (lg]),verti-
ces of prime labels can be joined with only the
vertex of label one. Thus, we get the result.

2.6. Theorem

The pathP, with n vertices is a non-4-divisor
graph exceptP, ,P, ,P; ,P,andP,.

proof.

(1) It is clear thatP, ,P, ,P; ,P, andP, are
d-divisor graphs.

(i1) For all P_;n=5,0r 10 or n > 7,it is clear
that P, and P Oare a non- 3-divisor graphs. For
allP_;n > 7 except n=10, n(n) — JT(EJ) >2,
there are at least two vertices prime numbered
labels such that their labels greater than EJand
less than or equal to n. So we must put these
vertices as pendantvertices and join them with
a vertex of label one and this is impossible.

Thus, we get the result.

2.7. Theorem G=w S m
divisor graph , w>4,m>1.

1S a non-o-

Proof. Let v; ,i=1,...,w be the central verti-
ces of the stars.The labeling of the centers of
the stars must be labeled from 1 to w, since the
vertex labeledl can be joined with any other
vertex, and the vertex labeled2 can be joined
withlgl—l vertices, where n=w(m+1), the re-
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mainingvertices labeled 3,...,n are joined
with less than El-lvertices.Now suppose that
1,2,...,r-1 be the labels of the centers ofthe
stars S 'i=1,2,...,r-1, and let s be the label of
the center of the starS_",wheren>s>rand r
<w,s >w. The number of vertices that can be
joined with the vertex labeledr is greater than
or equal to the number of vertices that can be
joined with the vertex labeled s since:

1) M, |>| M, |, where M, is a set of the
multiples of r other than r from r to sand M,
is a set of the d-divisor s of s other than s from

rtos, i.e.
M ={jrz2s<j< E]} and
s s s
M, = {E : Eis anintegerand 2 <k < l;J}

2) From s+1 to n, the number of the multi-
ples of r is greater than or equal tothe number
of the multiples of s, since the nearest multiple
of s 1is 2s and in this range there is at least
one multiple of . Therefore, we must label the
center of the star S, by label r. We continue
with the same manner to other labels. So that
let f(v. )=1,i=1,...,w.

Case 1. If wis even, then w/2 of the central
vertices are labeled by even numbers, so all
vertices of these stars must have even labels,
and the number of these vertices is, where n is
the number of vertices of G, n = EJ wm + w.
The other adjacent vertices with v; would be
labeled by odd numbers, but this means that
one vertex of these vertices would be labeled
by (2m+1)(w-1) > n, this is impossible.

2.8.Definition

Consider t of stars namely SHI,SI12 S

LARRE LS

then
G=(Sy, .S, ,---,S,) is the graph obtained by
joining the central vertices of each S, ; and S,

to a new vertex x,, ;where 2 <m <t.

2.9.Lemma

The graph (S111 ,Sr12 ’Snz) is a 0-divisor graph
if n, < FJT‘I , where n=n,+n,+n;+5, n;, ny, n, are
the number of the pendant vertices of the star
Sni,i=1,2,3 where the degrees of their central
vertices are d;,d,,d, respectively, d; > d, > d,.

Proof. Let ¢ be the central vertex of Snifori
=1,2,3. Now ¢, and c, are adjacent tox,, ¢, and
c; are adjacent to x,. Let d= deg ¢, i=1,2,3,
where deg c¢;=n; +1,i=1,3 and deg c,= n,+2.
Let d;, d, be the maximum and the minimum
numbers of the set {d;,i=1,2,3} respectively,
and the third bed,. Let n;, n,, n, be the num-
ber of pendant vertices of the stars where the
degrees of their central vertices are d;,d,, d, re-
spectively.

We will label the central vertices of degrees
d;, d,,d, by the labels 1,2,3 respectively, (since
any label which is greater than 3 can be joined
with a number of vertices less than or equal
to the number of vertices which can be joined
with the vertex labeled 3).

If n_1is less than or equal to the number
of the odd rﬁultiples of 3,other than 3 which

is equal to [T]’ then we assign the odd mul-
tiples of 3,other than 3 to the pendant vertices
of S, ,and the even labels to the pendant
vertices of S, and the vertices x; and X, ,the
remaining labels are assigned to the vertices

of Snj .Hence, the graph is a 6-divisor graph.
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2.10. Example
In Fig.(2)we give labeling for:

16 23 49 18

Fig. (2): (S,S,5 S,)

2.11. Theorem

The graphs

(1) GZ(Snl,Snz)is a o-divisor graph if and
only if n,#n,.

(i) G= (S, Su, 1Sy
graph if and only if d > EJ- 1 or

is a non-o-divisor

n - lsTl +n +3> Ej,where n=n,+n,+n;+35,
n;, 0y, 1, are the number of the pendant vertices
of the star Sni ,i=1,2,3 where the degrees of
their central vertices are d; ,d,,d, respectively,
d;>d,>d.

Proof.(i) If n,>n, , let v, v,® . . v ®
be the pendant vertices of the starS, and let
c_i be the central vertex of S, fori = 1,2.
Now ¢ 1and c, are adjacent tox, where x 1is
the label of a vertex join the centers vertices
of Snl“) and Sn2(2) .We define the labeling
functionf:V(Snl Snz)—>{l,2,. ..,n+tn,+3}as
followsf(c,)=1,f(C, )=2 ,f(x)=4 , the vertices
v,2,v,2, .. .,Vnz(z) will be labeled by even num-
bers, and the remaining labels are assigned to
the vertices v,,v,(V,.. .,vnl“).

Conversely, If n,=n,, we have two vertices
of degree n,+1, but we have only one label “1”
divides n,;+1 numbers, since the number of
vertices of this graph is

2n, +3 and [A,] =2 < |4,] -2 = ([2”;—*3}1)

<n,;+1, where A={k:k|i or ik :k <2n,+3}
,1>2. So the graph is a non-o-divisor graph.

(i) Let ¢; be the central vertex of S_fori =
1,2,3. Now c, and c, are adjacent to x,, 1c2 and
¢, are adjacent to x,. Let d=deg ¢;, 1=1,2,3,
where deg c=n; +1, i=1,3 and deg ¢,=n, +2.
Let d;, d, be the maximum and the minimum
numbers of the set {d;i=1,2,3} respectively,
and the third bed,. Let n;, n,, n, be the num-
ber of pendant vertices of the stars where the
degrees of their central vertices are d; ,d,, d,
respectively.

We will label the central vertices of degrees
d; ,d,.d, by the labels 1,2,3 respectively, (since
any label which is greater than 3 can be joined
with a number of vertices less than or equal
to the number of vertices which can be joined

with the vertex labeled 3).
H

-1
2

Now ifd, > EJ — 1o — | +m +3> [’—;J, then
there are two conditions:

Conditionl. If d, > EJ -1, EJ — 1is the maxi-
mum number of labels which can be joined
with the central vertex of Snl.since label 1 is
used to label the central vertex of Snj. Thus G
is a non- usual o-divisor graph.

Condition 2.If », - “EJT_I] +m+3> [4], [EJT_ljis
the number of odd labels which can he inined
1t — |2 = ,
then by Lemma 2.9 the graph is d-divisor ,

with the central vertex of S

which is a contradiction, g n, — EJT'l > 0. Let
all odd multiples of 3, other than 3 be assigned
to the pendant vertices of S,,, then n; — [BJZ—_l is
the minimum number of even labels which are

assigned to the remaining pendant vertices of
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H

-1
p ]+nk+3 cven

Snl‘ Therefore, we need n, -
labels to label the vertices of the graph,since
the vertices of Snkand the vertices x, and x,
must be even labels, hence the result.
Conversely, let G be a non- d-divisor graph,
the vertices which are joined with the central
vertex of Snj can be labeled by any labels. The
central vertex of Snkand the vertices which are
joined With it need at most n,+3 even labels

, S0 there is no problem to la-
bel all the vertices which are joined with the
central vertex of S, Thus, we discuss the
problem that could occur when we label the
adjacent vertices of the central vertex of SIll ,
which is labeled 3. Again if n: - || < othen

by Lemma 2.9 the graph is 6-divisor which

is a contradiction. Let all odd multiples of 3,
other than 3 be assigned to the pendant verti-
ces of Sn1’ then we need n, — - ] even labels
to label the remaining pendant Vertlces of Snl,
so there are two cases that depend ond;:

Case 1. Ifd, » EJ — L hence the result.

Case 2. Ifd, <[5
4

J—l so we have n

even labels, if n -

- |

O-divisor graph, which is a contradiction,

then the graph is a

+m+3< BJ R
hence the result.o

2.12. Corollary

(Snl >
(Dn,= n2=n3

S3)is a non-o-divisor graph if

(11)d=d,=d,, where d;,d, ,d, are the degree of

their central vertices respectively, d;>d,>d,.

2.13. Theorem

Every graph G(n,q) can be embedded as an
induced subgraph of a d-divisor graph.

Proof .Let G(n,q) be a graph with vertex
set V(G)={v,,v,,...,v,}. We shall establish an
embedding of G in H, where V(H)={v,,v,,...
v,"'}. Let  f(v,)=2.i=0,1,...
,n-1, other vertices are labeled from the set
{{1,2,...,2~1}1-214 i=0,1,...,n-1 and join all
vertices of V(H)-V(G) with a vertex of label
one. It is clear that H is a 6-divisor graph andE
(H)=q+2"'-n

ViV

)

2.14.Corollary
Every bipartite graph can be embedded
into a bipartite d-divisor graph.

as an example, see Fig (3)

v:;% %

16356791111213

Fig. (3)
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