Vol. 8, No. 15 and 16 P. (13-20)E, 2018
Kareema Abed Al-Kadim and Ashraf Alawi Mahdi

Bivariate Exponentiated Exponential Pareto distribution

Kareema Abed Al-Kadim and Ashraf Alawi Mahdi
Mathematics Department, College of Education of Pure Sciences, University of Babylon, Iraq

Received Date: 29 /3 /2016
Accepted Date: 21 / 6 /2017

Lo
eV BUSIN DNS ¢ 3l patloas G LRS! . p siies 50l (oo okl ) gl 5 el oda (3
L VIO s Lats Tl ot lls o Knn s &3 55 5 Al i tiold] o35 30 1) A1) il 5

oLl | S
A s o S i3 5 DNl ey inald 20l (oS anll w31

AL-Bahir Quarterly Adjudicated Journal for Natural and Engineering Research and Studies 13 -



Vol. 8, No. 15 and 16 P. (13-20)E, 2018
Kareema Abed Al-Kadim and Ashraf Alawi Mahdi

Abstract

In this search, a bivariate exponentiated exponential Pareto distribution is present-
ed. We derived some properties of the distribution, as probability density function
and its marginal, marginal moment generating function, reliability function and
reversed hazard function. Finally, we presented the maximum likelihood estima-
tion.

Keywords
Exponentiated exponential Pareto distribution, reliability function, reversed

hazard function.
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1. Introduction

Al-Kadim and Boshi [1] introduced the
exponential Pareto (EP) distribution that is the
Weibull distribution is special case of the EP
distribution.

The statistical multivariate analysis is
important in many fields such as data reduction
and hypotheses testing (see Johnson, R. A.,
Wichern, D. W.,2007) [2]. The object of
this search is to construct a 2- dimensional
exponentiated exponential Pareto (BEEP)
distribution by using the similar method to
those used by Sherpieny et al [3] in finding
a bivariate distribution with generalized
Gompertz, bivariate generalized exponential
marginal distributions of Kundu and Gupta [4].
A new family of 2- dimensional distributions
was introduced by Sarhan and Balakrishnan
[5]. Block, Langberg and Stoffer [6] presented
a 2- dimensional exponential and geometric
autoregressive and autoregressive moving
average models, another class of bivariate
Gompertz distributions was studied by Al-
Khedhairi and EI-Gohary [7], Kundu [§]
presented a bivariate geometric (maximum)
generalized exponential distribution.

In section (2), we describe the models
and discuss some properties. In section (3)
we present the marginal of moment and
moment generating functions of proposed
2- dimensional distribution. In section (4)
we introduce some reliability functions. In
section (5) we obtain the parameter estimation
using MLE. Finally, some conclusions for the

results are given in Section (6).

2. Bivariate Exponentiated

Exponential Pareto distribution

In this section we introduce the BEEP
distribution. We
function (CDF), probability density function
(PDF) and some properties of this distribution.
variable Y 1is distributed

Exponentiated Exponential Pareto (EEP)

discuss its distribution

The random

distribution with parameters A and p, that
are scale parameters and 0 and a are shape
parameters, if its cdf is defined as follows:

Fopp(7:00A,p,8)=(1-exp[-A(y/p)°])",
y,o,A,p,0>0 (1)

The pdf of EEP distribution is
feep(V;Ap,0)=ck 6 p? y*' exp[-A(y/p)°]
(1-exp[-A(y/p)°®)*! 2)

2.1. The Cumulative Distribution

Function

In the following theorem introduce the
cumulative distribution function of the

2-dimentional vector (Y ,Y, ).

2.1.1. Theorem

The cdf of the
(Y,,Y,) that has BEEP (a0, a,,p,A,0), where
Y =max(D,D,) and Y,=max (D,,D,), and the
independent random variables distributed EEP

2-dimentional vector

with the shape parameters o ,a,,a,,0 and the
scale parameters p,A, j=1,2,3, D.~(a,p,A,0),
is as follows
Fy v, (7,y,)=(1-exp[-A(y,/p)°]D) " (1-
exp[-A(y,/p)]")™ (1-exp[-A(u/p)])*  (3)
where u=min(y ,y,)
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Proof: We know that
Fy v, (v,y,)=P(Y <y,Y,<y,), and since
Y,=max(D,,D,) and Y,=max(D,,D,)

That 1is FYl_Yz(yl,y2)= P(max(D,,D,)
<y,max(D,D,)<y,)
=P(D,<y,D,<y,D.<min(y,y,))
As Dj~(aj,p,k,9)are independent random
variables, we get
F, v, 0y,)=P(D,<y)P(D,<y,)
P(D,<min(y,y,))
=FDl (v,;a,p,A,0) FD2 (y,o,pA0) F,
(u;a,p,A,0)
=(1-exp[-A(y,/P)°D,, (1-exp[-Ay,/p)]°)®
(1-exp[-A(u/p)])™ m

2.2. The Probability Density Function
We can derive the pdf of the (Y ,Y,) in the
following theorem.

2.2.1. Theorem If the cdf of (Y1,Y2)
is as in (3), the pdf is
le'Y2 (yl’Y2)=

1 6
D) A0y = (@ +a5) 16 pfy,0-1e () (1 —expl-i (%) ])

a;+az—1

(22’ o\
X a; 16 P_HJ’Ze_le l(;) (1 —exp[-4 (%2) ]) @
for y;3 <y,

1\¢ a;-1
2) 2Oy2)=a; A6 17_9}’13_13_11 ("7) (1 —exp[—1 (%)0])

0 0 aztaz—1
x (@ + ) 20970, ) (1 expl-2(2)) ©)
for y, <y )
o arta,+az—1
£ = a10py-1e” 0 (1-exp-2()7) ©

for y1=y,=y
Proof. For y; <y,
a;+as

FrnOny) = 0wy = (1-ept-2 (2)1)" (1-emi=2(2)1)" )

Then, 210 _ PROD _ ()
Also, y2 <y1.
0\ 0 \Q2tas
BowyD) = (1-expl=2(2) 1) (1-expl-2(2) ) ®
92F,(y1,
And then —aioglym = fL,(y1,¥2).

But when to find f, (yy)we use the
following formula to derive f, (y,y)

Sl £ Gy, dy, dy,+[ 7 [ f,
(v,y,) dy, dy,+[ = £, (vy)dy=1

let],=f =ff (v,y,) dy, dy,and ],=/
Jof vy, dy, dy,
Then

I = 12 17 + ) 20 p0y, 0 erpl= (2)” (1 expl2 (2)1)

2] gy %2—1
X Aa, 6 p~fy,%1exp [—/1 (%) ] (1 —exp[-1 (%) ) dy,dy,

a;taz—1

_ . 0. -1 ~ &g B ~ &9 a;taztaz-1
Jo 2@z 0p7%y, " exp|-A () | (1 - exp[-2 (3 dy, 9
Similarly
atazt+az—-1
_ L oa®)’ 0
=fy awa0p et ) (1-enr-a(2)) a0

From (9) and (10), we get
I £O.y)dy = (a3 + ag +a3) 16p~°
0 6 \wrapraz—1
©,0-1 —21(2 — —21(2

x [yt exp[ A(p) (1 exp[ A(p) ]) dy

- o o Y P Y § \Q1taztaz-1
—J, a226p~y®texp[-21 (;) ](1 —exp[-1 (;) ] dy

a1+ataz—1

—Jy @ 20p Ty texp[-2 (%)0 ] (1 —expl=2 (%)9]) @

hence
i 9 ata,taz—1

sow=es 10y tenta (e ) (12 ()

2.3.
Functions

Marginal Probability Density
We derive the marginal probability density
function of (Y ,Y,) in this subsection.

2.3.1. Theorem The marginal probability
density functions of Y, (j=1,2) is given by

£, 00) = (o + ) 10 p0yf expl=A ()] (1~ expl-2 (%))

=fY,-(}’jiaj+“3'P./1y9) (11)

proof:
The marginal cumulative distribution function
of Y, say F(Y].) (y].), as follows:

Fr,(v,) =F (v;) = P(y <¥,) = P(max(D;,D3) <y) = P(D; <y, D3 <y) (12)

and since D, is independent of D,, then
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FOop= (1 —exp[—1 (%)G])ai (1 —exp[—1 (%)9])'13 = (1 -
expl—i (%)9])Gj+a3

=F, ()@ + a3,0,4,6) (13)

By differentiation w.r.t. Y,
(yj) asin (11)

then we get fY ;

2.4. Conditional Probability Density
Functions

We present the conditional probability
density functions of (Y,Y,)by using the
marginal probability density functions in the
following theorem.

2.4.1.Theorem The conditional probability
density functions of Y, given Y, =y,

Y/Y (y yk) 9.] k=1 29_]751( is glven by

for AN

ZJ_ 0 » ajtaz-1
(p) (1_exp[_,1 (%) ])

(@xtas)(1-exp[-2 (%)91)13

(aj+az) axA 8 p~Oy;0-le

v (5/9:) =

for y < yj

aj—1

)
100, 0;/9i) = g 26 p0,0 e

and for yj =y, =y
a;;(l—exp[—l(%)g])al_l

(az+az)

flfis/)yk (yj/yk) =

Proof.
We can prove this theorem by using the
relation

frj) v () Yk)

o k=12 17)

friv, (yj/yk)

Using (4) where j,k are replaced instead of

1,2 respectively and using (11) to prove (14),
Therefore we use (5),(6), (11) to prove (15),
and(16). [

14

-2 (1-expl-2 (g)”]) (15)

3. The Marginal of Moment and
Moment Generating Functions
We present the marginal of moment and

moment generating functions of Y,

3.1. The Marginal Moment
We present
Y.=1.2.

the marginal moment of

3.2. Theorem
The r“th moments of Y, is given by

r(3+1)

()

(a]+a3—1

E(Y)) = (a; +as) Ao p" Z
(18)

Proof

E(Y) = Jy" ¥/ £, () dy;= (@ + as) 20 p~°1I

where
ajtaz—1

1=y tenl-2 ()1 (1-ew-2(2)) ay

Since 0 < (1-exp[-A (yj/p)e])<1 fory, >0,

then by using the binomial series expansion

-Z

ajtaz—

(1 —exp[—2 (%)e]) ’

) (@ Yexpl —ia (2)'] 19

That 1s

> [ ey 00 PN
A6E(Y]) = (@ +a10p7 2 (1) (757 [y exp[ ~ia () ]

Then
[

3.2.1. The Marginal Moment
Generating Function

We find the marginal moment generating
function of Y, (j=1,2) in the following lemma

3.2.2. Proposition
If Y ~BEEPD, then the marginal moment
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generating function of

Y. (i=1.2) is:

M, 6) = o e o 3] S T

a+1(#*)

(20)

Proof
My, (6) = B@) = [ ety () d,

=2 2 yi)dy = X LE(Y)

r=0 r=0

er-

3.2.3. Using Theorem
My, () = (@ + @) 9pr (1)

i=0 r=0

4. Reliability Functions

We discuss some reliability functions, the
reliability function, hazard function and

the reversed hazard functions in this

section.

4.1. Reliability Function
We introduce the reliability function of
(Y,.Y,) in following theorem .

4.1.1. Theorem The reliability
function of the random vector (Y ,Y)) is:

)) . (1 o (y—:f)

21)

Ry, v, v y2)

D Ruy)=1- (1 - eil(

+(1— 9_1(71

B

<
—
)
N—
R
R
+
]
@
/-~
[y
|
o
|
~
—
1N
—
)
Q
N

for y; <y,

2) R (ypy)=1-— (1 B e_l(%)a)“”“s 7<1 B e-l(y;’)")amg (22)

(1= @Y (1 e (—))

for y,<wm

and

i tr (aj+a3 1) F(§+1)
i (i+1)(§+1)

o\ A1tz aytag

Rs(ny)=1-— (1 -6 - (1 - (%)9) (23)
+(1 ~ e_l (%)e)ajhzzi»a;

f Q)

or y; =Yy, =Yy.And using exp [—/1 ] e

Proof.
The reliability function of (Y ,Y,) can be
obtained by:

Ry, v, Oy2) =1- [Fl(}ﬁ) + F () — Fy v, 1, ¥2) ] (24)

a+as 9
A% o —a(%
RY1,Y2(J’1'}’2)=1—<1— e (”) ) —(1— e (”) )
) ai+aztaz
+(1 — 6 )

aztag

where u=min(y ,y,)
that is if yl= y2=
formula
Ry, v, 01Y2) = Rs(0,y) = 1= () — R + B(0ny)  (25)
while we use the following formula when
yl <y2,
Ry, y, 01¥2) = R, %) = 1= () — K32 + F 0, %2)  (26)

and if y, < y1, we use the following formula

y, we use the following

and if y2 < yl, we use the following
formula
Ry, v, 01,Y2) = R,(y1,¥2) =1 -F(3) = () + (1, 2) (27)

4.2. Hazard Function
Let (Y,Y,) be bivariate random variable

w+e With joint pdf f, ., (v,y,). We define hazard

functionh . (y,y,) as
hazard function hy . (y1,¥) as

(28)
f?,_ Yo (y1yz)
Then, hy‘ Yz (O1,y2) = Ry, v, (roy2)
ify <y,
f1(y1,¥2)
hi(y1,¥2) = —Rll (y11 yzz ) (29)

where f, (y,,y,) from equation(5) and R,
(y,»y,) from equation (23),
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ify2<y1

f2(¥1,¥2)
Ry (¥1,¥2)

hy(y1,y2) = (30)

where f (y,y,) from equation(6) and R,
(v,y,) from equation(24)

ify,=y,=y
)

where f, (y,y) from equation(7) and R,
(yy)from equation(25)

4.2.1. Reversed Hazard Function
and Its Gradient Vector

4.2.2. Reversed Hazard Function

The reversed hazard function by:

r (y y ) _ fyl,Yz (yllyZ)
Y1 ’YZ L2 FY1,Y2 (yl:yZ)

Now, we find the reversed hazard function
of BEEPD as

(32)

r(y,y,) for y;, <y,

vy, v, OLY2) =| 0w, y2) for y; >y,
r3(y,y) for y, =y, =y

1) i y2) = (g +a3) A0 p~y;

— (1- )

<20yt (16 (33)
for V1 <Y,
2) r, (v, ¥2) =‘11/19p_BJ’19_19_/1(%) <1— e'l(%) >
x (ap+az) A0 p~fy,% e -a (%2 ) A(J’z (34)
3)  fefyy k=, az; 10 pPyf-le () L e ; (35)

for yy =y, =y

4.2.3. Gradient Vector
The gradient vector of bivariate reversed
hazard function by:

Ty,.v, Ouy2) = (T1(J’1) 1,(y2)) , where

fr; )
np) = Fy’(y') 3, = logFy,(v)); j = 1,2, then (36)

N

¥ire vj
() = (aj+az) A0 p‘eyje‘le_}L &) (1 _e? ) ) ,ji=12 (36)

5. Maximum Likelihood Estimation

In this section we can estimate the unknown
parameters of the BEEP distribution, by using
the method of maximum likelihood (Kundu
and Gupta [3]).

Suppose ((Y,,Y,,),(Y,,Y,, ), (YY) ))
is a random sample from BEEP distribution
where
= iy <)) ma = G, > 1) ms = Gty =¥y = )m =3 m, (37)

We find that the likelihood of the sample
1s given by

I(o0,0,p AO)=]]_" £ (v,5,) [I_™f
vy [ Gy)

The log-likelihood function becomes:

L(a,a,a,pA0)=n  In(a+a)++n In
(a,)+2n, In(})

+2n, In(6) — 2n, 6 In(p) + (6 — l)i ln( ylj) - AZ]: (%)a

n "\ n
+(@ +az— 1Y In (1 . ) +(60 -1 In(y)

YV2j 6

—AZ (y”) + (ap — 1)2l In (1 _ G )+n21n(a1)
+n, In(a, + a3)+2n,In(1) + 2n, In(6) — 2n, 6 In(p)
+(9—1)"ﬁ 1n(y1j)—/1nﬁ (E)9+(a1—1)§ ln<1— e‘l(?f)
+(0 - 1)2 1n(y2]) /12 (y“) + (o +az—1)
X Z In (1 —e l(yz) >+ln(a3) + nsIn(A) + ns In(8) — 13 6 In(p)
1 N
+(6 - 1)21 () =A% (3) +@+a+a=1)
x i In (1 - e"l(%s)
The first partial derivatives of (38) are

) Zln<1—e (%)e>

(38)

oL $ 1)
= + 24— 1)), ln(l— et
Jj=1

60:1 zzl+u3 a
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-1
D

(ﬁ)e the statistical software, to get the ML of the
+(a, + az — 1)2 In (1 —e ) (39)

unknown parameters.

Jj=1
m T\ n N
S e M % (1— ) >+(a3—1)2 ln(l— G )
» 6. Conclusions
< -1(%) (40) : - .
Ha+az -1 In(1-e"% In this research we presented a bivariate Exponentiated

n B me
a—L=L+L+%+(CI1—1)E ]n(l_el(p)>
3 j=l

das ajtaz  aqtas

Exponential Pareto distribution whose marginal
are Exponentiated Exponential Pareto distribution.

" We discussed some statistical properties of the new
1—e " "\»

HeDY [n<1 ¢ )+(a1+a2 D2 i “D bivariate model. they observed that the MLE of the

= j=l

6

%=%‘2} (%)9+(a1+a3 _1)2} ((T’) 1(1(, 9)) _% (%)g unknown parameters can be obtained numerically.
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