Vol. 6, No. 11 and 12 P. (41-48)E, 2018

Eman Samir Bhaya, Shehab Ahmed Abdalredha

plecewise 3-monotone approximation for 3-monotone functions
in L_P-spaces for P<1

Eman Samir Bhaya and Shehab Ahmed Abdalredha
University of Babylon, College of Education for Pure Sciences, Mathematics Department.

Received Date: 4 / 6 / 2015
Accepted Date: 11 /7 / 2016

LML

P<lbose L, wlebadl o sy = 3 ol i s Gpaden Liad el L

Al Ul
Lp olelad ‘WJE:J\ Z\>,).>

Abstract

In this paper we estimate the degree of 3-monotone shape preserving

approximationon L_P-spaces for <1.
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1. Introduction
[1]
mation of k-monotone functions, in [2] E.
S. Bhaya,andR. R. Mohsin, studied ap-

proximation of 3-monotone functions by

In K.A.Kopotun, studied approxi-

3-monotone functions in L -spaces, and in
[3] E.S. Bhaya, and M. S. Al-Mubhjastud-
iedk-monotone approximation in L,-spac-
es, in [4] G.A.Dzyubenko,K. A. Kopotun,
and A.V.Prymark, studied Three-monotone
spline approximation, in [5] A.Bondarenko ,
D.Leviatan, and A.Prymark, studiedpointwise
estimates for 3-monotone approximation .

In this paper we introduce shape preserv-
ing approximation theorems for 3-monotone

functions in L -spaces for <1 .

2. The auxiliary results :
Let us introduce some auxiliary lemmas

that we need in our work.

2.1. Lemma

suppose f,sEAz[a‘b]nLP [a,b]for <1 . Then ei-
ther s’ (b-)<f[a,b]or s’ (a+)>f[a,b] , satisfying

If-1lL, fab] < ¢ (p) If-slL, [a.b],

wheref define on[a,b] and 1 is linear La-

grange interpolation f at a and b

Proof:

Suppose that s’ (b-) < f[a,b],and s’ (a+)>f
[a,b] is symmetrical. If x =sup {f” (x) < f[a,b],
V x € (a,b)}, such that s’ (x)<s’ (b-) < f [a,b],
and x <x <b.

If-1le, fab)) =1 (x)) - £(x,)

= (F (x) - I” (x)) dx

< Jx,*(f” ()-8’ (x))dx
<f(b) - s (b) - (f (x,) - s (x,))

<c (p) If-sl L, fa.)m

2.2. Lemma [6]:

Suppose that f'is defined on [a ,b ], and that
s is a piecewise polynomial of degree <k - 1,
which knotaandb,a, <a<b<b,, such thats’
(at) <f[a,b] <s’ (b-). If, sEA[ab]*, then there
exist a piecewise polynomial s €A[a ,b ]2 of
degree < k - 1, with knot a and b, satisfying
(s’ (at)<s” (at), s* (b-) = 5,” (b-).(2)s, (a) =
f(a), s, (b)=1(b)

2.3. Lemma:

Let fdefine on[a b ] and let sEA[a,b]ZﬂLP[a,b]
for P<I, of degree <k-1 atknotsaand b,a <a
<b<b,s’(at)<f[a,b] <s’(b-) .If f, and s are
convex polynomials on [a , b ],then there is s’
be convex a piecewise polynomial on [a b ]
of degree <k -1, at same knots, satisfying

(I)s’(at) <s/’(at),s’ (b-)<s’(b-)

)5, (a) = £ (a). s, (b) = £ (b)

(3)If-s, I, fa.b] < ¢ (p) If-slL, [a.b]

(4)If-s I Lpa, b1 < ¢ (p) If-slL, [a,b,]

Note if [a,b]=[a,,b ], such that s, s, are con-
vex a piecewise polynomials on [a b ] of de-

gree < k-1.

Proof:

If (b)-f(a)=s(b)-s(a), let s, (x) =s (x) + f(a)-
s(a), for each x € [a,,b ]. Then by Lemma 2.2
we get (1) and (2),then

If=s IL, [a.b] =If-(s(x)+1f(a)-s(a))IL, [a.b]

<c (p) If-slL, [a,b]
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And

If-s IL,fab]=11-(s (x)+f(a)-s(a))lL,la,b,]

< c(p)If-siL, [a,b,]

Suppose f(b)-f(a)<s(b)-s(a) and this case
f(b)-f(a)>s(b)-s(a) is symmetrical.

First defines, on the interval [a,b] and then
extended to interval [a b Jif [a,b]=[a b, ].

Assume s{x)= s(x) - s’ (at) (x-a), for each
X € [a,b], and f'{x)=f(x)-s’ (at)(x-a), for each
X € [a,b], such that If=s"lIL, [abj=If-sIL [ab], then
by our hypothesisf(b)-f(a)<s (b)-s {a) , and s
b)-s (@)>0 . Thus set s, (x)=f (a)tA(s x)-s
Ta)) , for each x€[a,b] and A=(f(b)-f(a))/(s
1b)-(s(a™)) where 0<A<1 , note that S"is non
decreasing and Is.)-s(a)l(,, [a,b])=s'(b)-s'(a) ,S
" (a)=fTa), s" (b)=f(b), so that s” is convex
in [a,b] . Hence

If-s, I, fab) = I£=87 L, [a.b]

=If7)-s ()+s (a)-fla)yts ()-s (a)ytf{a)-s
I, .,

<c(p) If=s”I
-,

<c(p)(If=s7l,, +IsT.)-sTa)-AMs(b)-sTa)),,..)

<c(p)(If=s"l,,, T(1-M)Isb)-sTa)l,,,

<c(p)(If=s”l, ., HIs(b)-s (a)-((fTb)-f(a))/(s
W)-(s(2")) (5T0)-5()) 1(,1)

<c(p) If=s"l, ., te(p)If=s”I

<c(p) If=s"l,,,, y=c(p)If-sl, ..,

Further, if [a,b]#[ab,] , then extendS, ei-
ther to right or to left or both.

Let

s' (x)= ¢s(x)+f(x)-s(a) ,for each x€[a,a)

{s(x)-i-f(x)—s(b) for each x&(b,b,]

+ Is{.)-s (a)+f(a)-f(a)-A(s

LP [a,b]

LP [a,b]

Then piecewise
s,EA[a,,b ]* of degree < k-1 at knots aand b.

see a polynomial
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Now
If=s, 1, o = =5 () - (F (b) - s (D)1, .0
<c(p)If-sl
and similarly
If=s I, ., = | f-s(x)-(f(a)-s(a)l, ...,
<c(p) I 511,
Combined these with (3), we get (4) ]

LP [b,b0]

2.4. Lemma:
Letf ,sEAZ[ab ]ﬂLP [a,b] , for P<1 , a<b<b,,
220
and s’ (b-)-f[b,b ][>0 . Then

(s’ (b-)-f[b,b,]) (b,-b) < c(p) If=sl , Ioby]

Symmetric, if f, sEAZ[ao oLy [a,b], for P<I
,a,<a<b , and f[a ,a]-s’ (a+)<c(p)If-sl , fagal

Proof:

The proofs of the first statement ,and the
second are similar, let x =sup{x€(b,b ):f" (x)
<s’(b-)}, then

bo

(s"(b =) = fb,bo])(by — b) = : (s'(b =) = fIb, by]dx

- fbbo(s’(b =) = F1(0)dx

< fb xEs'(b =)= f'(x))dx

SJ’ (s’(x) —f’(x))dx
b

=s(x, )-f(x, )-(s(b)-f(b))

<c(p)If-sl Lp [bbg]

wheres’ be no decreasing such that f’
(x) < 8 (b-) < 8 (x), for each x€(b,x)).

u

2.5. Lemma [6]:

Leta <a<b<b, ,and fEA?
pose that SEAz[al,bl]
of degree < k-1 with knots a and b, satisfying
f(a)=s(a),f(b)=s(b) . Then ,there is a polyno-
mial s €A’ | of degree <k-1, such that

aLbLP and sup-

1s a piecewise polynomial
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()5 (@) <5, (a+).s,” (b) <5° (b,

(2) f[aa, =k <s/ (at),s’ (b-)<k=f
[b,b ].
(3) s, (@) =1f(a), s, (b) =1 (b).

2.6. Lemma:

Suppose a < a <b < b, and let m=max

b—a ba
bobaaO)

{ and f is convex polynomial on
[a,,b,] , and lets convex piecewise polynomial
on [a,b ] of degree < k-1, at knots a and b,
we take f(a)= s(a), and f(b) =s(b). Then there
exist s, 18 convex polynomial on [a,b] of de-
gree < k-1, satisfying

(1) s’ (at) <s,(at),s,” (b-) <s’ (b-).

(2)fla,a, [=k <s ’(at),s’(b-)<k=1[b,b ].

(3)s, (a)= f(a), s, (b)=f(b).
(4) If-s, | LP - c(p m)lf-sl , w001
Proof:

Suppose that f(a)=f(b) . If S be constant on
interval [a,b], put s, (x)= s(x), for each x€[a,b]
. Otherwise let s(b)=s(a) and sisconvex , such
that s’ (b-)>0>s’ (a+) . let

k, k, >0
s'"(b=)"s'"(a+) —

If2>0 ,thenputs, (x)=s(x), foreach xE[a b].
Otherwise <0 , ,(b )< 0 .
Then assume s, (x)=s(a)+A(s(x)-s(a)), for each
x€[a,b] , since s, is convex polynomial on
[a,b] of degree < k-1.We get (1), (2) and (3)
from Lemma 2.5.

Let x =sup{s’ (x) < 0: x€(a,b)}
s(b)-s(@)= [” " (x)dx , so that

s = $1(@) lppan) = fx l:s’(x)dx - L l:s’(x)dx < (b—a)s'(b-)

Then by Lemma 2.4. ,

A = min {

suppose that 1=

, and 0=

I5-5, 1 pp 5y =18(0)-8(2)-A((X)-s(@)N 1

=(1-M)ls-s(a)l , ) = (1-A)s’ (b-)(b-a)

=(1-1)s’ (b-)(by-b)

<c (p,m) If-sl , (b.60]

Hence

If-s, IILP —Ilf sts-s, IILP[ b = C (p) (If-sl ,
IIf S, I|LP )

Sc(p)llf SIILP [40,50]

The proof of Lemma2.6 is completem

2.7. Lemma [6]

Let a<b<b,fi = P
suppose that SEA
mial of degree < k 1 w1th knot b , satisfying
f(a)=s(a) and f(b)=s(b) . Then ,there is a polynomial
s, €A’ of degree < k-1, such that

(1)s,” (b-) =57 (b-),

(2)s,” (b-) <k~ fIb.b]

(3)'s, (a)= fa).s, (b)=f(b).

Symmetrically, leta <a <b, and fEA?
and suppose that sEA?

andeA[b], and

1s a piecewise polyno-

al,b] 2
falb] is a piecewise 1;01}]/—
nomial of degree <k-1 with knot a , satisfying
f(a)=s(a) and f(b)=s(b) . Then , there is a polynomial
S, EA2[a’b]of degree < k-1,such that

(s, (@) < (ah),

) flaa, [k <s," (ab).

(3) s, ()= f(a),s, (b)= f(b),

2.8. Lemma:

Suppose a <b <b, and f be convex poly-
nomial on [a,b ] of degree < k-1, and assume
S be convex a piecewise polynomial on [a,b ]
of degree < k-1 at the knot b ,put f(a)=s(a) ,
f(b)=s(b).Then ,there exist s, convex polyno-
mial on [a,b] ,of degree < k-1, satisfying

“ 44 AL-Bahir Quarterly Adjudicated Journal for Natural and Engineering Research and Studies



Vol. 6, No. 11 and 12 P. (41-48)E, 2018

(Ds,” (b-) <5° (b-),

s, (b-) <k = f[b.b,].

s, (a)=f(a).s, (b)= f(b).

(2) If=s 15y < c(p.m)IE=sl lebgl

, suppose a<a<b, m = b_ 2, and f convex
polynomial on [ag,bJof degreag < k-1 at knot
a, we put f(a)=s(a) , f(b)=s(b) . Then , there

exist s, convex polynomial on [a,b] of degree

< k-1, satisfying
(1)s,” (at) <’ (at),
fla,a, |=k <s/’(at),
5, (a)= f(a),’s1 (b)=f(b),
(2)lf=s | < c(p,m)lt=sl
Proof:
We prove the first case and the second

1 LP [a,b] — LP [a0,b]

case is symmetric.
By Lemma 2.7. , we get (1).
And prove (2) by Lemma 2.6 ,
1£-5, 1 ppo o= 1-5(@)-A(s(X)-8(@)l .,
<c(p) If-sl , [a’b]Jrc(p)Ils-f(a) I, (ab]
<c(p,m")lf-sl

LPabo] W

2.9. Proposition [7]:
Letk >1 and r > 1
either r > 2 or 2 < k+r <3 . Then for each f
fe Lﬂ? 111 N A1) there exist piecewise
polynomials s, ,SZEAz[_U]ﬂLP[_U] of degree <k
+r-1 such that s has n equidistant knots , and

, be integers such that

satisfies
If we(F 0,75 =1ADM)
ands, has knots on the Chebyshev partition,

C(p kr)
- Sl "LP[—l,l] -

and satisfies

1f = Sollipery < B2 wp (9, =5 -1,11(2)

Moreover, s and s, 1nterpolate f at the re-

c(pkr)
Tl

spective knots.
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As a direct consequent of Lemma 11 in

[2] ,p.167 , we get the following :

2.10. Lemma: o
(J—1)(xi41—xi)

AssumeB>land= IMNax
0<i<j<sn Xj—Xi
.Then for each step-function
g(x) =X" a (x — -)2 , for each x€[a,b],

where o, > 0 , there 1s a polygonal-line
p(x) = (x xj)+.Satisfying

J 1 (xis
VARS B,J = 1,2,3, on—1, (3)
And
lg(x)-p(x)l,, ] = SuAB(#4)
where

A= max1(=1,2,...

The following auxiliary Lemma is an

,n-1 )ocj .

improvement of Lemma introduced by

D.Leviatan , and A.V.Prymark [Lemma 12 ,
p.167], and it can be proved in the same way
and get.

2.11. Lemma:
Given the partition x <x <x,<..<x_, and

the sequence 3,,0,,...,0 , are nonnegative-

n-1

numbers , such that
1
6 <—— 1N
P (waaxim0)”
a positive-constant .

1 <j < n-1,withQ is
Then there is a piece-
wise polynomial q of degree <3 ,at the knots

1
X:X,,...,X_ , such that g€L®

P[a,b] °
q” (xj+)-q” (xj—) - -Sj , =1,2,3,...n-1(5)
qEAx3(j-1),xj)mLP(Xj-1’Xj) , 1=1,2,3,...,n(6)

"q"Lp [a,b] = C(pama I"L)Q(7)
wherec(p,m,1) is constant depending on m
U—D)(Xip1—xi)

Xj—.x'i

max
o<i<jsn

Xj+17Xj x} Xj—1
and =, 18X
1jsn—1{Xj—Xj— x}+1 Xj

and p, p=

AL-Bahir Quarterly Adjudicated Journal for Natural and Engineering Research and Studies
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2.12. Lemma [8]:

Letf € L, [a,b], 0 <P <oo. Then there exist
gx.;a polynomial of degree < k-1, such that
If-q, , IILP [a,b] <c o, (f,b-a,[a,b]),.

2.13. Lemma [8]:

Let Pbe a piecewise polynomial of degree
<k ,such that

P, ] =C kP I, (ab]

where c is a constant and s is the order of

derivative .

3. The main result
In this section we introduce our main
theorems.

3.1.Theorem:
Let EAz[a,b]ﬂLP[a,b], for P < 1, with the par-

tition x =a=x < x,<x,<-<x=b=x  ,and

n+1°
k > 2 . Then for all convex piecewise poly-
nomial S on interval [a,b] of degree < k-1,
at the knots X, and j= 1,2,3,...,n-1, there ex-
ist s, is a convex a piecewise polynomial on
interval [a,b] of degree < k-1 at the knots X,
andj=1,2,3,...,n-1, satisfying

(1) f(xj )=S, (xj), and j=0,1,....n [1]

(2) =5, 1, i1 4 < ©(Pm) ||f-s||LP[Xj_2,XjH]

wherec(p,m) be constant depended on p
andm,andm = max {m xj_—xfl}

sjsn—1(xj=xj-1 " Xjr1-%;

Proof :

Let

Lu()=L(:x,
Ac{1,2,3,...,n} is the set of each, such that s’
(x_ 1) <1< s’ (x-). For each €A, satisfying

x),u=0,1,...,n+1. Assume

s, (01, (x), x€[x, .
If-s, IILP[Xi_l’Xi] <c(p) |If-s||LP — (8)
So as to define s, on interval [x; ,x;] , IEA,

we first suppose 1< 1 < n, and use the interval

x.]. By using Lemma 2.8.

i-1°

[X.,.X., ] first Lemma 2.3 and use Lemma 2.6
,at a= x, and b= x.. We achieve the existence
a convex polynomial s on [x, ,x], then

"f'sluLp[xi-l,xi]S ¢ (p) It=sl,, [xi-2,xi+1] ©)

and f(x_ )= s, (x_).f (x)=s,(x)

Finally, we dealwith the possible that ei-
ther i=1 or i=n, and 1,n€A . To this suppose
1€A, and the second case n€A is symmetri-
cally, since s’ (at+) <f[a,x,] <s’(xi.) . Then by
using Lemma 2.3 we have a piecewise poly-
nomial

"S1EA2[a,x2]’ which finterpolate with a and x,.
Since §” (x;-) <8’ (X-) , then

15y <€ () I8l (10)

We now using Lemma 2.8 and get s €A’
[a,x1]0f degree < k-1, which f interpolate with
aand x, since 8’ (x;-) <8’ (x,-) , then

If-5, oy = € @If=sl, o (1T)

so ,s_lis a convex and piecewise polyno-
mial —function of degree <k-1, and s, (x,)=
f(x,),1=0,1,2,...,n, and from (1)-(3) include

If-s.| < c(p,m) If-sl

1'Lp[xj-1.xj] — LP[xj—2,xj+1].

3.2. Theorem:

Let F be a 3-monotone function in L;[a,b],
satisfying f (x)=F’ (x), for each x€(a,b), and
take k >2 , x(-1)= a= x < x,<--<x =b=x_ be
partition for the interval [a,b]. Also let s be con-
vex a piecewise polynomial on[a,b] of degree
<k-1 ,atknots x;, j=1,2,...,n-1 ,then , there is a

piecewise polynomial 3-monotone Pin L, [a,b]
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of degree < k at the same knots, satisfying
IF-PI

LP[a,b] — Lp [x(i-2),xi+1]
wherec(p,m)is constant depended on p and
X J-—xj_l}

r
Xj1—%j

<c (p,m)lf-sl

e
m,and m= max {22

1gjsn—1 \(Xj—Xj—1

Proof :

By using Theorem 3.1 ,and using Theorem
2.3 ,we have

IF-PI, o] = IE-Pl ;1

"f_s”LP[xi—l,xi] C(p)||f_S"Lp[xj—2,xj+l]
< c(p,m)lf=sl

HEs, 1 < e ()

LP[xi—Z,xiH].

3.3.Theorem:

Given the integers k > 1 and > 0, such that
either r >3 , or 3<k+r < 4 , and (k,r)#(4,0) .
Then for all €Ly® NA° .,
3-monotone a piecewise polynomials S, and
S, on [-1,1] of degree <k + -1, such that

IF - 5, LD o (FD, 25 [=1,11)(12)

Where S, has n equal —dlstant knots.

And such that

IF = Sallppp_, ) < “EED wp (PO, 25 [-1,1])(13)

there exist

||LP[_1'1] =

Where S, has n knot on chebyshev partition.

Proof :

We prove the first case and the second case
is symmetrically.

Byusing Theorem 3.2

IIF-PIILP[a,b]S c(p,m)l f-sl S X

andalso we have ,

”f - SlllLP[fl,l] —_
Hence ,

12’

Lk,
UL PO

C(p k1)

IF = Sillp,yy < @M = 5llippe_p 1 + (fm— [-11D)

clpkr) ™, 1.
<= (FO, 5 - 1,1])m|
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3.4. Theorem:

Let S be a 3-monotone a piecewise

polynomial in L, [a,b], P<l, of degree <k and
k>3, atknots x =a=x <X <x,<<x =b=x

Then there exist a piecewise polynomial S, of
degree <k at the knots x =a =x <x <x, <<

X,=b=x,,, such that S €A’ N @ Lpfanp fOT P
<1.And
IS-S I, ofab] = <c(p.km,po, . (S,(x X" j_1); [xj_

X1 (14)
Where c(p,k,m,p) is a constant depending

on p,k,mand ,and m=

—Xj XjXj

+17X
max {" J } and
1gjsn—1(Xj—Xj x}+1 Xj

(} 1)('7‘:l.+1 xl)(IS)

= max
K xj—x;

0<i<jsn
Proof :
Let8=S" (x1)-S” (x-),j=1.2,...
S be a 3-monotone function in L_P [a,b]for <1
6,20, 1 <i<nl.By
Lemma 2.12 there exist polynomial U k of
degree <k, such that
IS-U,ILP[xj-1,xj+1]<c(p,k)o, ., (S,(x XXX D
This transition by Lemma2.13,

,n-1. Since

, on interval[x x |,

 k
NUK = 8" Npppayyiepa) < ck) 5 We+1(S, (1 — x-1); [X—1, X411,
(ge1 =%
Thus,
< c(p,mk) .
5)‘ = )2 Wi+1(S, (41 = x3-1); [xi-1, Xi411)
17X
Let

Qec(p.m K)oy, (8.(5,,%,,): [%,,:%,,)

And by Lemma 2.11 to get the apiecewise-
. The set S, (x)=S(x)+g(x) ,
x ]. Clearly ,apiecewise-polyno-

polynomial for
each x€[x,
mial S of degree <k at knots x,
that
S, (x-)=S,” (x1), ]=1.2,...
so that S €®

X..X ,such

,n-1,(16)

: 3
Ll)[a,b].Also, since SEA® | MLy
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[a,b]for P<I, by (6) that S, be nodecreasing

in(xj_l,xj) , 1 <j<n.Combine with (16) ,and

that S, be non decreasing on(x__,X.), 0 as to
J J

S, is 3-monotone function on [a,b]. At last,

(14)from (7). This completes the proofm
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