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ORIGINAL STUDY

The Analytic Solution of Non-linear Burgers—Huxley
Equations Using the Tanh Method

Kabir O. Idowu **, Adedapo C. Loyinmi "

? Department of Mathematics, Purdue University, USA
® Department of Mathematics, Tai Solarin University of Education, ljagun, Ogun State, Nigeria

Abstract

The emergence of the Burgers—Huxley equation (which involves the famous Burgers equation and the Huxley
equation) to predict response systems, dispersion moves, and nerve charge transmission in traffic patterns, sound,
turbulent conditions theory, hydrodynamics has attracted the attention of scientists to provide reliable and efficient
solutions to the problem.

The present work employed the Tanh method to solve the Burgers—Huxley nonlinear partial differential equations. In
contrast to previous results with complicated and laborious solution characteristics, this method is accurate, efficient, and
requires little computational work. In showing this, we solved four Burgers—Huxley case study problems using the Tanh
approach and obtained the exact solution. The solutions of the four cases were presented graphically. In addition, the
findings demonstrate that the Tanh method is an effective and robust approach for constructing the exact solution of

nonlinear differential equations.

Keywords: Tanh methods, Burger—Huxley equation, Nonlinear partial differential equation, Analytic methods

1. Introduction

P artial differential equations (PDEs) are crucial

for numerically modelling many processes in
science and technology [1,2]. Understanding them is
essential to gaining a thorough understanding of the
actions of natural and artificial processes [3—6].
Because of its complexity [7], researchers are
constantly searching for computational and analyt-
ical techniques to solve nonlinear differential
equations [8,9]. Particularly, there are various ap-
proaches in the research for locating the numerical
and exact solution to non-linear partial differential
equations [10—17]. Numerous scholars have exten-
sively researched nonlinear PDE, resulting in it
becoming pervasive [18—21].
In 1915, Bateman proposed the Burgers' equation,
which he later changed to the Burgers' equation
[22,23]. The Burgers' equation is widely used in

engineering and science, particularly when dealing
with nonlinear equations [24]. Mathematicians and
researchers are doing increasingly important and
interesting things with Burgers' equation [25]. As a
nonlinear partial differential equation, the
Burgers—Huxley equation is essential for compre-
hending the connection among formation processes,
flow effects, and dispersion processes [26—28]. The
Burgers—Huxley equation is in the form

U, = U, — aU’U, + gU(1 - U°)(U° — ). (1)

In time past, various methods have been used
to solve the Burgers—Huxley equation such as the
homotopy perturbation method [29], elzaki trans-
form method [27], adomian decomposition method
[30], spectral collocation method [31], G'/G-Expan-
sion method [32], homotopy analysis method [33],
etc. However, the Tanh method has not been used
to solve the Burgers—Huxley equation [34,35]. The
Tanh method is an effective approach for searching
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the wave propagation of one-dimensional dynam-
ical waves and transformation equations [34,36—38].

In this view, this research work seeks to solve the
Burgers—Huxley equation using the Tanh approach
and confirm the accuracy and efficiency of the
method. The paper is presented under the following
sections: Section 2 describes the method of the so-
lution, Section 3 presents the application of the
method with four examples, Section 4 presents the
graphical solution, and Section 5 presents the
conclusion.

2. Method of solution

The complex wave and evolutionary models we
want to study (for convenience, through space) are
often expressed as

Ut = (:v(ll7 Ux, Uxx, ) or Utt = G(U, Ux, Uxx, ) (2)

The aim is to determine a possible exact
dynamical solution to (1) and provide a suitable
approach to solve it [39].

Firstly, we merge the variable x and ¢, to arrive at a
variable n = k(x — Vi), It establishes the dynamic
point of view [40]. Here k and V represent the wave
number and the velocity of the travelling waves [41].
Despite that, the values of the two parameters are
not known, we estimate that k> 0 [42]. Furthermore,
the independent variable U(x,t) is substituted by
U(n). Equations like (1) are then transformed into

du du U
or
U au _,d*u
2727 7 el Vi
RV G(U,kdn,kzdnz,...). (4)

As a result, we will be dealing with Ordinary
differential equations rather than Partial Difference
equations [43,44]. Our primary objective is to arrive
at exact solutions to such tanh-form Ordinary dif-
ferential equations. If that is not feasible, estimated
solutions can be obtained. As a result, we present a
new independent variable y = tanh(n) into the Or-
dinary differential equations [45,46]. Hence, we can
obtain the finite power series solutions in y.

N

Fly)=> ay" (5)
n=0

Which  incorporate  solitary-wave  and

shock—wave profiles [47]. We determine the degree
(N) by comparing and balancing [48]. The coeffi-
cient a, follows from solving a nonlinear algebraic
system [49,50].

3. Existence and uniqueness of the solution

In this section, the existence and uniqueness of
the Burger—Huxley solution will be discussed. To
accomplish this goal, we employ the Galerkin
approximation to prove the well-posedness of the
equation. This is accomplished by presenting the
weak formation model first. There exist

U EM=[(0, T); M2(W)|nM2[(0, T); K3 (W)]nM4[(0, T);
MH ()]

such that Vuy,

() (222) s efurzev)

ot ox o ox? (6)

+8{(LP — (a+ 1)U +all), V) =0.

(U(x,0),v)=(up,v). (7)

We now apply the Galerkin approximation that
satisfies (1), giving the orthogonal basis function
{71,772, 73, ., Tw CKF(W) NK* (W)} [51]. Then we get;

ou, o*U, ou, 3 2
TR +al, T +BP, (U — (a+1) Uz +al,)

=0,on¥ x (0,T),

(8)

n
where nex, and U, = > ¢;(t)7;

i=1

It has been demonstrated traditionally in [51—53]

that the solutions to the Burgers'-Huxley Equation
(1) and Equation (16) are the same. The foundation
for proving the existence and uniqueness of the
solution to the Burgers'-Huxley problem is provided
by the preceding connections. Using the above
connections, the solution of the Burgers—Huxley
equations exists uniquely as shown in [51].

4. Application
4.1. Case 1

At =00=1, v =1, 8 =1, then the equation
becomes
ou o’u
a—WJr ua-uyu-1). 9)

By transforming equation (5) we have

du_,dU(n)
V=R

Next, we introduce y = tanh(n).
au

Also, we assume that u(n)—0, and 5 —c 0 as

+UM@A-U())U(n)-1). (10)

n— oo.
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0. 2 _ 3 _
KV (1—v?) dF(y) +IR(1-17) {i [(1 — ) dP(y)H y :—kVay —ap+2a; —ay =0,
dy dy dy yl : =2y + 4apay — 3a5a1 —a1 =0,
+E(y)(1-F(y))(F(y) -1) =0, y* : kVay + 242 + 3a0a; =0,
N (11) y3 : 2k2u1 — u? =0,
From (5), F(y) = >_ a.y". Equality holds when each coefficient of power of y
n=0

vanishes. Therefore, from 1°, we get a3 = 2k>.

N
: _ . . i
Then, we substitute F(y) = ,;,‘W , and differen Substituting a2 = 2k? into the rest of the over-

tiate where necessary. determined system of nonlinear algebraic equations
N N
N AT D [ AT NN (12)
w9 S vap L] B B ) (B ) o
Yy Yy Yy
N .y
N a,y'n = Y
w(i-y?) | > ML -y
=0 N lay'n® ay'n 13
L1y [ 3o () (13)
()| 3 (-
N N N
+ Z azy" (1 — Z a,,y”) Z a.y" — 1) =0
n=0 n=0 n=0

and solving using Maple 13 solver, we have
By expansion, we can only see that the highest k = %I VvV = 4’ a =1 a = V22 =1

=3

power of y appears to be yN*? in the second term Since F(Y) = ag + my,
and y*V in the third. Then,

Therefore,

BN=N+2,

2N =2, 11 1

Thus,

Recall that y = tanh n and n = k(x — Vt),
X Then,
FY)= Z a.y" = ay+ ay, (14)
n=0

(1+tanhk(x—V#)).  (18)

N[ =

1
Then substituting F(Y) = ao + a1y into equation ~ %(¥:f) =3 (1+tanhn) =
(9), We have,
Substituting the values of k and V
—kV (1-y*)a1 —2K* (1—y*)yas +ao(1—ao—yar)
(01 —1)+ary (1— a0 —yar ) (g -y 1),

(15)
1 V2 ([ V2
t)==(1+tanh— | x ——¢ 19
Through expansion, we have ux,t) 2< a 4 (x 2 >>’ (19)

—kVay + kVayy? — 2K ayy + 2K ayy® — ag + 2a3 + 4apary — ay — 3azary
+3a0a3y* — ay + 2y*al — ady?
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4.2. Case 2
Ata = —1,0 =1,y =1, 8 =1, then the equation
becomes;
ou u  Ou
5_a_xz+ua+u(1—u)(u—1). (20)

By transforming equation (5), we have

o U gy (”’L;—fjh U(n)(1- U(n))
< (Um)~1).

(21)
Next, we introduce y = tanh(n).
Also, we assume that u(n) —0, and ‘;—%}IH co0asn—
0.

d

By expansion, we can see that the highest power

of y appears to be yV*2 in the second term, y*¥*! in
the third term, and " in the fourth.

Therefore,

BN=N+2, 3N=2N+1,

N =2, 3N — 2N =1,

N=1. N=1.

Thus,

1
FY)= Z ay" = ap+ a1y (25)
n=0

Then substituting F(Y) = ay + a1y into equation
(17), we have

(1) dl;—(yy)+ R(1- ) [— [(1 ) dl;—(yy)ﬂ k)1 - ) EYL Fya -y Ey) - 1) =0, (22)

dy

N
From (5), F(y) = > a.y" .
n=0

Then we substitute F(y) = er:]:oany" and differ-
entiate where necessary, we have

N N
dy ay" dy ay"
W1y ) g | ()

Then,

N a, )

N a3

n n=0
kV(l—yz)lZa"yn +E(1-y?)

n=0 y 9 N
+(1-v) [Z

n=0

dy

KV (1—y*)ar = 2K (1 — ) yas + k(ao +ya) (1~ y*)ar+
(ao +ya1)(1 —ag —yar)(ap +ya; — 1),

(26)
By expansion, we have,
N
N d Zoany"
+kY ay(1-y)—=—+
nZ;u -y
(23)
ay'n®  ay'n
U (24)
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kVa, — kVayy? — 2K ayy + 2Kk*ary° + kagay — kagary® u(x.t) 1 (1 _ tanhl (x —i—%t) ) ' (30)
+ kady — kaly® + 2a5 + dapary — ap — ay — 3azary 2 2

—3a0a1 y +2a,2 y —yal—uly ,
(27) 4.3. Case 3

Ata = —1,0 =1,v =1, 8 =1, then the equation

(=]

:kVa, —ag — a) + kagay +2a3 =0,

y becomes
y' 1 4apa; — 2K*a; — a; + alk — 3aja, =0, 83 5
y* 1 —kVa, — kagay + 242 + 3apa’ =0, E—a—;—i— a—u+2u(1 u)(u—3). (31)

w

<

. _ 27 3 _
12k atk—a;=0. By transforming equation (5), we have

Equality holds when each coefficient of power ~ (32) n11 g au
of y vanishes. Therefore, from 1%, we have —kV——=1 (2 ) +kU(n) n )+2LI( )A—=U(n))
dn dn d
212 —ark — a? = 0. (28) (U(m)=3).
By solving th drati i 32
y solving the quadratic equation, Next, we introduce y = tanh(n)
a Also, we assume that u(n)—0, and 44 , o0 0 as
k=—Zor k=m (29 o .

e . (33)
Substituting a; = —2k into the rest of the over- o y) ENE dF(y)
determined system of nonlinear algebraic equations Kv(l-y) dy -y dy -y ) dy
and solving using Maple 13 solver, we have

dF
k=1,V=—-3am=bm=—2k=} k() (1) T4 2k (y) (1~ Fly) (Ely) —3) =0
Slnce F(Y) = uo + my Y
Then F(Y) =1- 1y =1(1 - y). (33)
Recall that y = tanh n and 1 = k(x — V¥) Since F(y) = Z any",
Then,
u(x,t) =1(1 - tanhn) = 1(1 — tanh k(x — VK)). Then we substltute Fly) = nzouny and differen-
Substituting the values of k and V tiate where necessary,
N N
d Zouny" J d Z%any"
_ 2\ _n= 2 2 & |4 2y _n=
Wy = TRy g | (-y) g — |
(34)
N
N d Zoany" N N N
kZuny"(l—yz) 5 +22u,,y"<1—2any"> (Za,,y"_3> -0
n=0 n=0 n=0 n=0
Then
) N ay'n ) N ay'n ) N ay'n®  ay'n
kV(1-y) Z +K2(1-y*)| -2y Z +(1-9) Z —
n=0 ]/ n=0 y n=0 y y
(35)
N N gy N N N
+k<zany”> (1-v) l | TRy (1— Zuny") Zany”—3> =0
n=0 n=0 n=0 n=0 n=0
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By expansion, we can see that the highest power

of y appears to be yV*2 in the second term, y*N*! in
the third term and 3N in the fourth.

Therefore,

3N=N+2, 3N=2N+1,

N =2, 3N —2N =1,

N=1. N=1.

Thus,

F(Y) =Y, gtny" = ao+ my
Then substituting F(Y) = ag + a1y into equation (4),
we have

kV(1—y*)a; — 2K (1 — y*)yaq + k(ao + yar) (1 — y*)ar+

2(ag +ya1)(1 — ao — yar)(ao + yar — 3)
(36)
Through expansion, we have
kVa, — kVayy* — 2k a1y + 2K a1y + kaga, — kapary?
+kaly — ka3y® +8a +16apary — 6a, — 2a; — 6a3a,y
—6a3a,*y* +8a, %y 6yu1 —2a3?
y° 1 kVay — 6ag — 2a + kaga; + 8aj = 0, (37)
yl :16 apay — 2K2aq — 6ay + ulk — 6u0u1 =0,
v* . —kVay — kapay + 8a3 + 6agat = 0,

v 2K%ay — a3k — 245 = 0.

Equality holds when each coefficient of power of y
vanishes. Therefore, from y®, we have 2k* — a1k —
222 = 0.

By solving the quadratic equation.

k= (}1 + @)m ork = (}1 — @)m.

Substituting k = (% +@>a1 into the rest of the

over-determined system of nonlinear algebraic
equations and solving using Maple 13 solver, we
have

_ 5v17+47 1 _ _ 1 _ 1417
VoS gy g = —2k = — L k = T

Since F(Y) = ap + a1y,

N N
dzﬂnyn d dza"yn
B (g Ry ()

73

Then, F(Y) =3 -3y =3(1 — ).

Recall that y = tanh n and n = k(x — Vt),
Then, in its original variable.

u(x,t) =3(1 — tanhn) = 1(1 — tanh k(x — V#)).
Substituting the values of k and V

u(x,t)1<ltanh1+m<x5m+7t>> (38)
2 8 4
4.4. Case 4

Ata = —1,0 =1,v =1, 8 =1, then the equation
becomes
a—u—i—i—Zua +u(l—u)(u-3) (39)
ot ox? ox

By transforming equation (5) we have

_kvz;;l_kzd U gy )(di—f]")w(n)(l—U(n))
x (U(n) =3)

(40)
Next, we introduce y = tanh(n)
Also, we assume that u(n)—0, and %}’*oo 0 as

n— oo.

d A [d dF
w95k 4o 9]
24 () (1) 2+ Fy) (1~ F) () ~3) =0

@)
Since F(y) = Zany

Then we substltute Fly) =
entiate where necessary

SN ja.y" and differ-

N
dZany"
iy

N

+2k2any (1-y*)—=
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By expansion, we can see that the highest power

of y appears to be yV*2 in the second term, y*N*! in
the third term and 3N in the fourth.

Therefore,

3N=N+2, 3N=2N+1,

N =2, 3N —2N =1,

N=1. N=1.

Thus,

E(Y) = Zany = ap + ary.
Then, substltutmg F(Y) = ap+ a1y into equation
(4), we have
kV(1—y*)a; —2k* (1 — y*)yas + 2k(ao +yar ) (1 — v ) ar +
(a0 +ya1)(1—ao—yaq)(ap+ya, —3).
(44)
Through expansion, we have
kVa, — kVayy? — 2K a1y + 2K ary® + 2kaga; — 2kagary”
+2kaly — 2ka2y® + 4a3 + 8agary — 3ao — a;

—3aay — 3aja’y* + 4a*y* — 3ya, — ady®
(45)
y* : kVay — 3ay — a3 + 2kaoa, +4al =0,
y' : 8apay — 2k*a; — 3a; + 243k — 3aja, =0, )
y* 1 —kVa, — 2kaga; + 4a + 3apas =0,
v 2Ka, —2aik —al =0.

Equality holds when each coefficient of power
of y vanishes. Therefore, from 1?, we have
2i* —2a:,k — a3 = 0. (46)
By solving the quadratic equation,
k= (%—F?)al ork = (% - @)m.
Substituting k = (% +§> a4, into the rest of the

over-determined system of nonlinear algebraic
equations and solving using Maple 13 solver, we
have

V:\/?_,Zsruo g,ﬂlzg,k:3_i\/§.
Since F(Y) = ao + a1y,
Then F(Y) =3-3y =3(1 - y)

Recall that y = tanh 5, and n = k(x — Vt).

Then, in its original variable,

u(x,t):g(l—tanhn):g(l—tanh k(x—V¥)). (47)

Substituting the values of k and V

3 _Z‘/g (x— ‘/52_ 5t> ) . (48)

u(x,t) :;—) (1 —tanh

5. Numerical simulations

In this section, we present the result of the four
cases graphically. The result from the Tanh method
is the same as the exact solution found in the liter-
ature [27,29].

6. Discussion

In this section, using 3D plots, we show how the
exact solutions and the Tanh Method results relate
to one another for each of the four cases of the
Burgers—Huxley equation. Figures 1—4 show the
graphs of the solutions derived from the Tanh
methodata = — 1,6 =1,y =1, 8 = 1. The result
shows that the Tanh method is an appropriate,
efficient, and accurate method for solving the
Burger—Huxley equation. The method is also suit-
able for finding the exact solution directly instead of
using semi-analytic methods [29,54] and numerical

Fig. 1. Solution plot for case 1 at =

06=1,y=18=1
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=Ly=16=1

1,0

Fig. 2. Exact Solution plot for case 2 at

L
S
=
-

=Ly=18=1

-1,

Fig. 3. Solution plot for case 3 at «

engineers and researchers because it provides

methods [32,55], which will only result in an series

easier and more accurate solutions in less time

compared with other methods.

and approximate solution of the Burger—Huxley

equation. The method

will be advantageous to



76 AL-BAHIR JOURNAL FOR ENGINEERING AND PURE SCIENCES 2023;3:68—77

UGty

Fig. 4. Solution plot for case 4 at o« = — 1,6 =1,y =1, =1

7. Conclusion

In this paper, we have successfully and efficiently
used the Tanh method to solve the Burger—Huxley
equation. Four cases are presented to show the ef-
ficiency and accuracy of the method to solve Bur-
ger—Huxley. In each case, we arrived at the exact
solution to the equations presented. Therefore, the
result in this paper is sufficient to conclude that the
Tanh method is a suitable method for solving non-
linear partial differential equations, and in partic-
ular, the Burger—Huxley equation. Hence, the Tanh
approach is highly recommended for use in the
solution of models involving fluid dynamics, tech-
nology, nonlinear dynamics, noise, convection,
dispersion, advection-diffusion, etc. Analytical so-
lutions to Burgers-Huxley-type equations and
related nonlinear partial differential equations may
also be obtained using this approach.
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