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Abstract

The goal of this paper, we expand the notion of co compressible modules,
critically co compressible modules, to co compressible acts, critically co
compressible acts, respectively, likewise we giveseveral of their basic properties,
theorems and examples.Lastly, we studied the coretractable acts as a generalization
of the concept of coretractable modules. Overtime, we introduce relation between

it and co compressible acts.

Keywords
co compressible acts, critically co compressible acts, corational acts, fully
corational acts, coretractable acts.
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1. Introduction and Priliminaries:

Throughout this paper Swill denote a semi-
group with multiplication. An element X€S is
called a left identity (a right identity) of S, if
V yeS: x-y=y

(y-x=y). If x 1s both a left and a right iden-
tity of S, then x is called an identity of S [1].
A semigroup is a monoid; if it has an iden-
tity, for a semigroup Swe shall use the notion
S' defined byS'=S if it has an identity and
S'=S U {1} otherwise [2]. An element XES
is called a left zero (a right zero)of S, if V
yES:x-y=x(y-x=x)[1]. A zero element is both
a left and a right zero of S, for a semigroup
S we shall define S° byS’=S if it has a zero
element,S°=S U 0 otherwise[2].

A monoidSis said to be zero divisor free
(ZDF) if for each a,bEeS,

a#0+#Dbimpliesa-b#0 [3].

Let S be a monoid and A#® be a set. If
we have a mapping p:AxS—Asuch that
(a,s)—as:=p(a,s) and the following properties
hold:

(a) a-1=a.(b) a(st)=(as)t for all a€A and
s,teS, we call A a right

S-act,or a right act over S and write Ag. A
subact B of anS-actAg is a non-empty subset
of A such that bs €B for all beB,seSwhich is
designatebyBg < Ag.

A subact Bg of Ay is called a proper subact
(designatebyBg< Ag), if B#A[4].

We call Ag a simple act if it has no proper
subacts. We call Ag a 6-simple act

if Ag has no subacts other than Agand one
element subact. Let S be a monoid and Agbe
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an S-act, then Ag is simple if and only if A=
aS for each0 # a€Ag[5].

A proper subact Bg of an S-actAis called
maximal if for each subact Cg of Ag with
B;CCCAg implies either Bi=Cgor Ag=Cq[5].

An element O€Aq is called a zero of Ag (a
fixed element, a sink) if 0s=0 for all s€S.

If Ag and Bgare right S-acts, then a mapping
f:Ag—Bg is called a homomorphism of right
S-acts, if f(as)= f(a)s for all a€A and for all
s€S, theS-homomorphism f:Ag—Agis called
an endomorphism of Agand the set of allendo-
morphism of Ag is designateby End(Ajy), itis a
monoid with the composition operation.

An equivalence relation p on Agis called a
congruence onAs, if apa implies(as) p (a’s) for
aa EAq, SES.

Let S pbe a congruenceonAg, define a
right multiplication on the factor set Ag
/p={[a]_p,a€EA_S }by elements of S by: [a]
, s=[as] for every s€S, which is called a fac-
tor act of Agby p[4]. Any homomorphism
f:A¢—Bg, the kernel congruence on Ag is de-
fined by apa , if and only if f(a)=f (a).

If Bis a subact of A, the Rees congruence

ppis defined by:apy (a) if eithera,a €Bor a=a

".We denote the resulting factor act byA/Bs.

We say Ag is faithful, if s,t€S, as=atfor all
a€A, it follows that s=t.

A right S-actA is called quasi-projective
if for any right S-actB and any S-homomor-
phismsf and g from Agto Bg with f being
surjective, there exists an S-homomorphism
h:Ag—Ag such that f= gh [6].

[fAgsatisfies the ascending chain condition
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for subacts, it is called, Noetherian [7]. In [8],
Alex and James defined thatAg is Noetherian
if every congruence on Ag is finitely generat-
ed, and we say that a monoid S is Noetherian
if it 1s Noetherian as anS-actover itself.

A subact By is large (or essential) in Ag if
for any Pg and any S-homomorphism f:Ag—Pg
whose restriction to Bg is one-to-one, then f is
itself one-to-one [9].

A nonzero subact B of Agis intersection
large if for all nonzero subacts Xof A, XNB+#0.
This will be designateby Bg € A [9]. Feller
and Gantos in [10] proved that every large
subact of Agis intersection large.

The singular congruence yaon S-actAg is
a right congruence on Ag defined by y=y(Ay)
={(a,b)EAXAg | aD=bD for some intersec-
tion large ideal D of S}. When y=l1,4, we say
that Ag is non-singular [11].

A right S-act A is called retractable if for
any subact Bg ofAgs, Hom(Ag, Bg)#0. It is
clear that for a right S-act A to be retractable
it is enough that Hom(Ag, aS) # @ for each
aEAg[12].

A subact Bg of Ag
(designateBs<<Ay) by if it satisfies one of the
conditions: (1) for each S- homomorphism

is called small

f:Cs—Ag, if mzofis epimorphism then f'is epi-
morphism where n;:A;—Ag/Bg 1s the natu-
ral epimorphism. Or (2) Ag=BsUCg 1mplies
Cs=A, for each subact Cgof As.

An S-act A is called hollow if every subact
of Ag 1s small.

The purpose of this work is to introduce
and investigate the concept of co compressible
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acts as a converted concept of co compress-
ible modules [13]. Related properties and re-
sults are investigated. An affirmative answer
to analogues problem, named Zelmanowitz

problem, in the case of modules is given.

2. CO-Compressible Acts

2.1. Definition.

LetAg be an S-act over a monoidS. Agis co
compressible if for each nonuniversal congru-
ence pon A, Homg(Ap,A) has at least one sur-
jective element.That is,Ag is co compressible
if and only if for all congruence p£ZAXA on

Ag, there existsan epimorphism a:Agy/p—As.

2.2. Remark.

If Ag is a co compressible S-act which is
not simple, then Ag must have a zero element.

Proof:

Let Bg be a proper subact of Ag, then Ay/Bg
has a zero element. If a:Ay/Bg —Agis an epi-
morphism, then a(0) is a zero elementofAg.®

2.3. Remark.

If Ag is not simple and has no zero we say

Ag co compressible ifA¢ is co compressible.

2.4. Definition.

Agis critically co compressible if it is co
compressible and for proper subact Bg, Homg
(B,A) has no surjective element. That is Ag
critically co compressible if and only if Ag is
co compressible and

A 0:B—AY B<A, where o is epimorphism.
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2.5. Examples.

1. If A, is a simple act, then A is co com-
pressible (trivially).

2. If S=(N,-) is a monoid where N is the set
of natural numbers and (-)is the usual multi-
plication, then S.is not co compressible.

Proof:

Let S=(N,), and the subact of S are B=2N,
according to (Remark 2.3), let {:SB—S"0 and
a€lm(f), then a=f(x ) for somex €S /B, this
implies

2a=f(x 2)=f(0). If b€lm(f)and b#a, then
b=f(y )—2b=f(y 2)=f(0). Hencelm(f) has at
most one element. Hence Hom(S /B,S%)={0}
and A epimorphism from S/B onto S°.®

2.6. Remarks.

Analogous to the casein modules, it easy to
prove the following statements for acts. (See [14])

1. Bgis a maximal subact of Aif and only if
As B, 1s O-simple.

2. If wwA,—Bgs an epimorphism and
C=Bthena(a'(C, ))=C..

3. If By is a proper subact of a finitely gen-
erated S-act A then By is contained in a maxi-
mal subact ofA..

4. Let S be a monoid and A be a Noetherian
S-act then A is finitely generated.

5. Iff:A;—B, is a right S-act homomor-
phism thenA/ (Ker(f))=Im(f).

6. Let B, C.<A, then ((B{UC,))/C, =BS
/(B,NC)).

2.7. Proposition.
If A is co compressible S-act which is not
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simple, then A has no maximal nonzero subact.

Proof:

Assume that A_S is a co compressibleS-act,
and assume that 0#Bgis a maximal subact of
A then AS/B% is a B-simple act (by Remarks
2.6 (1)). If a: S/BS —A 1S Aan S-epimorphism,
then o' (By)is a subact of S/Bs’ and hence, ei-
ther o' (BS)=AS/BS, which implies B;=o(A,/
B, )=A, (since o is onto) (by Remarks 2.6 (2)),
not possible or o' (B)=0, that is B;= a(0)=
(0) contradicts the assumption, therefore A
has no maximal subact.®

2.8. Corollary.

Any finitely generated co compressible act
is simple.

Proof:

If A is not simple, then it has a proper sub-
act say By and (by Remarks2.6 (3)), B is con-
tained in a maximal subact which contradicts

Proposition 2.7. Therefore A is simple.(

2.9. Corollary.

Any Noetherian co compressible act is simple.

Proof:

Since A is Noetherian then A is finitely
generated (by Remarks2.6 (4)), henceA, is
simple act (by Corollary 2.8).®

2.10. Proposition.

A homomorphic image of a co compress-
ible S-act is co compressible.

Proof:

Assume that f:AS—>A'S is an epimorphism
and Ag is a co compressibleS-act, let d be a
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congruence on A define a relation p on Agby

(a,b)Ep—(f(a),f(b))€d, then p is a congru-
ence on Ag, hence there exists a:s/p—Ag
epimorphism (since Agis co compressible)
which induces a p:A°/8— A /pin this way, bydf
(a)—pa. B is well defined since if

3f (a)=8f (a )then(a,a )€Ep, that is pa=pa .
That is f is an epimorphism. Now the compo-
sition foaop is an epimorphism of #¢/3ontoA
. Therefore A4is co compressible.®

At the following we give more conditions,
with which a co compressible act become

simple.

2.11. Proposition.

Let Ag be a co compressible actsatisfying
one of the following statements:

1. Agis finite.

2. There are only finite subacts inAq.

3. Achas a finitenontrivial factorji.e. 3 a
congruence p on Agsuch that Ay/pis finite.

4. There is a simple factor of Ag.

Then,Aq 1s simple act.

Proof:

1. and 2. imply that Ag has a maximal subact,
consequently Aq is simple (by Proposition 2.7).

3. If pis a congruence on Agsuch that Ag/p
is finite factor ofAg since Agis co compress-
ible thenthere exists f:AS/p—>AS.Then Agmust
be finite too, so Agis simple by means of (1.)

4. Let p be a congruence on Agsuch that
A S/pis simple since Agis co compressible act
then, 3 fZAs/p—>AS epimorphism. Assume that
B,is a subact of Ag, then f' By is a subact ofAg
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/p, either equal to As/p, then
B¢=f AS/p =Aq, not possible, orf! Bg=, then
Bs=f(6) = 0. Therefore Agis simple.®

2.12. Definition.
Agis epiform if for each p£ZAx A congruence
on Agthen each homomorphism a:A,—Ag/pis

an epimorphism.

2.13. Proposition.

Let Ag be a co compressible act, and Bg be
a subact ofAg, then the following statements
are equivalent:

1. Ag is critically co compressible

2. Ay is epiform.

Proof:

1.= 2.

Let a:Ag—"s /p be a nonzero homo-
morphism, let ker(o)=5, if Im(a)=Bs/p .p
'=pN(BsxBy), which is a congruence on Bgthen
As/5= Bs/p (by Remarks 2.6 (5)).Since A is co

compressible then there exists g: Ag /5 ‘ﬂ A

Consider Bg 5 Bs/ﬁ = AS/6 A Ag, here
7 is the natural mapping. HenceBs—Agis an
epimorphism a contradiction to critically co
compressible so Im(a)=Agy/p and « is an epi-
morphism.

2.2 1.

Assume that, Ag is co compressible, if
a:Bg—Agis an epimorphism then,

Ag=Bs/ker (a). Let p:As—Bg/ker (o) be an
isomorphism.Let

¢ :A¢—A/ dwhere d=ker (0)U{(a,a):a€A},
such that ¢ (a)=¢(a), for each a€Aqthen ¢
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'is not epimorphism a contradiction with epi-
form.®

2.14. Definition.
A subact Bg is called corational inAg, if
Hom(AS,BS/p)ZO for each p congruence on Bg.

2.15. Definition.
Let Ag be an S-act, we say that Ag is fully
corational if every proper subact of Ag is co-

rational.

The following proposition gives the rele-

vance between epiform act and corational act,

2.16.Proposition.

Let Agbe an S-act. Then Agis fully cora-
tional act if and only, if Ag is epiform.

Proof:

=

Assume that 0 # (x:AS—>AS/(p )is not an epi-
morphism

Let a':AS—>Im(a)= Bs/p,Bs <Asg,01#0 wherea
‘(a)=a(a) for each a€ As.

Then Bs is not corational hence Ag is not
fully corational.

=

Let a:As—Bgy/p,a #0 then o :Ac—Ag/p de-
fine by

a(a)=a (a), it is not epimorphism.®

2.17. Definition.

Let A, be an act, we call Aa copoly-
form act if for any small subact By of Ag,
Hom(AS,BS/p)=0 for all congruence p on Bg.
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It is clear that if Ag is copolyform and hol-
low, then it is fully corational, and thus (by
Proposition 2.16) epiform.

In the following lemma, the converse will

be proved,

2.18. Lemma.

If the S-act A is epiform, then it is hollow.

Proof:

Assume that Ag is epiform, and let Bg,Cg be
two proper subacts of Ag such that BUCg=Aq
then As/Bg =S A(BsNCs) (by Remarks2.6 (6)).

As & AS/BS > CS/(BS N Cs) > AS/(BS N Cs)

since 1o Oop, # 0, the composition io0opy is
not epimorphism; this contradicts the assump-
tion that Ag is epiform, therefore Ag is hollow.

2.19. Proposition.

Any critically co compressible act Ag

is hollow, and hence indecomposable.

Proof:

It is clear that Ag is epiform through (Prop-
osition 2.13) and through (Lemma 2.18) it fol-
lows that Ag is hollow, and hence indecom-
posable®

In the rest of this section, two results about
co compressible and critically co compress-
ible acts will be added. For the first result the
following two statements are needed,

2.20. Lemma.

A faithful simple finite S-act is nonsingular.
Proof:

Assume that Agis faithful simple (and fi-
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nite)S-act over a monoid S. Let

1 AS={(a,b)€ AXA | as=bs Vs in some in-
tersection large ideal in S}.Let(a,b)Eyag, then
there exists an intersection large ideal of S
such that al=bl (where 1#0 since it is inter-
section large ideal), since A_Sis faithful then
there existsx€Ax#0 and xI#0. But xI is a
subact of the simple act Ag,s0 xI=Ag=xS. But
Ag 1s finite, impliesI=S.Now a=a-1=b-1=b,
that is w5 =15, then Ag is nonsingular. ®

2.21.Lemma.

If Aq if an act and By s finite subact of Ag,
then AgAAg\Bg)S is finite. Since (Ag\Bg)
S2A\Bgit follows that|(Ag\Bs)S[>|As\Bg
[—|As AA\Bs)S[=|AS\(As\Bg)S|.
[As\(As\Bs)S|<|As\(As\Bs)=(Bs |.

Hence

2.22.Theorem.

A faithful co compressible act Ag over a
monoid S is nonsingular in each of the fol-
lowing cases:

1. Agis finite;

2. Sis finite;

3.There are only finite numbers of right
ideals in S,

4. Thereare only finite numbers of right es-
sential ideals in S,

5. S is aright Artinian;

6. The intersection of all essential right ide-
als is nontrivial.

Proof:

1. Since Ag is finite and co compressible
implies Ag is simple (by Proposition 2.11),
hence (by lemma 2.20), Agis nonsingular.
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2. Let 0 #a € Agsuch that aS#0 (Ag faithful).

LetM=A\aS, andN=MS, then A/N is a fi-
nite factor of Ag(by Lemma 2.21). Since Agis
co compressible, it is simple. Now,Ag is sim-
ple and S is finite imply that Agis finite, then
by (1.) it is nonsingular.

3. if S has a finite number of ideal, then it
has a minimal ideal, say I, let

0#a€Ag such that al#0 (Agis faithful), let
M=A¢\al , and N=MS, then N is a maximal
subact of Ag, for if L is a subact of Ajcontain-
ing N, then it must contain an element if al
(and hence all of al, since it is minimal), that
is L=A.Then A/ N is a simple factor of Ag,
hence Agitself is simple. Since Agis simple
implies Ag=aS for each 0#a inAg hence S is
simple (since if S has a proper ideal I, then al
1s a proper subact ofAy).

Now, if(a,b)€y,, then aS=bS (S is the
only intersection large ideal of S ), then a=b,
that is y, =i, and A is nonsingular.

4. If S has a finite number of intersection
large ideals, then it possess a minimal one,
then we complete the proof as in (3.).

5. If S is Artinian, then it has a minimal
ideal, then we proceed as in (3.).

6. In this case also we have a minimal in-
tersection large ideal then as (4.)the proof is
completed.®

For the second result, we recall the defini-

tion of quasi-projective act from section 1.

2.22.Proposition.
LetA,is a critically co compressible act.A
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is simple if and only if A is quasi-projective.

Proof:

=

It is clear that every simple act A is quasi-
projective.

=

Let B, be a proper subact of A since A, is

co compressible there existsp:AS/BS —A,, epi-
morphism hence ASE((AS/ B/ kerA(p)). Con-
sider the composition A% As/p 5 S/BS/ ker (p) |>
since A, 1s quasi-projectived h:Ag—Ag such

that (mepgeh)= 0 which is isomorphism

A”

ker (p)

As
N /gy

T opPp
that is h is injective, hence Ag =Im(h), then
if Im(h)=As, then h itself is an isomorphism
and hence mopy is an isomorphism (not pos-
sible), or Im(h) is a proper subact of Ag which
contradicts the assumption that Ay is critically
co compressible therefore Ag has no proper
subact, that is, A¢is simple.®

3. Coretractable Acts

3.1. Definition.

An S-act A is coretractable if there exists
a nonzero homomorphism of every nonzero
factor of AgintoAg, i.e.

Af:Ag/p—Ag ,f#0V p#AXA congruence
onAg.
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3.2. Examples.

(1) Let S= (N,-)be a semigroup with iden-
tity, then Sg is not coretractable. (see Exam-
ples2.5 (2)).

(2)If Agis simple, then Agis coretractable
(trivially).

3.3.Remark.

Every co compressible act is coretractable

act.

In the next lemma, a condition, makes the

converse of Remark 3.3 is correct, is given,

3.4.Lemma.

Let an act Ag be a coretractable act, if each
0#f€ End Ag is an epimorphism, then each
nonzero element of Hom AS/p,AS is an epi-
morphism, for every congruence pof Ag. In
particular Ag 1s co compressible.

Proof:

Let p be a congruence on Ag and O;ég:AS
/p—Ag,which exist since Ag is coretractable.
A nonzero homomorphism considering
V:Ag—Ay/P,Zov

1s epimorphism and obviouslyg is an epi-
morphism. In particular Ag is co comperess-

ible.®

The next theorem is generalization to prop-
osition 2.13.

3.5. Theorem.
Let Agbe a coretractable act, then Ag 1is
critically co compressible if and only if Ag is
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epiform.

Proof:

= (by Theorem 2.13).

&

SinceAg 1s epiform implies each f€ End
(A) 1s an epimorphism since

f:Ac—As, and @:Aq—"s/1 Ag) 18 an isomor-
phism @of:Ac—"s/ 1p¢) 18 an epimorphism,
then f is epimorphism) (by Lemma 3.4),A
is co compressible, (by Theorem 2.12), A, is
critically co compressible.®

3.6. Lemma.

Let Ag be an act with zero, then the next
cases are equivalent:

1. Every 0#f€End, (A) is an epimorphism;

2. For each B proper subact Ag, for each
h€ Hom (AS/BS ,Ag )is an epimorphism;

3.For each 0#Bg proper subactAg,
Hom(Ag,Bg )=0.
Proof:

1. =2.The same proof of (Lemma 3.4).

2. =1. Let 0#f € End (Ag) takeBg= 0 and
define,

h:*s/ By —As, by h([a]s )=f (a) thenh is
well defined and h#0 , through (2) h is an epi-
morphism, it follows that f is an epimorphism
also.

1. =3.Ith eHom(Ag,Bg )and h#0 then de-
fine f:A;—Ag by f(a)=h(a) for each a€Ag.In
this case Im(f) =Im(h)=Bg#Aq it follows that
f is not epimorphism, a contradiction with(1)
hence h=0.

3.=1. Assume 0#f €Endg (A) and f is

not epimorphism 0#B¢=Im(f)#Ag define

Asaad Mohammad Ali Al-Hussainy and Worrod Sabah Malek
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h:A;—Bgby h(a)=f (a) then heHom (Ag,By)
and h# 0 a contraction with (3) hence f is epi-
morphism.®

3.7. Note.

If Ag is an epiform, then the casesof (Lem-
ma3.6)are satisfied, since each f:Ag—Ag, can
be writtenaccordinglyf:As—Ag/ 14,) and

hence it is an epimorphism if Ag is epiform.

3.8. Theorem.

Let Ag be an act, the nextcases are equiva-
lent:

1. Ag is co compressible and every 0#f€
Endg (A) is an epimorphism;

2. Ag is co compressible and Endg (A) is
ZDF;

3. Ag is coretractable and every 0# End
(A)is an epimorphism;

4. Aq is coretractable and Endy (A) 1s ZDF.

Proof:

1. 2. Since /0 and h#0. fh are epimor-
phisms

,then hefis epimorphism, hencehof # 0.

2. = 4.1t is clear that, since every co com-
pressible act is coretractable act.

4. 3. Let f:A¢—Ag be not epimorphism,
then Im(f) # 0 since Ag is coretractable there
exists :*S/Im(f) > Ag, if T:Ac—A/Im(f) is
the natural epimorphism, then @om = h€Endg
(A) it 1s clear that h#0 (since m is onto and
¢70), (hef) (a) = h (f(a)) = peon(f(a)) = ¢(0) =
0. Now hef =0, a contradiction with End,
(A)is ZDF.

3. =1.(by Lemma 3.4).(®
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