Vol. 9, No. 17 and 18, P. (63-68), Jun, 2019

(Manal Naji) M. N. Al-Harere and Athraa T. Breesam

On Bi-domination in Graphs

(Manal Naji) M. N. Al-Harere and Athraa T. Breesam
Department of Applied Sciences, University of Technology, Baghdad, Iraq.

Received Date: 14 /6 / 2017
Accepted Date: 1 / 11 /2017

Lot
e ganll odn (§ 80 IS OIS 15) ¢ GLI e I (3 o 53 L1 Bl 13 e ozl o2 Eragll e paznll
gl Bdor Sy a5 Lk 005 o5 ¢ Jadl 1n (3 Brogll e gl 1] OLazy ¥ ey Jo B a3
cllasl) 3Ll dnasdl ¢ Aol 3lad) dran ¢ Alins B3LS Bned) tor 53 ) e idms oo (y2 5 ,Le 25
S5 AN B o s I o Ll Wadl 550l 0ud o ) Bl 8505 4SS 8 2 ¢ 30l el

ol,l;ll o.l.h&

fm il | IS
5 e ¢ ol Do bl 5L e yag ¢ S Eadl £5L3 e pot ¢ Aliteun Drahl AL Ao yast ¢ Lo bl A5LS
e L3S dans chiandl ASLS LSS

AL-Bahir Quarterly Adjudicated Journal for Natural and Engineering Research and Studies



Vol. 9, No. 17 and 18, P. (63-68),Jun, 2019

(Manal Naji) M. N. Al-Harere and Athraa T. Breesam

Abstract

A dominating set is a bi-dominating set in a graph, if every vertex in this set,
dominates exactly two vertices that, do not belong to the dominating set. In this
work, five new definitions of domination have been presented, which they are
a modified versions of bi-domination: “independent bi-domination; total bi-
domination, connected bi-domination, restrained domination, and complementary
tree bi-domination”. Upper and lower bounds are determined for the size of graphs

having these parameters.
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1. Introduction

Let G=(E,V) be a graph with a set V(G) of
vertices of order n and a set E(G) of edges of
size m. The “degree of a vertex v€ V(G)”, of
any graph G is defined as the number of edg-
es incident on v. It is denoted by deg(v). The
“minimum and maximum degrees of vertices
in G denoted by 06(G) and A(G) respectively
. The “open neighborhood “N(v) is the set of
vertices adjacent to v, and the “closed neigh-
borhood” N[v]=N(v)U{v}.” The subgraph of
G induced by the vertices in D is denoted by
G[DL,[2].

O. Ore is the first one who introduced the
term “domination number” and “dominating
set ’[5]. Aset D “C” V is a “dominating set
“1in G, if every vertex in V — D is adjacent
to a vertex in D, that is N[D]=V. The mini-
mum cardinality over all dominating set in G
is the “domination number y(G)”[7]. In recent
years, many types of domination-related pa-
rameters have been studied. For a historical
reference in this regard see books written by
Haynes et al [3, 4, 6].

A dominating set D is an “independence
dominating set” in G if [D] ,doesn’t has edges,
and where a set D is a “total dominating set” in
G if G[D] , has no isolated vertex and, if G[D]
1s connected, then this is known as a “connect-
ed dominating set” in G, if G[D] is connected,
also set D known as a “restrained dominating
set” where, “every vertex doesn’t belongs to
dominating set D, is adjacent to a vertex in
D and, to another vertex not in D’[3]. A set
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D is a “complementary tree dominating set”
if, G[V-G] is a tree [8]. Finally, the new defi-
nition is the “bi-domination” where a domi-
nating set D is a “bi-dominating set” in G, if
every vertex in set D dominates exactly two
vertices in V-D [1].

Here, the definitions of the parameters of
some types of bi-domination like “indepen-
dent bi-dominating set, total bi-dominating
set, connected bi-dominating set, complemen-
tary tree bi-dominating set and restrained bi-
dominating set” are introduced, this study in-
cludes the bounds of the size of any graph has
these types of domination.

1.1. Definition [1]

“For any graph G(V,E) which is finite and
simple undirected graph without isolated ver-
tex, a subset D C V(G) is a bi-dominating set
if every vertex in D dominates exactly two ver-
tices in V-D, such that |N(v) N V-D| = 2. The
minimum cardinality of bi- dominating set is
denoted by vy, (G). The domination number of
G, denoted y, (G) is a minimum cardinality

over all bi-dominating set in G”.

1.2. Observation [1]

For any finite simple graph G(n,m) with a
bi- dominating set D and bi-domination num-
ber ybi(G). We have

The order of Gisn > 3.

3(G) =1, A(G) >2.

Every v € D, deg(v)> 2.

Every support vertex v,ve€ D.

Y(G) <v,; (G).
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2. Independent bi-dominating set
2.1. Definition

“A subset Dc V(G) is an independent bi-
dominating set in graph G if, D is a bi-dom-
inating set such that, the induced subgraph
<D> has no edges, while the minimum cardi-
nality of an independent bi-dominating set is
denoted by y, ' (G)”.

2.2. Theorem
If graph G(n,m) has an independent bi-
domination number vy, ' (G) then

2 —n+ (¥5i(6))* — 2ny4i(6) + 5 ¥5i(G)

; n
2yp(G) sm < >

Proof.

The proof requires two cases and as fol-
lows: let Dbea v, '-setof G.

Case 1. To prove the lower bound 2 v,/
(G)<m:

By the definition of independent bi-dom-
inating set, G[ D ] is a null graph, and there
exist exactly two edges incident to, every ver-
tex in D. Let G[ V-D] be a null graph. So G
contains as few edges as possible and G[ V-D]
will not violate the definition of independent
bi-domination. Therefore, the number of edg-
esis 2 D=2 v, (G). Thus, in general m> 2
v, (G).

Case 2. To prove the upper bound:

Since set D is independent then, all verti-
ces of G[D] are isolated and since, the number
of edges of G[V-D] does not affect vertices of
set D then, let G[V-D] be a complete induced
subgraph. Let m, be the number of edges of
G[ V- D] Therefore,
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Since, D is a bi-dominating set, so let
m =2|D|=2 vy, ! (G) ,s0 m=m +m,.

(n— yli,i(G))(n— y,f',i(G)—l)

Hence,m = 2|D| + P

[V—D||[Vv-D—-1]| i
F = 2406 +

3. Total bi-dominating set

3.1. Definition

“A subset DCV(Q) is, a total bi-dominating
set in G if set D is a bi-dominating such that,
<D> has no isolated vertex, vy, ' (G) is the mini-
mum cardinality of a total bi-dominating set in
G”.

3.2. Theorem
Let G(n,m) be a graph having a total bi-

domination number vy, (G) then

2
3yL(G) <sm< " L (G))? —nyL,(G)+ 27 (G
Vbl( ) =m= +(yb1( )) n)/bl( )+ )/bl( )

Proof.

Letset Dbea vy, '-set of G.

Case 1. To prove the lower bound 3 v,/
(G)<m:

This case occurs when the induced sub-
graph G[ V-D] is a null graph, and since D
is a total dominating set, so every vertex in D
has at least a degree equal to 3. Therefore, the
number of edges is m=3 [D| so 3y, (G)<m.

Case 2. To prove the upper bound, this
case occurs where, the two induced subgraphs
G[D] and G[V-D] are complete, so let m,
and m, be the number of edges of G[D] and
G[ V- D] respectively. Therefore,

_ IplIp-1] _ vi(@)(¥i(@)-1)

1
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And according to the definition of bi-dom-
ination set we have m, edges between G[D]
and G[ V-D] where, m =2|D|=2 v, (G), so in
this case m=m +m_ +m..

Hence,

D |D 1| , Iv-Dllv-D-1]| Yhi(©)(vhi(6)-1)

m= 2|D| + P =2yp + 2

(n=v5:i(6))(n— Vbx(G)-l)

+

+

2
In general, m<m +m_ +m,.

4. Connected bi-dominating set

4.1. Definition

“Let D be a subset of V(G) then D is a
connected bi-dominating set in G if, D is a bi-
dominating set, such that, <D> is a connected
induced subgraph. y, ¢ (G) is the minimum
cardinality of a connected bi-dominating set”

4.2. Theorem
The size of graph G(n,m) has connected

bi-domination number y, © (G) is
2

nZ—n
3y5(G) —1<m< + ¥5:(6)? —nyp(G) + 2y5(6)

Proof.

We prove the required by two cases that
depend on the bounds as follows: Let set D be
ay, -setof G

Case 1. To prove the lower bound 3y, -1< m.

Based on a Theorem 2.3 the number of
edges is m =2 [D|=2y,. since D is a bi-dom-
inating set. Moreover, the induced subgraphs
G[D] should contain as few edges as possible
to be a connected. Thus, the minimum num-
ber of edges is m,=(D-1)=( y,° (G)-1) thus,
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m=m +m,=27,° (G)+( Yol (G)-1)=3 Yol (G)-1.
In general, m>m +m,.
Case 2. The same proof in Theorem 3.2

(case 2).

5. Restrained bi-dominating set

5.1. Definition

“A bi-dominating set is a restrained bi-
dominating set D in a graph G, such that G[ V-
D] has no isolated vertices. The minimum car-
dinality of a restrained bi-dominating set, is
the restrained bi-domination number of G, 1s
denoted by v, (G).”

5.2. Theorem
The size of graph G(n,m) has restrained
bi-dominating set ybir (G)1s

<m< + ¥5i(G) 2 = n vy (G) +2y5,(G)

2@+ [

Proof.

Let D be a v, - set of G, so the number
of edges is calculated from the two following
cases.

Case 1.
2v5(6) + [F29] < m:

This case occurs where the induced sub-

To prove the lower bound

graph G[D] is a null graph, and since D is a
bi-dominating set then the number of edg-
es is m= 2 [D]=2 vy, (G). Additionally the
graph G[V-D] should be containing as few
edges as possible to be a graph with iso-
lated vertices. Thus, the number of edges is

2|

Hence,

" Vbt“") , SO 1n this case m=m +m,.

n— ym(G)]

=2v5(6) +| In general,

m=>m lerz.

AL-Bahir Quarterly Adjudicated Journal for Natural and Engineering Research and Studies




(Manal Naji) M. N. Al-Harere and Athraa T. Breesam

Case 2. The same proof in Theorem 3.2 (case 2).

6. Complementary tree bi-dominating set

6.1. Definition

“The complementary tree bi-dominating
set D is, a bi-dominating set such that, the
induced subgraph <V-D> is a tree. The mini-
mum cardinality of a complementary tree bi-

dominating set, is denoted by y_* (G) “.

6.2.Theorem
Let G(n,m) has complementary tree bi-
dominating set y, © (G), then

ot n‘—n

+ (v5i(6))? = ny5i(6) + 2v5(6)

Proof.

Let D be a 7, set of G, so we prove
the required by two cases that depend on the
boundaries as follows:

Case 1. To prove the lower bound vy,
(G)+n-1<m.

Depending on a definition of bi-domi-
nating set the number of edges is m = 2 |D|=
7, (G). Moreover, the induced subgraph G[
V-D] should contain as few edges to be a tree
graph so the number of these edges is m,=|V-
D|-1=(n- y,“-1). So, in this case, m=m +m,=2
Y, -y, -1). Hence,m> 1y, “+n-1.

Case 2. The same proof in Theorem 3.2 (case 2).
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