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Analysis of Multiple Working Vacations Queuing
System with Encouraged Arrival Using

M/M (a,b)/1 Model

P. Prakati® *, K. Julia Rose Mary

Department of Mathematics, Nirmala College for Women, Bharathiar University, Coimbatore, India

ABSTRACT

Generally, it is very common in our daily life to meet up with queuing systems. This study examines the concept of
encouraged arrival in M/M (a,b)/1/Multiple Working Vacations queuing model that follows the General Bulk Service
Rule. The considered queuing model consists of three states namely idle, working vacation and regular busy period. The
single server available in the system usually goes on vacation whenever the system is idle, that is, when it is empty.
This model deals with multiple working vacations of the server which are exponentially distributed and the concept of
encouraged arrival of the customers is examined particularly in the regular busy period. Specifically, the term encouraged
arrival is a recent addition to the queue with the existing customers following Poisson distribution and are served in
batches. The main objective of the study is to calculate the mean queue length (Lq) and various other performance
measures of the discussed queuing model. Moreover, a real life application of the studied model has been implemented
in a case study and the expected queue length has been discussed.

Keywords: Encouraged arrival, Expected queue length, General bulk service rule, Multiple working vacations, Queuing

model

Introduction

The queuing process has an impact on all of our
daily activities. Customers have to wait in queue ev-
ery time as there aren’t enough servers or the servers’
service rate isn’t fast enough to keep up with the
rate at which customers are joining the queue. The
queuing theory evaluates this phenomenon mathe-
matically to determine the optimal solution, ensuring
that no one has to wait in queue for an extended
amount of time to receive service. Numerous in-
dustries including telecommunications, city traffic,
health sector, inventory control, etc., find extensive
use for queuing theory. Due to his early work in the
field, Erlang AK is regarded as the founder of queuing
theory.

A vacation is a period spent away from the main
service location, and it can be caused by a variety of
circumstances in vacations queuing scheme, a server
from a primary service center may be unavailable
for an arbitrary period. Working vacation (WV) is
one kind of vacation policy under which the server
provides service at a lower speed during the vaca-
tion period rather than stopping service completely.
Furthermore, during the WV period, if there are cus-
tomers at a service completion instant, the server can
stop the vacation and come back to the regular busy
state. This policy is called vacation interruption.

As the concept of uncertainty in queuing, fuzzy
logic can be implemented. Thus Aarthi S. and
Shanmugasundari M mainly focused on the use of in-
tuitionistic fuzzy queuing theory to demonstrate and
compare the performance of a single server queuing
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model with infinite capacity.! In Tourism industry,
seasonal changes may lead to an increase in the ar-
rival of customers and thus people need to wait in
longer queues to get served. Abdelmawgoud et al.,
investigated the impact of prolonged waiting time
of food service on customers’ satisfaction in five-star
hotels in Egypt.? By using the method of stages intro-
duced by Erlang NA Abid and AK Al-Madi considered
(M/Er/1/N) queuing system in equilibrium and cal-
culated the probability for the empty system in the
explicit form. 3

In recent days, lots of algorithms and techniques
have been available for data security. Ibraheem N.
and Hasan M. discussed a cryptosystem that combines
several Substitution Cipher Algorithms along with
the Circular queue data which can be applied effi-
ciently for personal information security and network
communication security as well.* In the realm of
queuing theory, a bulk service queuing system intro-
duces an interesting twist to the conventional waiting
process.

In General, a bulk arrival queuing system involv-
ing a single server providing second optional service
under bi-level control policy and the single servers’
single vacation was analyzed by K. Julia Rose Mary,
M. 1. Afthab Begum and M. Jemila Parveen ob-
tained with server vacations and obtained with the
closed form. And the study also provided insights
into queueing systems with bulk service and working
vacations.®

To observe that with many new concepts and con-
ditions, numerous researchers are providing their
results in the field of queuing theory but initially,
Y. Levy and U. Yechiali discussed the vacations in
queuing model which has laid the foundation for all
its developed and upcoming findings in the field.®

Later, Liu et al. stated the queue size probabili-
ties of M/M/1 Multiple Working Vacation Queuing
model with N-policy and different arrival rates. Using
the method of matrix geometry solution, the con-
ditional stochastic decomposition structures of the
queue length as well as the waiting time were cal-
culated.” The explicit expressions of M/M/1 queue
sizes were derived by Majid et al. for both the server’s
normal busy time and its working vacation period
by deriving the probability generating functions of
the steady state probabilities. Numerous performance
indicators were calculated, including the expected
system size, the rate of customer loss as a result of
reneging and balking, and the expected waiting time
for a client served.®

In general the characteristics of any queue help
to evaluate the efficiency of that model, thus Malik
S. and Gupta R. calculated some of the operating
characteristics of a finite capacity queuing model
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with multiple vacations and encouraged customers.
The steady-state solution is obtained by using the
recursive technique. Some of the operating charac-
teristics of the system like expected queue length,
sojourn time, and probabilities of different states of
the server were derived via recursive technique.®
Also in tourism industry, Moussa et al., used an
M/M/1 queuing model to measure the service time
characteristics in fast food restaurants in Egypt. The
research displayed an effective method to measure
service time characteristics in fast food restaurants in
Cairo. '° The concept of a general type of bulk queue
was discussed early by Neuts, who also examined the
length of the queue and its busiest times. !!

A class of semi-vacation policies was first presented
by L.D Servi and S.G Finn in which the servers op-
erate at a reduced pace rather than suspending all
primary service altogether while on vacations and
presented Simple explicit formulae for the mean, vari-
ance, and distribution of the number and time in
the system. !> As many Researchers have contributed
their findings in queuing theory, a single server finite
capacity Markovian queuing model was proposed by
Bhupender Kumar Som and Sunny Seth by merging
the two present challenges of encouraged arrivals and
the prevalent reverse reneging. '

An independent ongoing analysis of the stock for
two commodities in a queuing model was offered
by K. Lakshmanan et al. under steady state con-
ditions and the joint limiting distributions of the
random variables were examined. Measures of system
performance and long-term predicted total cost rate
were also derived.'* Again Srivaastava with other
researchers considered a Markovian model of bulk ar-
rival queuing with two service tiers—first come, first
served and bulk service and by utilizing the supple-
ment variable technique, determined the distribution
of queue sizes for the model under consideration as
well as performance metrics such server idle time,
queue length, and busy period. '°

By using bivariate probability generating function
(PGF) method, Tamrakar G. K. and Banerjee A. dealt
with a queuing model and in which the steady-state
joint distributions of the queue content and server
content (when server is busy) and joint distribution of
the queue content and type of the vacation taken by
the server (when server is in vacation) have been ob-
tained. ' Wang J et al. developed a precise numerical
approach to assess different performance indicators
of a tandem queuing network with abandonment
which can be used to analyze queuing networks with
abandonment in a variety of contexts and service
disciplines. '”

Based on the above literature review, this pa-
per discusses the concept of encouraged arrival
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in M/M(a,b)/1/MWYV and obtained with the mean
queue length and other performance measures which
can be applied to any queuing model in real life
with batch service in the fields of transport vehicles,
shuttle-bus services, freight trains, express elevators,
tour guides and so on.

Materials and methods

An M/M(a,b)/1 queuing model of multiple work-
ing vacations with encouraged arrival is considered
with the following assumptions: The arrival process in
this model is a Poisson with parameter A, whereas
the encouraged arrival process also follows Poisson
distribution with parameter i, (1+3§). According to
Neuts’ general bulk service rule (GBSR), the server
processes the clients in batches. This rule states that
the server will only begin providing service if at least
‘a’ customer is present. After completing a service, if
the server discovers ‘a’ (or) more customers but not
more than b clients in the system, then he serves them
all at once; if he discovers more than b, he serves
the first b-customers in turn while the others wait.
As a result, there are a minimum of “a” units and
a maximum of “b” units in each batch for service.
The assumption is that the service time of batches of
size s'(a < s’ < b) is an independent random variable
with identical distribution and a parameter with an
exponential distribution ‘u.,’.

When a service is finished and there are fewer
than ’a’ clients in the queue, the server starts for
vacation(s), which is exponentially distributed and
denoted with parameter 7. If the system length is
still less than “a” after finishing one vacation, the
server takes another vacation, and so on, until the
server detects at least “a” customers in the queue
(i.e., multiple vacations are used). If a server begins
providing service during a vacation at a service rate
(uwy) that is different from the regular service rate
(uw) if the queue size reaches at least “a”. The size
of the batch in service is ‘k’ with a < k < b and the
service rates are independent of the size of the batch
in service, thus when the vacations are over the server
will shift the service rate from pwy to ww, when the
server is operating in a busy period.

In this model, it is assumed that there is an in-
crease in the arrival rate, i.e., encouraged arrival
occurs in the regular busy period and then the server
continues to serve following GBSR. The above queu-
ing model with assumed conditions is denoted as
M/M(a,b)/1/MWV with encouraged arrival which
can be employed in the fields of transport vehi-
cles like cabs, taxis, shuttle-bus services, freight
trains,express elevators, tour guides and so on. Any
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concept where the service is attained in batches and
with the mentioned conditions can be expressed in
the state of queuing model as below:

State system size equations

Let No(t) = number of customers or the products to
be produced waiting at the time, ‘t’ and J'(t) =0, 1 or
2 denotes that the server is idle during the vacations
or working during vacations or in the regular busy
period respectively.

LetIR, (t) =Pr{Ngo (t) =n,J' (t)=0}; 0<n<a-1
VO, (1) =Pr{No(t)=n,J' () =1}; n>0
BP, (t) =Pr{No(t) =n,J (t)=2}; n>0

When J'(t) = 0, the size of the queue and the system
are same,

When J'(t) = 1 or 2, then the size of the system
is the sum of total number of customers waiting in
the queue or the size of the service batch containing
a < x < b customers or products to be produced.
The Steady State Probabilities satisfying the Chapman
Kolmogrov equations are assumed as follows:

VQu = lim VQ,(1);
IRy = lim IR, (t);

BP, = lim BP,(t);
t—o00
The Steady State equations are expressed below:

AwlRo = uwBPO + 14wy VQo 1

AwlRn = AwlRp—1 + twBPn + twyVQn
for 1<n<a-1 2)

()\w +1+ MWV)VQO = AwlRa-1 + puwvVQn 3)

()\w + ﬁ + I’LWV)VQH = )"WVQn—l + MWVVQn+b
forn>1 (4)

(Aw(1 +8) + uw)BPo = pwBPn + 1) VQo )

Ovw(1 + 8) 4 pw)BPy = Aw(1 + 8)BPy_q + j4wBPoyp
+7VQ, for n>1 (6)
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In the above mentioned steady state equations,
Egs. (1) and (2) denotes the idle state while Egs. (3)
and (4) denote the working vacation state and encour-
aged arrival occurs during the regular busy period
i.e., in Egs. (5) and (6).

Steady state solution

The concept of forward shifting operator (E) is in-
troduced on BP,, and VQ, to solve the above defined
steady state equations,

E (BP,) = BPyy1;

E(VQy) =VQuq1; for (n>0)

The homogeneous difference equation is obtained
from Eq. (4)

(e E®D — (3w 41 + ) E + 2 )VQq = 0 m 2 0
@)

The characteristic equation of the difference equa-
tion is expressed as follows

h(W) = (vaw(b+1) - ()Lw + Ti + MWV)W + )\w) =0

By assuming f(w) = (Aw+ 7 +uw)w and gw)
= wwy WD + A, it is obvious that if on =1, then
by Rouche’s theorem, h(w) has only one root z, in-
side the contour. As the root is real, solution of the
homogeneous difference equation is obtained as

VQn=VQo; n=0 8

Similarly, Eq. (6) can be written as

[MWE("“)—(/\W(I F8) 4 w)E + Aw(1 + 5)] BP,—7

=VQo; n=0 9

Again by Rouche’s Theorem, the equation
[awW® D — Qw(148) + W+ Aw(1+8)] = 0
has a unique root ‘z’ with |z| <1 provided % <
1.

The non-homogeneous difference equation is
solved and the solution obtained is given by

BP, = (Xz" + Yz,)VQq (10)
NZy .
whereY = ifz zZ
(14 8) (2y—1) +uwzy (1-22) .
11
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by adding Eqgs. (1) and (2) over O to n, and substitut-
ing VQ,, is obtained BP,, IR, is obtained as follows

IR, = [ﬂ (X(l—Z"“) N Y(1—z3+1)>

Aw 1-2) (1—-2)

Hwy (1 - z;H_l)
T A=z |

Hence, the steady state queue size probabilities are
expressed in terms of the unknowns X and VQ, in
order to calculate X, consider Eq. (5) and substituting
the value of BP,, it is found that

pw(z—221)
X (KW(1+5)+MW)— W)
a_ ob+1
—F—Y (xw(1+5)+uw— M) 12)
(1_Zv)
Which can be simplified as

Xpw (1—2%) U] ~ Yu(1-2))

TR (((1—zv)> (-2) ) (13)

Eq. (3) is also verified and the steady state queue
size probabilities are expressed in terms of VQq and
are mentioned as below
n>0

VQn = 2,VQo; 14

BP, = (X" + Y2")VQp: n >0 (15)

IR, =
o (X(1=2") Y@ =21\ i (1—20)
w\ - @ d-z) ) a4 d-=z

xVQp:0<n<a-—1 (16)

(-2 ] Y uw(1—2
WhereX = =) (((1—zv)>_ 1-2,) )
a7

The value for VQy is obtained by using the normal-
izing condition

a—1

Y (VQu+ BPy)+ Y IR, =1

n=0 n=0
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Thus (VQo™!) = F(zy, uwv) + X F(z, w) + Y F(zy,

Hw);

Where F(r,t) = ﬁ(] + ;_w(a _ %))

Performance measures

1. Mean Queue Length

The expected queue length (L) is calculated as

00 a—1
(L) =D n(VQu+ BP) + ) nlR, (18)
n=1 n=0

by substituting the values of VQ,, BP, and IR, (Lq) is
simplified as

(Lq) = XH (z, uw) + YH (Zv, uw) + H (2Zy, ttwv)

-1
where H(r,t) = 555 + Aw({fr)(a(az )+
ar™1(1—r)—r?2(1-r%) )

(1-r)? :

2. Other Performance Measures

If Py, Ppusy and Pjqgie respectively denote the proba-
bility that the server is in vacations state, in regular
busy and is idle in state, then

00 VQO
Pe=) (VQu) = ——
; -z

o]

X Y
Phusy = y_ (BPn) = ( ant - Zv)) VQo

n=0

a—1
Pige = Y _ IR,
n=0

Particular cases
Case 1: M/M/1 multiple working vacations model

The M/M/1 multiple working vacations queuing
model’s steady state queue size probabilities are cal-
culated

Egs. (14) to (16) ata=b =1 and A, (1+6) = Ay
imply

VQ, =2;VQo; n=>0
_ K n+l _ n+ly.
BP, = — (zJ*' —2"");n>0
2y
IRy= VZ—QO where ‘z’ = 1’1—“’, X = —? and Y =

ﬁZV
pw(1=2y)+(2y—p)
Which results in the queue size probabilities of
M/M/1 Multiple Working Vacations queueing model.
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Case 2: M/M(a,b)/1 multiple working vacations
model

In Eq. (16) if Aw(1+68)= Ay, with 8 = O then the
queue size probabilities is given as

VQu = ngO; n>0

BP, = (Xz" + Yz )VQy;

Xl_n+1
IRn:|:M—W<( z )+

n>0

Aw 1-2)

MHwv (1 - Z2+1)
Aw (1 —12y)

Y(1 -zt
1-2z)

:|VQ0;0§n§a—1

By substituting the values of VQ,, BP, and IR, in
(Lg), it is observed that

(Ly) = XH (2, jtw) + YH (Zy, ptu) + H (Zy, sty

s t a(a—1) as®t1(1—s)—s2(1—s%) y.
AS H(Sv t) - (1_5)2 + )»w(l—s)( 2 + (1_3)2 ))

(-2 7 _ Yuw(1-z§
where X = o (-2 (((1_Zv)) -z )

N2y
Y= 5
)&w (Zv_l) +MWZV (1 _ZV)

ifzy# z

Which coincides with the queue size probabilities
of M/M(a,b)/1 Multiple Working Vacations.

Case study

The above studied queuing model can be imple-
mented in all real life scenarios, where a single server
serves the customers in batches with minimum and
maximum limits. Share autos, food processing units
are some of the situations where this model can be
implemented. Winch Train and cable cars are most
widely used in many of the countries in tourist spots
and most crowded visited places. In India, many such
winch trains and cable cars are being operated in
many of the places. Palani Temple located in Tamil
Nadu is one of the most visited temples in the state
and to make it easier for the devotees to climb up
the hill, a winch train is being operated. The dis-
cussed scenario can be mathematically modeled into
M/M(a,b)/1 queuing model with the following as-
sumptions:

As only one winch is being operated, no server
is assumed to be single and it is assumed that the
minimum and maximum limit for the winch to serve
is 5 and 10 persons respectively. The arrival rate of
the customers A,, = 4 during idle and vacation state.
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Table 1. (Lg) of M/M(a,b)/1 with encouraged arrival under mul-
tiple working vacations and M/M(a,b)/1 with multiple working
vacations.

Lq (M/M(a,b)/1  Lq (M/M(a,b)/1

My 7 MWV with EA MWV
0.05 0.02 211.4884 211.4792
0.04 159.6256 159.5174
0.06 90.03724 89.93257
0.08 64.7256 64.62661
0.1 48.8218 48.7279
0.1 0.02 127.1215 127.1157
0.04 105.6186 105.3954
0.06 74.5771 74.37234
0.08 53.15424 52.96209
0.1 46.24617 46.06819
0.15 0.02 100.1694 100.1646
0.04 83.77327 83.42952
0.06 64.5224 64.21326
0.08 45.53549 45.24713
0.1 41.82879 41.56427
0.2 0.02 75.20602 75.20226
0.04 72.6344 72.16986
0.06 53.17009 52.75088
0.08 42.28379 41.90016
0.1 39.73958 39.38889

Specifically, as encouraged arrival occurs during the
regular busy period with (§ = 0.005), the arrival rate
in busy periods (Aw(1+ 38)) is 4.02. Moreover, the
service rate (uy) during regular busy period is 0.9
and the service during working vacation (uy) varies
from 0.05 to 0.2 for which the vacation parame-
ter (-n) differs from 0.02 to 0.1 respectively. With
the above consideration, the expected queue length
(L) of M/M(a,b)/1 with encouraged arrival under
multiple working vacations is compared with only
M/M(a,b)/1 under multiple working vacations tabu-
lated in Table 1:

From Table 1, it is observed that when uww =
0.05 and 7 = 0.02, the queue length is maximum
(211.4884) in M/M(a,b)/1 Multiple Working Vaca-
tions with encouraged arrival when compared with
M/M(a,b)/1 Multiple Working Vacation.

Also, it is observed when u.v = 0.2 and 77 = 0.1,
the queue length is minimum in M/M(a,b)/1 Mul-
tiple Working Vacation (39.73958) when compared
with M/M(a,b)/1 Multiple Working Vacations under
encouraged arrival (39.38889).

The above tabulations are represented graphically
in Figs. 1 and 2, respectively.

The graphical representation demonstrates that
with the increased vacation parameter -, the mean
queue length decreases gradually. Thus in each ser-
vice rate during vacation, with vacation parameters
ranging from 0.02 to 0.1, the mean queue length
reaches its peak at the minimum values of - & pwy
and the mean queue length reduces at a great margin
level when ' & pyy are maximum.
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Fig. 2. Lg of M/M (a,b)/1 MWV.

From the above computations, it is observed that
the encouraged arrival is an impact factor in deciding
the queue length. Thus on varying the encouraged
arrival rate during the regular busy period as A, (1 +
3) =4.02, 4.04, 4.2 and also by varying uy from 0.05
to 0.2, other parameters are assumed to be constant
as arrival rate in idle and working vacation (i) is
4.0, uw = 0.9 and -y = 0.02, the mean queue length
is computed and tabulated in Table 2:

The tabulated values are graphically represented in
Fig. 3.

From Fig. 3, it is clear that as the working vacation
service rate (uwy) varies from 0.05 to 0.2 the queue
length decreases gradually irrespective of the encour-
aged arrival rate.

For the varied encouraged arrival rate Ay(1+38)
= 4.02, 4.04 and 4.2, the queue length of the sys-
tem increases as 211.4884, 211.4975 and 211.5721
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Table 2. Mean queue length of varied encouraged arrival rate of
M/M (a,b)/1 MWV queuing model.

Lgaw(l + §) = Lgaw(l + §) = Lgaw(l + §) =
Hwv 4.02; § = 0.001 4.04; § = 0.01 4.2; 6 = 0.05
0.05 211.4884 211.4975 211.5721
0.1 127.1215 127.1273 127.1751
0.15 100.1693 100.1741 100.2131
0.2 75.2060 75.2098 75.2406
250
200
150
9 100
50
0 [
0.001 0.01 0.05
Koy

m005 W01 m0.15 m0.2

Fig. 3. Mean queue length of varied encouraged arrival rate of M/M
(a,b)/1 MWV queuing model.

respectively as puwy = 0.05. The graph illustrates
that when pu,, = 0.2, the queue length reaches its
minimum as 75.2060, 75.2098 and 75.2406 for corre-
sponding encouraged arrival rates of 1,,(1 +8) = 4.02,
4.04 and 4.2 respectively.

Hence queue length of the system increases with a
higher encouraged arrival rate and lesser working va-
cation service rate. Thus to reduce the queue length,
the service rate of the winch train during working
vacation can be increased.

Results and discussion

As the discussed model follows multiple working
vacations, the server works during different vacations
with varied vacation parameters and working vaca-
tions’ service rates. The M/M(a,b)/1/MWV queuing
model with encouraged arrival is discussed and it
is observed that while letting the batch size as a =
b = 1 and with the absence of encouraged arrival,
i.e.,, Aw(1+38) = Ay, the considered queuing model
resembles in the queue size probabilities of M/M/1
Multiple Working Vacations queueing model.” Also,
when there is no encouraged arrival rate, the queuing
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model coincides with M/M(a,b)/1 Multiple Working
Vacations queueing model. Additionally, the consid-
ered model is analyzed and studied with a case study
of calculating the mean queue length of a winch train
during encouraged arrival.

Conclusion

An M/M(a,b)/1/MWV queuing model with encour-
aged arrival of customers is studied with steady state.
The mean queue length and various other perfor-
mance measures were calculated. Specifically, the
considered model is discussed in the case of a single
server Winch train which undergoes batch service
during encouraged arrival. The case study has been
examined with differing encouraged arrival rates and
working vacation service rates. It can be suggested
that increased service rates may reduce the queue
length in M/M(a,b)/1/MWYV queuing model with en-
couraged arrival. Generally, the considered queuing
model with the obtained mean queue length and
other characteristic measures helps in determining
the efficiency of the queue. In future work, it is
planned to examine the M/M(a,b)/1/MWV of en-
couraged arrival with customer impatient behaviors
like balking and the heterogeneous condition of en-
couraged arrival in the M/M(a,b)/1/MWV queuing
model.
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