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الخلاصة
تم وضع نموذج لخلية شمسية مكونة من زوج من النقط الكمية باستخدام معادلة استمرارية الحاملات الثانوية 
الكمية،  للنقط  الأرضي  المستوي  مساهمة  بالحساب  الأخذ  ممكنا  جعل  النموذج  هذا  الكثافة.  مصفوفة  نظرية  مع 
الطبقة الرطبة، والحاجز تم اختبار مساهمة معدلات الاسترخاء المختلفة، والكفاءة الكمية للخلية. لقد وجد إن أعلى 
المعدلات يخص الإلكترونات من طبقة الحاجز إلى الطبقة الرطبة في حزمة التكافؤ، لذا فإنه للحصول على كفاءة كمية 

عالية لابد أن يكون هذا المعدل عالياً. 

الكلمات المفتاحية
النقطة الكمية، الخلية الشمسية، الطبقة الرطبة، نظرية مصفوفة الكثافة.
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Abstract
Double quantum dot solar cell system was modeled and studied by cou-

pling the minority carrier-continuity equation with the density matrix theo-
ry. This makes it possible to take into account the contribution from ground 
state in quantum dot (QD) in addition to wetting layer (WL) and barrier. The 
contribution of different rates and the quantum efficiency are examined. It 
is shown that the highest rate was that from barrier-to-WL in the conduction 
band, thus, to get high QE one needs that this rate was high.
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1. Introduction  
Solar cells (SCs) suffer from low conver-

sion efficiency (~ 40%) due to the limited 
range of photons that can be absorbed from 
solar spectrum. Many approaches are used to 
increase efficiency, like; hot carrier relaxation, 
quantum cascade structure, and intermedi-
ate band structure. Nanostructures, especially 
QDs, has shown to cover these approaches 
[1, 2]. Hot carriers can be cooled in QDs by 
fast relaxation, cascading is possible in QDs 
by their inter-sub band transitions, and finally, 
QDs can work as an intermediate band corre-
sponding to the bulk band gap [3-5].  

Due to their promising results, In As/GaAs 
QDs was extensively studied as a quantum 
dot solar cells (QDSCs). This comes from 
their possibility in band gap engineering and 
the concept of the intermediate band solar cell 
(IBSC) due to increase the power conversion 
efficiency of QDSCs [6].

Quantum coherence can be realized in 
QDs by manipulating their electron-hole (e-h) 
transitions. This can be done by designing QD 
geometry to obtain localized states at the de-
sired energies energy states. This resulting in 
a controlled de-phasing times [7]. This opens 
the way to desire a QD collections to realize 
the required application such us SC. Double 
quantum dot (DQD) structures can now be 
grown by self-assembling technique [8, 9].

Gioannini et. al. introduces a set of arti-
cles that models QDSCs by connecting drift-
diffusion equations of bulk carriers with QD 
carrier dynamics to study the effect of ther-

mal-assisted processes [10, 11-13]. Joelly et. 
al. compares the influence of inter-sub band 
optical absorption with thermal inter-sub band 
optical absorption [1]. Using the model pre-
sented in [10], Cedola et. al. studied the effect 
of excitonic carrier escape on QDSC perfor-
mance [14]. In [11] Cappelluti et. al. studied 
the QDSC under selective doping where they 
predicts that high doping dominates the emis-
sion from wetting layer (WL). Plasmonic QD-
SCs were examined by Foroutan and Baghban 
in [12]. 

Although of these examples, which is a 
very few part of QDSC researches, but the use 
of DQD as a QDSCs was not examined to now 
and we examine DQDSC for the first time. 

2. DQD structure
Considering a QD molecule synthesized 

from double dots. Each QD was an In As QD 
of a quantum disk shape with radius of a and 
height of h. QD sizes are (h= 2 nm, a =14 nm) 
for the first dot and (h=3.5 nm, a =13 nm) for 
the second dot. Each QD have one conduction 
and valence sub-band, while the WL conduc-
tion and valence sub-band are the reservoir 
states for both dots. Thus, three conduction 
sub-band and three valence sub- band were 
considered. Barrier conduction and valence 
bands were also considered. A sketch of en-
ergy band diagram for DQDSC structure was 
shown in Fig. (1).  

3. The dynamical equations of DQD system 
Considering the system Hamiltonian of 
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DQD system
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 is the Rabi frequency and mµ  is 

the momentum matrix element for the transi-
tion between   and m states. Note that mµ  is 
calculated considering orthogonalized plane 
wave  between WL and QD states [5,15]. w



is the frequency corresponds to Rabi field mΩ

as in Fig. (1).

Fig. (1): Schematic energy diagram for DQD system with WL and barrier bands.

The dynamical approach for DQD system 
is written as follows [16],

[ ], (2)i H
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d ρρ
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

Substituting the Hamiltonian H into the 
above density matrix equation, two types of 
dynamical equations can be written for DQD 
system with WL and barrier shown in Fig. (1),
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Note that   and j  are refers to the states 
0 , 1 ,..... 7  with 4 , 5 are conduction and 

valence band WL states, and 6 , 7  are refers 
to conduction and valence bands in the bar-
rier layer. Other states are DQD states, see 

Fig. (1). Also, jjρ  refers to the occupation of 
state j , the off-diagonal density matrix ele-
ments jρ  are correspond to transitions be-
tween states   and j , while jjγ  refers to the 
relaxation from state j . The Rabi frequency 
was / 2j jj E µ=Ω     with jω  is the frequency  
of transitions energy jω . Note that ( )n pJ  was 
the or electron (hole) diffusion photocurrent 
defined in the following section.

4. Relaxation rates
The relaxation rates are defined as 

0(1 ) / 5[ ] ( )ij ij jj ijR ρ ρ τ= −

So for example 0
10 10 00 10(1 ) / ][R ρ ρ τ= − . 

This includes the following rates: 10R ( 23R )
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is the inter-DQD electron (hole) relaxation rate, 
QD electron (hole) capture rate from WL; 41R
, QD hole emission rate from QD to WL; 35R ,
Inter-DQD recombination rates are 30R and 21R
, and QD recombination rates are 31R  and 02R .

5. Derivation of QE in solar cell
Beginning from the minority carrier-conti-

nuity equation and applying the boundary con-
ditions on each side of the junction for holes 
on the n-side and electrons on the p-side, one 
can write [17, 18],

2

2 0, (6)n n
p L

p

p pD G
x
δ δ

τ
∂

− + =
∂                
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where the excess hole (electron) concentra-
tion due to external excitations is expressed as 

0,n n np p pδ = − 0( )p p pn n nδ = − , with ( )n pp n
is the total hole (electron) concentration in the 
n-region (p-region), and 0 0( )n pp n  is the hole 
(electron) concentration without any injec-
tion. pτ  and nτ  are the hole and electron life-
times, respectively. Dp and Dn are the diffu-
sion coefficients for the hole and electron. The 
electron-hole generation rate as a function of 
the distance is given by [18],

( ) (1 ) ( ) (8)xG x R x e αα −= − Φ
              

 (8)
where R is the optical reflectivity between 

the air and semiconductor, ( )xα  is the coeffi-
cient absorption (as a function of the distance 
x) of the optical intensity, and Φ is the illumi-
nated photon number. In Eq. (22), ( )G x  = LG
, and the generation rate is at steady state. For 
the p-side, the generation rate was [17]

( ){ }(1 ) exp , (9)n n n j d p jG R x W x x Wα α α α  = − Φ − + + − − 
       

 (9)

 where pα , nα  , dα  are the absorption co-
efficients of the p − , n − , and depletion lay-
ers, respectively, jx  is the depletion depth, 
and W is the depletion width. Eqs. (6) and 
(7) are solved by summing the homogeneous 
and particular solutions. After some manipu-
lations, the relation of the hole density is de-
rived. It is given by

( )
( ) ( )

2 2
( / ) ( / )

2 22 2

1 cosh( / ) ( ) ( )
{ [ ] } 10
sinh( / ) ([ / ] ) ([ / ] )1

n j j p p nx x L x Ln p p p n p p n p x
n

j p p p p p p pn p

R x L D S D S
P e e e e

x L D L S D L SL
α αα φ τ α α

δ
α

− −− − −
= − + −

− −−

Note that pS  is the surface recombina-
tion velocity at the p-layer. ( )p p pL Dτ=  is 
the hole diffusion length. The hole diffusion 
photocurrent on the n-side is dominated by the 
diffusion and is given by

The electron density in the p-region can be 
derived in a similar way to that used for the 
hole density. It is written as shown below, 
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Note that '     jH H x W= − − . 
After obtaining the photocurrent density in 

p-region from Eq. (10) using;

. (12)p p nJ qD P
x
δ∂

≈ −
∂     

 (12)

and a similar one for nJ  .
The drift photocurrent density from the 

depletion region is defined by [17].
( ) ( )1 1 (13)n j dx W

drJ q R e eα αφ − −= − −
         

 (13)
while the QE is defined by the relation [17]
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6. Computational skills
The dynamical equations, Eqs. (3)-(4) 

are solved by using the 4th order Rang-Kutta 
method under Matlab after coupling it with 
the derivatives of the current densities ob-
tained from Eqs. (10) and (11). The QE was 
calculated using Eq. (14). QD energy sub 
band are calculated under quantum disk mod-
el [19], momentum matrix elements under or-
thogonalized plane wave approximation were 
calculated [5, 15]. 

7. Results and discussion
Fig. (2-a) shows the hole current density 

( )PJ  versus junction depth where the current 
density was reduced with increasing depth. 
Fig. (2-b) shows the electron current density 
( )nJ  versus junction depth where the current 
density was reduced with increasing depth. It 
is shown that electron current density lowers 
that of holes in Fig. (2-a) by three orders.
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Fig. (2): (a) The hole current density ( )PJ  and 
(b) The electron current density ( )nJ  versus 

junction depth.

7.1. Effect of DQD rates
A comparison between e-h model with 

exciton model was done in this section. Fig. 
(3) shows the variation of occupation prob-
ability vs the inter-DQD capture rate 10R . It 
is shown that 00ρ  occupation in the exciton 
model exceeds the separate e-h model, in the 
contrary to the case of 11ρ  occupation. In the 
e-h model, while 00ρ  increasing with 10R , 

11ρ  descending. The bistability behavior was 
shown in both 00ρ  and 11ρ  at low 10R  rate. 
In the exciton model the occupations are con-
stant with changing 10R  rate.
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Fig. (3): The variation of occupation probabili-
ties vs the inter-DQD capture rate 10R : (a) 00ρ , 

(b) 11ρ , (c) 10ρ .

Fig. (4) shows the variation of occupation 
probability vs the interdot transition rate 20R . 
Also 00ρ  occupation in the exciton model exceeds 
the separate e-h model, in the contrary to the case 
of 22ρ  occupation. In the e-h model, while 00ρ
increasing with 20R , 22ρ  descending. Also occu-
pations are constant with changing 20R  rate in the 
exciton model. The rate 20R  was greater than 10R .

Fig. (4): The variation of occupation probabili-
ties vs the interdot transition rate 20R . 10R : (a) 

00ρ , (b) 22ρ , (c) 20ρ .
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Fig. (5) shows the variation of occupation prob-
ability vs the QD  capture rate 40R  from WL. Here,  
the occupations in the exciton model lower than that 
in the separate e-h model. In the e-h model, the rate 

40R  in the e-h model was less by one order than the 
exciton model. The capture rate 40R  was smaller than 
both 20R  and 10R  which is due to the difference be-
tween continuum WL and completely quantized QDs. 
Note that one must refers to the lowest momentum 
matrix element for transitions between WL and QDs.
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Fig. (5): The variation of electron occupation probability 

vs the QD  capture rate 40R . (a) 00ρ , (b) 44ρ , (c) 40ρ .

Fig. (6) shows an important property of us-
ing DQD structure. While the capture rate 40R
from WL to QD was the least compared with 
QD-QD transition rates, the captur rate 41R
from WL to another QD was high. The sepa-
ration between WL and QD energy state was 
one of important parameters controlling the 
momoentum matrix element. This can speed 
up the processes in DQD structure. Multista-
bility behavior in both 11ρ  and 44ρ  occupa-
tions was obvious in the insets of figures.

Fig. (7) shows the electron capture rate 
from barrier to WL 64R  vs carrier occupations 

44ρ , 66ρ , and 64ρ . Compared with the above 
figures, it is shown that this WL capture rate 

64R  was the highest rate in this DQDSC stru-
ture. While WL carrier occupation 44ρ  was 
very low, the carriers in the barrier layer 66ρ
are very high. Except the case of 10 11R ρ−  (Fig. 
2 (b)) where the occupation 11ρ  in e-h model 
exceds that in exciton model at some rates, 
all other occupations in the exciton model ex-
ceeds their values in e-h model. Here, 66ρ  in 
e-h model exceeds that in the exciton model at 
all 64R  rate. From Figs. (3-7), it is shown that 
the highest rate was that from barrier-to-WL 
in the conduction band 46( )R .

Fig. (8) shows the hole capture rate from 
QD to WL 25R  vs carrier occupations 22ρ , 55ρ
, and 25ρ . For these three occupations, the val-
ues of exciton model exceeds e-h model.

7.2. Effect of junction depth
Let us examine the carrier occupations of 
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structure states versus the junction depth jx
. Fig. (9) shows electron occupations 00 11,ρ ρ
in the QDs. Occupations in the exciton model 
exceeds that in the e-h model.

Fig. (10) shows hole occupations  22 33,ρ ρ
in the QDs where they are in the same range 
of QD electron occupations in Fig. (10). For 

33ρ , e-h model exceeds the exciton model. 
Fig. (11) shows electron occupations of 

WL 44( )ρ  and barrier 66( )ρ  vs junction depth. 
Low WL occupation, as also seen in Fig. (7), 
with high electron occupation in the barrier. 
While the carriers are ascending with junction 
depth jx  in WL, they are descending with jx
. Carriers in WL using exciton model exceeds 
that calculated from e-h model while both 
models are conicides in 66 jxρ −  curves for 
barrier layer.

Fig. (12) shows hole occupations of WL 

55( )ρ  and barrier 77( )ρ  vs junction depth. Hole 
occupation was also low in  WL and high in 
the barrier. Hole are constant with junction 
depth jx  in WL, while they are descending 
with jx  in the barrier. Carriers in WL using 
exciton model exceeds that calculated from 
e-h model while both models are conicides in 

77 jxρ −  curves for barrier layer.

7.3. Quantum efficiency of DQDSC 
Fig. (13) shows QE vs inter-DQD capture 

rate 10R . QE appears at 10R  rate in exciton 
model higher than that of e-h model. This is 
a result from the occupation of CB QD states 
shown in Fig. (3). The same behavior was also 

shown for CB-CB, and CB-VB QD states. As 
an example Fig. (14) shows QE vs rates of 
CB-VB QD states. This behavior then chang-
es for WL-QD rate 40R  as in Fig. (15) where 
QE appears at low rate for exciton model. For 
WL-barrier, QE appears at the same rate 64R
as in Fig. (16). 

From Figs. (14-16), it is shown that the 
rates in the exciton model are more efficient 
in changing QE while the rate 64R  was effi-
cient in both models. This returns to the im-
portance of both WL 44( )ρ  and barrier 66( )ρ
occupations as shown in Fig. 13. Thus, to get 
high QE one needs to have high 64R . This also 
comes from our recent conclusion that WL 
washes out the modes due to its long capture 
time compared with that of inter-dots [20]. 
Practically one can chosse a barrier material 
that having a long relaxation time to WL com-
pared with relaxation between dot state.

8. Conclusions
By coupling the minority carrier-continuity 

equation with the density matrix theory, DQD 
solar cell system was modeled and studied for 
the first time. The momentum contributions 
for QD-QD, QD-WL, and barrier-WL where 
used to calculate the contribution from ground 
and excited states in QD in addition to WL 
and barrier. The contribution of different rates 
and the quantum efficiency are examined. It 
is shown that the highest rate was that from 
barrier-to-WL in the conduction band 46( )R . 
Thus, to get high QE one needs to have high 

46R .
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Fig. 6: The variation of electron occupation probability vs the QD  capture rate 41R . (a) 11ρ , (b) 

44ρ , (c) 41ρ .
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Fig. 7: The electron capture rate from barrier to WL 64R  vs electron occupations (a) 44ρ , (b) 

66ρ , (c) 64ρ .
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Fig. 8: The hole capture rate from QD to WL 25R  vs hole occupations (a) 22ρ , (b) 55ρ , (c) 

25ρ .
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Fig. 9: Electron occupations 00 11,ρ ρ  in the QDs versus the junction depth jx .
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Fig. 14: QE vs rates of CB-VB QD states.
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