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Abstract

Let (M,d") be a metric space, ¢ be a map from a metric space (M,d’) to itself
and satisfy the Asymptotic Fitting Shadowing property(AFSP) then these results
are satisfy: For every meN,¢™ has asymptotic fitting shadowing property and ¢ is
chain transitive, also, if y has the asymptotic fitting shadowing property then ¢>y
has the asymptotic fitting shadowing property. In addition to the other results on
the asymptotic fitting shadowing property.
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1. Introduction

In dynamical systems the pseudo-orbit trac-
ing property (POTP) is the most main ideas
[1]. Blank defined the average shadowing
property in studyingchaotic dynamical sys-
tems [2]. Yang conversed the relationship be-
tween topological ergodicity and the POTP for
maps, and proved that the POTP with a chain
transitive map is topologically ergodic [3].

Guo and Gu conversed the relationship to-
pological ergodicity with the average shadow-
ing property (ASP) for flows, and proved that
the ASP with

Gu introduced the notion of the AASP,
which is less power than the asymptotic POTP
in the shadowing method, and achieved the
relation transitivity with the AASP. He also
proved for a compact metric space M, if a map
¢ has the AASP and continues on M, then ¢
is chain transitive[5].

In this paper we try to discuss the concept
of the Asymptotic Fitting Shadowing prop-
erty (AFSP) is topologically ergodic, We get
that asymptotic fitting shadowing case with
Lyapunov stable map from a compact metric
space to itself, is topologically ergodic but not
topologically weakly mixing, it is not also to-
pologically mixing.

2. Preliminaries

Let N symbolize the set of natural numbers
and Z symbolize the set of integer numbers,
7 + symbolize the set of nonnegative integer
numbers. In this section, we introduce some

definitions that we will use in this search, we
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recall some fundamental definitions. Let (M,d)
be a metric space and ¢: M—M is a continu-
ous map. For every positive integer m , We
define ¢™ inductively by ¢™ =dodp™'andp™
= ¢lodp™!, If A and B are two nonempty
open subsets of M after that we let N(ANB)
={m€Z :¢" (A)N B£@}, for A,.BCM, w€M,
we write N(A, B)={ m€Z_: AN¢™ (B)#0 },

N(w,B)={n€Z :¢™ (n)EB}. Symbolize by
N, (B) the open ball with center ® and radius «.

2.1. Definition

[6] Let § :M—M be a map and (M,d") be
a compact metric space. A sequence {0}, 1s
named orbit of ¢ if ViEZ we have o, =¢p(o,)
and we called it a « - pseudo-orbit of ¢ ViEZ,
we have d (§(»,),0,,) <. The map ¢ is re-
minded to have the shadowing property, if V
e>0, 3 >0, so V5 - pseudoorbit {w.}. _ ise-
shadowed by the orbit {$' (), iI€Z},T zEM, it
means, V i€Z we have d(§' (z),0,)<e.

2.2. Definition

[6] Let {®.}i=0" be a sequence in M, if 3
o>0 and a positive integer N=N(a ) such that
VmEN and n>N, we have

n-1

1

= @ @rm), Oremen) < %
i=0

then a sequence {w} _,* is named a « -
average pseudo orbit of ¢ .
A map ¢ is reminded to have average shad-
owing property, if V&>0, 3 < >0,s0 V -
average pseudo orbit {®.}._, is € - shadowed in

average by the point yéM , it means ,
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n-1

1 .
— P d@'y) w) <e.
i=0

lim sup

n—->co

We introduce a new definition as the following:

2.3. Definition

Let{o,},_,* be a sequence in M, if 3 >0
and a positive integer N=N(a ) such that
VmEN and n>N, we have

n-1
> @ @ism ) Gtemen) < @
i=0

then {o.} _* is named a a - fitting pseudo-
orbit of .

A map ¢ is reminded to have fitting shad-
owing property (FSP)ifvVe>0, 3a>0soV a-
fitting pseudo orbit is €- shadowed in fitting
by the point yEM , it means

n-—1

lim sup d(pi( y), w;) < &.
n—oo -
=0
2.4. Definition
Let {w.}._*be a sequence in M is named
the asymptotic
fitting pseudo-orbit of ¢. if

n-1
lim > d($ (@), i) = 0.
i=0

A sequence {, }._* in M is reminded to
be asymptotically shadowed in fitting by the
point y € M if

n-1
lim » d(¢'(y), w)=0
n—oo
i=0
We say that ¢ has asymptotic fitting shad-
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owing property (AFSP) if any asymptotic fit-
ting pseudo-orbit of ¢ is asymptotically shad-
owed in fitting by the point z € M.

2.5. Definition
[7JAmap ¢:Z+ x (0,¢] — N such that
£,>0, then ¢ is called mistake map if V €€ (0,
g,] and V m€Z +, we have ¢ (m ,¢) < ¢ (m+1
,£) and
b (m,e)

m

lim 0.

n—oo

Supposed a mistake map ¢ , if e>¢, then

we know ¢ (m,e)=¢ (m &) .

2.6. Definition
[7] A continuous map ¢:M—M has the
almost specification property if there is a mis-
take map ¢~ and a function k(bv :(0, ©)—N so

for any m>1 , any ¢ ,£ >0 any pointy,

[ e
...y, EM, and any integers

o> kq)v (e,) setting
n=0 and 1J.=Z(S=O)0'” nfor j=1,...,m .We can
find a point z€M so for each j=I,...,m, we

have W) (2)€B; (§:z .¢).

2.7. Definition
[6] Let {w.}._ “beasequence in M is named
asymptotic average pseudo-orbit of ¢ if

n-1
d( ¢ (w), wi41) = 0.
i=0
A sequence {w.}._ in M is called an as-

by the

lim —
n—-oo N

ymptotically shadowed in average
point y € M if

n—1

1 .
lim — E d(¢'(y), w) =0
mene
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We say that ¢ has asymptotic average shad-
owing case if any asymptotic average pseu-
do-orbit of ¢ is asymptotically shadowed in
average by the point y € M.

2.8. Definition

[8] Amap ¢ is called topologically transi-
tiveiffor A, BCc M where A, B#0,N(ANB)#0Q.
yEM is named a transitive point if orbit y is
dense in M.

2.9. Definition

[9] Let $:M—M be a continuous map,
(M,d) be a compact metric space. For o< €R,
so « >0, a sequence{y.} ,” in M is named
an d - chain if d(¢ (y),y,, ) <, Vi=0,1,2,...,
the map ¢ is said to be chain transitive if V
z,y€EM and each « >0 , there is a finite -

chain {y.y,,...,y } such that y =z and y =y.

2.10. Definition

[8] A map ¢ is called topologically mixing
A, B, ImeZ+, N(AN B) D {m, m+1, ...} A
map is named topologically weak mixing if
¢x¢ topologically transitive.

2.11. Definition

[8] A map ¢ is named chain mixing if for
all z,y€M and every 6>0 , there exists NEN
such that for any n>N there is J - chain from
x toy with length n.

2.12. Definition
[10] Let $:M—M be a continuous map and
Let (M,d ) be a compact metric space with
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metric d' . We say that ¢ be topologically er-
godic if for any A, BCcM and A, B are open
sets, A, B#@, then N(A ,B) has positive upper
density, that is,

Card (N(4,B)n{0,1,...m—1}) >
m

0.

D(N(A,B)) =limsup
m-oo

qcZ, is called syndetic if INEN, where
[m,m+N]Ng#@ for every neN. ¢ is called
strongly ergodic if for any pair of nonempty
open subset A, BCM, N(A ,B) is syndetic set.
If VKEN, ¢~ is strongly ergodic, we call ¢ to-
tally strongly ergodic. We observe that

totally strongly ergodic = strongly ergo-
dic = topologically ergodic =

topologically transitivity.

If each yEM is transitive point, then we say
¢ is minimal. yEM is said to be minimal, if
for every neighborhood B of y, N(y,B) is syn-
detic. Let AP(¢$) symbolize of the set minimal
point of ¢.

2.13. Definition

[10] Let (M,d") be a compact metric space
with metric d'and $:M—M be a map, a point
yEM is named stable point of ¢ if V £>0,3
v>0, where d ($" (y), ¢" (w)) < € for all vEM
with d'(y,0) <yand V n€Z,. Amap ¢ is named
Lyapunov stable if each point of M is stable
point of ¢.

3.Main result and proof.

Let $:M—M be a map and (M,d" ) be a
metric space. we prove some results of the
asymptotic fitting shadowing property, also
we show that if ¢ has the asymptotic fitting
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shadowing property then ¢™ has the asymptot-
ic fitting shadowing property for every posi-
tive integer m.

We also prove if (M,d") be a compact and
a map ¢ has the asymptotic fitting shadowing
property on M, then ¢ is chain transitive. We
get that a Lyapunov stable map with the AFSP
from a compact metric space onto itself is to-

pologically ergodic.

3.1. Lemma
[7] If {a } ,~ be a bounded sequence of
non-negative real numbers, then

the following conditions are equivalent:

() lim ~3 a, = 0>

(2) There is a subset ] ©N of density zero,

that 1s,

lim Card(Jn {0,1,2,..,n—1}) —

n—oo n

0 such that 112’]1 a, =0.

3.2. Theorem

Let $:M—M be a map and (M,d") be a com-
pact metric space. If {y, }, __*is an asymptotic
fitting pseudo-orbit of ¢ and ¢ is chain mix-
ing, then there is an asymptotic pseudoorbit
{z},.,~ of ¢ sothe set {kiy #z }

has asymptotic density zero.

proof: By chain mixing of ¢:M—M, for ev-
ery j there exists an integer L. so that for any
points y,zEM there exists a 1/2! - chain of length
L+1 from y to z. we may suppose that L+1 is
a multiple of L for every j. Assume that{y,}
“ is an asymptotic fitting pseudo-orbit. By

k=0
Lemma 3.1 there exists a set k so d(k)=0 and

(lim)(keK) d(¢(y).y;,)=0. 3.1
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Since d(k)=0, there exists a strictly increas-
ing sequence {nj}jzl‘” such that for every j we
have L+1 divides n, and L, -card (k | n)<1/2J,
for every n>n,. By (3.1) we may assume that
if k¢k and k>n, then d(¢(y)), y,,,)<V2". Now
we define a set k” and sequence { z |~

i+1
(kg k) in
the following way: for every j and for every t
such that [sLj, (t+1) LJ.) C [nj, njﬂ) ifk N [sLj,
(t+1) L)# @ then we include the set [tLj,(t+1)
L)NN in k*. We define {z},_,
V2 - chain from to y . of length L, +1.
Note that z (tL )=y and z
Let k’ and {z } (kek)
procedure . For k€k we put y = x,. First note
that for k>n, we have (d(¢ (z), z,)<1)2*and
hence{z * is an asymptotic pseudo- orbit.

D L) g9 g

@D L) () L)
be obtained by the above

k} k=0
Furthermore, if we fix any n> n, then there is

n<n<n,, so 7>0 and
card(k’ | n)=card(k’ | n)+Y
(k’N[n,n,,,) | n)
< card(k’ |n, }+Y_*card L,
((kN[n, n,)|n)
<card (k* | n)+L, card (k | n) <
card (k* | n) + 1/2
This shows that d(k’)=0.
The proof is completed by noting that

{k:yk;éz(k)}c k. m

j
(-1 card

3.3. Lemma
[7] Let $:M—M be continuous map and
(M,d) be a compact metric space, If ¢ has the
almost specification property and surjective,

then ¢ is chain mixing.
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3.4. Theorem
[7] Let $:M—M be surjective map and
(M,d) be a compact metric space, if ¢ has al-
most specification property, then ¢ has the as-
ymptotically average shadowing property.

3.5. Remark

The Theorem 3.4 does not give the asymp-
totic fitting shadowing property ¢ because: let
{y.}._,” be an asymptotic fitting pseudo-orbit
of ¢. By Lemma 3.3 is chain mixing, and
therefore we may use Theorem 3.2 to obtain
an asymptotic pseudo-orbit of ¢, denoted {z }
o "»such that d({i:y#z })=0.

So we cannot to show that {z}_* can be
asymptotically shadowed on fitting by point ®
€Y, then ¢ does not satisfy the asymptotically

fitting shadowing property. m

3.6. Proposition

Let $:M—M be continuous map and (M,d)
be a compact metric space, if for every posi-
tive integer m, ¢ has the asymptotic fitting
shadowing property then ¢"m has the asymp-
totic fitting shadowing property .

Proof:

Suppose ¢ has the asymptotic fitting shad-
owing property and m is positive integer. Let
{y,} .., be an asymptotic fitting pseudo- orbit
of ¢™, that is,

lim 2 d@* (), Yie1) =0.
Let Zemae = $"01) , forall 0 < k <mandallt 2 0.

lim ) (@G zi) <
i=0

(3.2)

n
N 1 m
Since e ’!l_l“l;lu ; d(®™ (V) Yier),
F

n-1
we getfrom (32)that  lim Z A2, zi1) = 0
i=0
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That is , the sequence {z 1} (i=0)"cc is an
asymptotic fitting pseudo orbit of ¢. So , there
is point ®E€Y'such that

A=1
lim d(d'(w), ) =0, (3.3)
n—so ; ¢
=1 =1 m=1
note that lim Zd{q:"“(w}. ¥)= lim Z Z A ™ (), Zgrman)
i=0 w=0 k=0

tm=1

= lm Z d (@) ).

im0
-1

lim " d($™(w). %) =0

(=1

From (3.3)that

Thus ¢™ has the asymptotic fitting shadow-
ing property .

3.7. Remark

There are difference between the asymptot-
ic average shadowing and the asymptotic fit-
ting shadowing case for example : if ¢"'m has
the asymptotic average shadowing for some
meZ,, then so does ¢, but if ¢™ has the as-
ymptotic fitting shadowing property for some
meZ_, then does not ¢.

3.8. Theorem

Let $:M—M be continuous map and (M,d)
be a compact metric space, if ¢ has the as-
ymptotic fitting shadowing property then ¢ is

chain transitive.

Proof:

Assume that y, zEM such that y #z and y>0.
It is enough to prove that exists a y- chain
from y to z.

we defined a sequence {U}._* as follows.

LetU=y,z= U,
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Us=y,z=U,
U4ZYa (1) (Y)a Z-l, 7= U7
=Y, b (9),e 02" (y), 22m 2,
= Uz“‘* 1
where ¢ (z-k)=z-k+1 for each k>0 and z =z.
It is clear that for 2"<n<2™! and

n—1

D AU, Upyy) <

i=0

2(m+1)xD

2m ’

where D is the diameter of M , that is , D=
max {d(y ,z) 1y, ZEY} .

n-1

Thus lim Z A DU, Usyy) =0.
n—oo
i=0

It means {y,}_” is an asymptotic fitting
pseudo-orbit of ¢. Since ¢ has the asymptotic
fitting shadowing property , there is a point ®
in M so,

n-1

d(d'(w), U;)) =0 (3.4

=0

lim

n-o

Since y>0 and ¢ is continuous map, 3
LE(0,y) such that d'(s,t)<u

implies d(¢ (s), ¢(t))<y for all s,tEM .

Claim. (1) There is no limits of integers
number k>0, so

Uy €45, 0o (1)) and dig™ (o),
Unh

(2) There is no limits integers number >0 , so

U €1z w1, ..., z-1, 2z} and d(¢™ (o), U )<u.

Proof (1) Assume on conversely that
INEZ, so Vm€Z, m>N, so that U€ly,
(y),- 4" ()}, itis got that (¢ (@), U)>p.
Then it would be got that
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d( ' (@), U;) 2

=0
This contradiction with (3 .4) and the proof
(1) is complete.
Proof (2) is similar to the Proof (1).
From this Claim , we pick [ k)] 0 [ ,r)] O

are positive integers and so

ad
2

n_>n and
0 Io

U, E: o). S0 (y)} and (¢ (o),
Unko <u.

UnrO €E{z
<K

It may be assumed Unkoz g1) (x) for some
k>0

Unr0 = y-r, for some r >0 .

. z-1, z } and d{¢"™0 (0),U_
10

21041 2

That is, y- chain from y to z:

y 090 () = U,
(I)nk0+2(u)),. . .’(I)nro—l(o\)),
U =zr,z-rtl,...,z.
Ny

Thus, ¢ is chain transitive. ®

g (o)

3.9. Proposition

Let $:M—M and y:T—T be maps ,(M,d)
and (T,d ) be metric spaces,. Then, ¢x vy has
the asymptotic fitting shadowing property if
and only if ¢ and y have the asymptotic fit-
ting shadowing property.

Proof: &)

we choose the metric d” on ¢x y as fol-
lowing : For m=(m,,t), t= (m,, t)) € ¢xy, d
7 (m,t)= max {d(m, m,), d’ (t, t,)}, Assume
that ¢ and y have the asymptotic fitting shad-
owing property and {(m,, t)}_ *be asymptotic
fitting pseudo-orbit of ¢x vy, that is,
lim B d” (& x $)m;, ), (i, tien)) = 0.(3.5)
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It means

n-1

lim > d(@0m),misy) =0 (3.6)

n-1

lim > (), tier) = 0,
i=0

such that {m } _ “and {t}  *areasymptotic
fitting pseudo orbit of ¢ and vy ,respectively,
thus there is r , r, EM such that

lim Z d(o'tr), m) =0, (3.7
i=0

n—1
Tlli_r)gz dWitr), &) =0. (3.8)
i=0

By Lemma (3.1) and (3. 7), 3J,cZ of zero
density so
]ll_)rg) d($'(ry),m;)) =0 (3.9)

so j&J .Similarly, 3 J CZ of zero density so
}Lr?o d(Yi(ry), ) =0 (3.10)

so J&J, . Let J=J NJ,. Then, JcZ, subset of
zero density and tma” (@x ¥)'¢i ). (my.5)) =0 (3.11)

so j&J . so that, by Lemma 3 .1 we have

n—-1
lim
n—oo
i=0

d” ((Cbx )’ (Tl'rz)r(mj:tj)) =0. (312)

Thus ¢ y has the asymptotic fitting shad-
owing property.

=) Similarly ,we can show that if ¢x y
has the asymptotic fitting shadowing property
then ¢ and y have the asymptotic fitting shad-
owing property. m

3.10. Theorem

Let $:M—M be a Lyapunov stable map
and (M,d) be a compact metric space, If ¢ has
the asymptotic fitting shadowing case, then ¢
is topologically ergodic.

Proof:

Iftichar M.T. AL-Shara'a and Raad safah AL- Joboury

Let S,,S,cMand S, S,#@. We pick meS
,2€S, and €>0 such that B(m,e)c S, and
B(z,e)c S,. Since ¢ is Lyapunov stable and M
is compact, 3 « >0 so for any s, tEM,d(s,t)<
implies that d{¢" (s),$" (t))<e,vVn>0.

Construct the sequence {u,}._* as shown:
z=u,

7= U.3

u,=m-1,y,z-1, z=u,

u,=m,

u,=m,

m

r-1

r-1 ol o

2 e

Uy = ., m-2, m, z . Z-2,
z-1, z=u 1

where ¢ (m_j)z m_ ,Vj>0,z=zand ¢ (z)=
z, V1>0,

z,= z. It is clear for 2'<n <27,

-1

n-1

S o, u < LEXL
i=0

o7
where D= max{d{(m,z): m,z €M } is the
diameter of M. Hence
lim(n—+0)¥, " dl(u).u,.,)=0.
Hence {u.} _ *1is an asymptotic fitting pseu-
do-orbit of ¢. Since ¢ has the asymptotic fit-

ting shadowing case, 3 u€M, so
n-1

d(d'(w),u;) =0. (3.13)
Let] =it u€fm

J={1: u€{z
(w),u)< .

Claim: J and J have positive upper den-
sity, that is , D' (J )>0 and D (J )>0.

proof of Claim. Now, we will prove D

lim
n—-+oo
ity Miyicty ey M, M |,

Z,i1se.s Z,, 2} and d(¢'

2Ly

'(J)=0. assume conversely, D (J, )= 0 then we

have
. Card(J,, n {0, 1, ... , n—1})
lim =

n—+o0o n

0.

m m

Let J’mz{i:uie{m_zi-lﬂz irlseees 10 m}
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and d{¢' (u),u)<}.

. Card(J'_n{0,,..,n—-1
Then Jim 24U mN{ i) _ 1,
n-+o n 2

so V ue(0,1/2\), 3 N>0 so

soVuE(O,%),3N>0 SO
Card(J’_ n{0,1, .., n—-1 1
U'mn { Do,

v >N.
n 2 nzN

n-1
So,lim sup Z d(¢'(w), w;) = lim sup d(di (), w;)
n-+o n-+oo
=0

i)' un{01,.n-1}
Card(J'. n {0, 1, ...,n—1
> o lim sup Umn i )
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)
Since p is arbitrary, we have
n-1
d(d'(u), u;) =
i=0

This is a contradiction with (3.13). Hence
D (J_)>0.

Proof that D (J )>0 in the same way.

Now letJ (z)={l€J :u=z }, Vt=0. Then, by
Claim, 3t,>0,s0 D (J o (@)>0.

We pick 1, > 0 and 0 < k < 2')-1, s0 ¢
(weB (m_kO ,0€).

v Je ] ; (z) with J> 1+k, we have ¢
(u)EB(z_tO,oc). Because ¢ Lyapunov stable , we
have ¢'o*0 (u)EB (m,g) and ¢'*'o (u )EB(z,¢).

Let nj=(j+t0)-(10+ko). We have ¢"i (B (m,e)N
B(z,)) # @. So, ¢4 (S)) N'S,# @. Thus D

(K(S).s)>D( ,, (2))>0. Hence ¢ is topologi-
cally ergodic. m
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