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ORIGINAL STUDY

g-Coatomic Modules

Ahmed H. Alwan

Department of Mathematics, College of Education for Pure Sciences, University of Thi-Qar, Thi-Qar, Iraq

Abstract

Let R be a ring and M be a left R-module. A submodule N of M is said to be g-small in M, if for every submodule L �
M, with N þ L ¼ M implies that L ¼ M. Then RadgðMÞ ¼ P

N� Mj N is a g-small submodule of Mg. We call M g-
coatomic module whenever N � M andM =N ¼ RadgðM =NÞ thenM=N ¼ 0. Also, R is called right (left) g-coatomic ring if
the right (left) R-module RR (R R) is g-coatomic. In this work, we study g-coatomic modules and ring. We investigate some
properties of these modules. We prove M ¼ ⨁n

i¼1Mi is g-coatomic if and only if each Mi ði¼ 1; :::; nÞ is g-coatomic. It is
proved that if R is a g-semiperfect ring with RadgðR = RadgðRÞÞ ¼ 0, then R is g-coatomic ring.

Keywords: g-small submodule, Coatomic module, g-coatomic module, g-semiperfect module

1. Introduction

T hroughout the present paper, all rings are
associative rings with identity and all modules

are unital right modules.
Let R be a ring and let M be an R-module. We

denote a submodule N of M by N � M. Let M be an
R-module and let N � M. A submodule N of an
R-module M is called small in M ð we write N≪ MÞ,
if for every submodule L � M, with N þ L ¼ M im-
plies that L ¼ M. A submodule L � M is said to be
essential inM, denoted as LUM, if L∩N ¼ 0 for every
non-zero submodule N � M. The submodule K is
called a generalized small (briefly, g-small) sub-
module ofM if, for every essential submodule T ofM
such that M ¼ K þ T implies that T ¼ M, we can
write K≪g M (in [12], it is called an e-small sub-
module of M and denoted by K≪e M). It is clear that
every small submodule is a g-small submodule but
the converse is not true generally. If T is essential
and maximal submodule of M then T is said to be a
generalized maximal submodule of M. The inter-
section of all generalized maximal submodules of M
is called the generalized radical ofM and denoted by
RadgðMÞ that also knows as the sum of all g-small
submodules in M [6,12]. For any R-module M, we
write RadðMÞ, SocðMÞ and ZðMÞ for the radical, socle
and singular submodule ofM, respectively.M is said

to be singular(or non-singular) if M ¼ ZðMÞ (or
ZðMÞ ¼ 0). M is called coatomic if every submodule
N of M, RadðM =NÞ ¼ M=N implies M=N ¼ 0,
equivalently every proper submodule of M is con-
tained in a maximal submodule of M see ([1], [3,4]).
A submodule N of a module M is called d-small in
M, denoted by N≪d M, if N þ KsM for any proper
submodule K of M with M=K singular. Further, for a
module M the submodule dðMÞ is generated by all
d-small submodules of M [10]. In [5] M is called
d-coatomic if every submodule N of M, dðM =NÞ ¼
M=N implies M=N ¼ 0. The paper deals with g-
coatomic modules as a generalization of coatomic
modules. We say that a module M is g-coatomic, if
every submodule of M is contained in a generalized
maximal submodule of M or equivalently, for a
submodule N � M, if RadgðM =NÞ ¼ M =N then
M=N ¼ 0. In Section 2, some properties of general-
ized small submodules are given. In Section 3,
several basic properties and characterizations of g-
coatomic modules and rings are given.
We will refer to [1,2,9] for all undefined notions

used in the text, and also for basic facts concerning
coatomic and singular modules.

2. g-small submodule and the functor RadgðMÞ
In this section, some important properties of

generalized small submodules are presented.
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Definition 2.1. [6,12] Let N be a submodule of a
moduleM.N is said tobeg-small, denotedbyN≪g M,
in M if, for every essential submodule T of M such
thatM ¼ N þ T implies that T ¼ M (in [12], it is called
an e-small submodule ofM and denoted by K≪e M).
If N is any small submodule of M, then N is g-small
submodule of M. For the reader's convenience, we
record here some of the known results which will be
used repeatedly in the sequel.

Proposition 2.2. [12, Proposition 2.3] Let N be a sub-
module of a moduleM. The following are equivalent.

(1) N≪g M,
(2) if M ¼ Xþ N, then M ¼ X4Y with M= X a

semisimple module and Y � M.

Lemma 2.3. Let M be a module. Then

(1) For submodules N, K, L of M with K � N, we have
(a) If N≪g M, then K≪g M and N=K≪g M=K.
(b) N þ L≪g M if and only if N≪g M and

L≪g M.
(2) If K≪g M and f : M/N is a homomorphism,

then f ðKÞ≪g N. In particular, if K≪g M � N,
then K≪g N.

(3) Let N, K, L, and T be submodules of M. If K≪g L
and N≪gT , then Kþ N≪g Lþ T.

(4) Let K1� M1 � M, K2 � M2 � M and M ¼ M14
M2. Then K14K2 ≪g M14M2 if and only if
K1 ≪g M1 and K2 ≪g M2.

Proof. See Proposition 2.5 of [12,] or see [6].

Corollary 2.4. [6] Let M be an R-module, K≪g M
and L � M. Then Kþ L=L≪g M=L.

Definition 2.5. [12] Let M be a module. Define
RadgðMÞ ¼ ∩fNUM j N is maximal in Mg.
For a module M, the intersection of maximal
essential submodules of an R-module M is called a
generalized radical of M and denoted by RadgðMÞ
(in [12], it is denoted by RadeðMÞ). If M have no
maximal essential submodules, then we denote
RadgðMÞ ¼ M. Obviously, RadðMÞ⊆dðMÞ⊆RadgðMÞ.
For an arbitrary ring R, let RadgðRÞ ¼ RadgðRRÞ.
In the following we use g-small submodules to
characterize RadgðMÞ.
Theorem 2.6. Let M be an R-modules. Then
RadgðMÞ ¼ P

N≪g MN.

Proof. [12, Theorem 2.10].

Lemma 2.7. Let M and N be modules. Then

(1) If f : M/N is an R-homomorphism, then
f ðRadgðMÞÞ � RadgðNÞ.

(2) If every proper essential submodule of M is
contained in a maximal submodule of M, then
RadgðMÞ is the unique largest g-small sub-
module of M.

Proof. [12] Corollary 2.11.

Lemma 2.8. If M ¼ ⨁i2IMi then RadgðMÞ ¼
⨁i2IRadgðMiÞ.
Proof. See [6, Lemma 4].

Lemma 2.9. Let M be a finitely generated R-module.
ThenRadgðMÞ≪g M.

Proof. See [8, Lemma 14].

Remark 2.10. It is clear that, in general, RadgðMÞ
need not be g-small in M. But if M is a coatomic
module, i.e. every proper submodule of M is con-
tained in a maximal submodule of M, then RadgðMÞ
is g-small in M by Lemma 2.7(2).

Remark 2.11. Clearly, for a module M, if RadðMÞ is
small in M then M=RadðMÞ has no nonzero small
submodule. Also, in [5, Lemma 1.3(2)] If dðMÞ is
d-small in M, then dðM =dðMÞÞ ¼ 0. However this
statement cannot be generalized for RadgðMÞ, i.e., if
RadgðMÞ≪g M, maybe RadgðM = RadgðMÞÞs0. As
the following example shows.

Example 2.12. Let M be the Z-module Z24.
RadgðMÞ ¼ 2Z24 ≪gM. But Z24

2Z24
yZ2 and Z2 ≪gZ2.

Lemma 2.13. Let M be a nonsingular module. If
RadgðMÞ is g-small in M and K= RadgðMÞ is also g-
small in M= RadgðMÞ where K � M, then K is g-
small in M.

Proof. Let K=RadgðMÞ be a g-small submodule of
M=RadgðMÞ and M ¼ K þ L with LUM. So, Lþ
RadgðMÞUM. By [2, Proposition 1.21],
M=ðLþRadgðMÞÞ is singular, so
M =RadgðMÞ=ðLþRadgðMÞÞ =RadgðMÞ is singular. By
[2, Proposition 1.21], ðLþRadgðMÞÞ=RadgðMÞ is
essential submodule of M=RadgðMÞ, and since
M =RadgðMÞ ¼ K=RadgðMÞ þ ðLþRadgðMÞÞ=RadgðMÞ
and K=RadgðMÞ is g-small submodule of
M=RadgðMÞ, M ¼ Lþ RadgðMÞ. Being RadgðMÞ is g-
small in M and LUM, we then have M ¼ L and so K
is g-small in M.
Now we give a characterization of M=RadgðMÞ.
Proposition 2.14. Let M be an R-module.

(1) If, for any submodule N of M, there exists a
decomposition M ¼ M14M2 such that M1 � N
and N∩M2 ≪g M2, then M= RadgðMÞ is
semisimple.
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(2) If, for every submodule A of M, there exists a
submodule B of M such that M ¼ Aþ B and A∩
B≪g M, then M= RadgðMÞ is semisimple.

Proof:

(1) Let RadgðMÞ � N � M. Then N= RadgðMÞ � M=
RadgðMÞ. By assumption, there exists a submodule
A ofN such thatM ¼ A4B andN∩B≪g B for some
submodules B of M. So M= RadgðMÞ ¼ N=
RadgðMÞ4ððB þ RadgðMÞ = RadgðMÞÞ.

(2) Let RadgðMÞ � N � M. By hypothesis, there ex-
ists a submodule K of M such that M ¼ N þ K
and N∩K≪g M. Then N∩K � RadgðMÞ. Hence
M= RadgðMÞ is semisimple by [7, Proposition 2.1].

3. g-Coatomic modules and rings

In this section, we define g-coatomic modules and
g-semiperfect modules. We study properties and
characterizations of g-coatomic and g-semiperfect
modules. In [5] the authors defined d-coatomic mod-
ules in this vein, we introduce g-coatomic modules.

Definition 3.1. An R-module M is said to be a g-
coatomic if every submodule N of M, RadgðM =NÞ ¼
M=N implies M=N ¼ 0. In The ring R is called right
(or left) g-coatomic if the right (or left) R-module RR

(or R R) is g-coatomic.
We can give another definition of g-coatomic
module.

Lemma 3.2. Let M be a module. The following are
equivalent.

(1) M is g-coatomic.
(2) Every proper submodule K ofM is contained in a

generalized maximal submodule.

Proof
102: Let K be any proper submodule of M. By (1),
RadgðM =KÞsM=K. Hence there exists a singular
simple module S and homomorphism f : M= K/S.
Let Kerðf Þ ¼ N=K. Then N is an essential and
maximal submodule in M.
201: Let K be a proper submodule of M. Assume
that RadgðM =KÞ ¼ M=K. We prove M=K ¼ 0. By (2)
there exists an essential and maximal submodule N
of M such that K � N. Let p denote the canonical
epimorphism from M=K onto M=N. Since KerðpÞ ¼
N=K, RadgðM =KÞ � N=K. By assumption M= K ¼
N=K, and so M ¼ N. This contradiction completes
the proof.

Theorem 3.3. Let M be an R-module with
RadgðMÞ≪g M and RadgðM = RadgðMÞÞ ¼ 0. Then M

is g-coatomic if it satisfies one of the following
conditions.

(1) M=RadgðMÞ is semisimple.
(2) For every submodule A of M, there exists a

submodule B of M such that M ¼ Aþ B and
A∩B≪g M.

Proof

(1) Suppose that M= RadgðMÞ is semisimple with
RadgðMÞ≪g M and RadgðM = RadgðMÞÞ ¼ 0. For
any submodule N of M, let RadgðM =NÞ ¼ M=N.
Since M= RadgðMÞ is semisimple, there exists a
submodule K of M with RadgðMÞ � K and
M= RadgðMÞ ¼ ððN þ RadgðMÞÞ = RadgðMÞÞ4K=
RadgðMÞ. Then M ¼ N þ K and N∩K � RadgðMÞ.
Hence M=N ¼ ðN þ KÞ=NyK=ðN ∩KÞ. Let p
denote the canonical epimorphism K=ðN ∩KÞ/
K =RadgðMÞ. By Lemma 2.3, K =RadgðMÞ ¼
pðK =ðN ∩KÞÞ ¼ pð RadgðK = ðN ∩KÞÞÞ � RadgðK =
RadgðMÞÞ, and by assumption, RadgðM = RadgðMÞÞ
¼ 0, and so RadgðK =RadgðMÞÞ ¼ 0. Hence
K=ðN ∩KÞ ¼ 0. Thus M=N ¼ 0.

(2) Assume that, for every submodule A of M, there
exists a submodule B of M such that M ¼ Aþ B
and A∩B≪g M. By Proposition 2.14, M=RadgðMÞ
is semisimple. Hence M is g-coatomic by pa
rt (1).

Lemma 3.4. Let M be a module. Then the following
holds.

(1) If X � RadgðMÞ and X is g-coatomic, then X≪M.
(2) If M is g-coatomic, then RadgðMÞ≪M. In either

case RadgðMÞ≪g M.

Proof

(1) Suppose that X � RadgðMÞ and X is g-coatomic
module. LetM ¼ X þ Y for some submodule Y of
M. We show that M ¼ Y. Suppose that MsY.
Then XsX∩Y. By hypothesis and Lemma 3.2,
there exists a maximal submodule X0 of X such
that X∩Y � X0 � X and X=X0 is singular simple.
Hence M=ðX0 þYÞ is singular simple since
X =X0yðX þ Y Þ=ðX0 þ YÞ ¼ M=ðX0 þ YÞ. It fol-
lows that X' � RadgðMÞ � X'þ Y and X'þ
Y � RadgðMÞþ Y � X'þ Y, and so M ¼ X0 þ Y.
Therefore X ¼ X0. This contradicts the fact that X0

is maximal submodule of X. Thus X is small in M
and so g-small in M.

(2) Assume that M is g-coatomic module. Let M ¼
RadgðMÞ þ Y for some Y � M. Assume thatMsY.
By Lemma 3.2, there exists Y � Y0 � M withM=Y0
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singular simple. Thus,Y0 is a generalizedmaximal
submodule. By Lemma 2.3, RadgðMÞ � Y0. Hence
M ¼ Y0. This contradicts the fact that Y0 is
maximal submodule of M. Hence RadgðMÞ is
small in M and so g-small in M.

Theorem 3.5. For an R-module M with
RadgðM = RadgðMÞÞ ¼ 0, the following are equivalent.

(1) M=RadgðMÞ is semisimple and every submodule
of RadgðMÞ is g-coatomic.

(2) For every submodule A of M, there exists a
submodule B of M such that M ¼ Aþ B and A∩
B≪g M, and every submodule of M is g-
coatomic.

Proof. Note under the assumptions 1 and 2,
RadgðMÞ≪g M by Lemma 3.4 and Proposition 2.14.
(1) 0 (2) For any submodule A of M, let M=
RadgðMÞ ¼ ððAþRadgðMÞÞ =RadgðMÞÞ4B=RadgðMÞ
for some submodule B of M. Then M ¼ Aþ B and
A∩B � RadgðMÞ. Since RadgðMÞ≪g M, by Lemma
2.3, A∩B≪g M.
Let X be a submodule of M. We show that X is
g-coatomic. Assume that RadgðX =AÞ ¼ X=A for some
submodule A of X. Then M=RadgðMÞ ¼ ððAþRadg
ðMÞÞ =RadgðMÞÞ4B=RadgðMÞ for some submodule B
ofM sinceM=RadgðMÞ is semisimple. ThenM ¼Aþ B
and A∩B � RadgðMÞ. It is easy to check that
(X þ RadgðMÞÞ=ðA þ RadgðMÞÞ ¼ RadgððX þ
RadgðMÞÞ =ðA þ RadgðMÞÞÞ
� RadgðM =ðA þ RadgðMÞÞÞ.
RadgðM =ðA þ RadgðMÞÞÞyRadgðB =RadgðMÞÞ� Radg
ðM =RadgðMÞÞ.
By assumption, RadgðM =RadgðMÞÞ ¼ 0. Hence Aþ
RadgðMÞ ¼ Xþ RadgðMÞ, and so X ¼ Aþ
ðX ∩RadgðMÞÞ. Then X=AyðX ∩RadgðMÞÞ=ðA∩Radg
ðMÞÞ. Since every submodule of RadgðMÞ is g-
coatomic by hypothesis, X∩RadgðMÞ is a g-coatomic
submodule of RadgðMÞ. Since RadgððX ∩RadgðMÞÞ =
ðA∩RadgðMÞÞÞ ¼ ðX ∩RadgðMÞÞ =ðA∩RadgðMÞÞ, we
have that X∩RadgðMÞ ¼ A∩RadgðMÞ. Hence A ¼ X.

ð2Þ0ð1Þ It is clear by Proposition 2.14.

Proposition 3.6. Let 0/K/M/N/0 be an exact
sequence of modules.

(1) If M is g-coatomic module, then N is g-coatomic.
(2) If K and N are g-coatomic modules, then M is g-

coatomic.

In particular, any direct summand of a g-coatomic
module is g-coatomic.

Proof

(1) Wemay suppose thatK � M andN ¼M=K. LetU
be a submodule ofN. Suppose that RadgðN =UÞ ¼

N=U. Thenwe find submodule L ofMwith L=K ¼
U. Then RadgðM =LÞ ¼ M =L. Since M is a g-
coatomic module, M=L ¼ 0. This implies that
N=U ¼ 0. It follows that N is g-coatomic.

(2) Assume that K and N are g-coatomic modules.
Let L be any proper essential submodule of M.

Case I. M=K ¼ ðL þ KÞ=K. Then M ¼ Lþ K. Since K
is g-coatomic, there exists a generalized maximal
submodule K0 of K such that K∩L � K0 � K and K=K0

singular simple. Since K=K0yðK þ LÞ=ðK0 þ LÞ ¼
M=ðK0 þ LÞ, M=ðK0 þLÞ is singular simple. Thus,
K0 þ L is generalized maximal submodule of M
with L � K0 þ L. Hence M is g-coatomic by
Lemma 3.2.

Case II. M=KsðL þ KÞ=K. Then MsLþ K. Since N
is g-coatomic and NyM=K, there exists a sub-
module K0=K of M=K such that ðM =KÞ=ðK0 =KÞy M=
K0 is singular simple and ðL þ KÞ=K � K0=K. Thus, K0

is generalized maximal submodule ofM with L � K0.
Then M is g-coatomic by Lemma 3.2.

Proposition 3.7. Let M ¼ ⨁n
i¼1Mi be a finite direct

sum of modules Mi ði ¼ 1; :::; nÞ. Then M is
g-coatomic if and only if each Mi ði¼ 1; :::; nÞ is
g-coatomic.

Proof. It is sufficient by induction on n to prove this
is the case when n ¼ 2. Let M1 and M2 be g-coato-
mic modules and M ¼ M1⨁M2. We consider the
following exact sequence;

0/M1/M¼M1⨁M2/M2/0

Hence, M ¼ M1⨁M2 is g-coatomic module if and
only if M1 and M2 are g-coatomic modules by
Proposition 3.6.

Definition 3.8. A pair ðP; f Þ is called a projective g-
cover of the module M if P is projective right
R-module and f is an epimorphism of P onto M with
Kerðf Þ≪g P.

Lemma 3.9. Let M ¼ Aþ B. If M=A has a projective
g-cover, then B contains a submodule A0 of A such
that M ¼ Aþ A0 and A∩A0 ≪g A0.

Proof. Let p : B/M=A the natural homomorphism
and f : P/M =A be a projective g-cover. Since P is
projective, there exists g : P/B such that p+g ¼ f
and Kerðf Þ is g-small in P. Then ðp+gÞðPÞ ¼ f ðPÞ
and A∩gðPÞ ¼ gðKerðf ÞÞ. Hence M ¼ Aþ gðPÞ and
A∩gðPÞ ¼ gðKerðf ÞÞ. Since Kerðf Þ≪g P, so
gðKerðf ÞÞ≪g gðPÞ and thus A∩gðPÞ≪g gðPÞ.

Lemma 3.10. Let A be any submodule of M. Assume
that M=A has a projective g-cover. Then there exists
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a submodule A0 such that M ¼ Aþ A0 and A∩
A0 ≪g A0.

Proof. Let B ¼ M in Lemma 3.9.

Definition 3.11. A projective module M is called g-
semiperfect if every homomorphic image of M has a
projective g-cover.

Lemma 3.12. For any projective R-module M, the
following are equivalent:

(1) M is g-semiperfect.
(2) For any N � M, M has a decomposition M ¼

M1⨁M2 for some submodulesM1,M2 withM1 �
N and M2∩N≪g M2.

proof. The proof is similar to that of Lemma 2.4 in
[10] for d-semiperfect modules.

Theorem 3.13. Let M be a g-semiperfect module
such that RadgðMÞ≪g M and RadgðM =RadgðMÞÞ ¼ 0.
Then M is g-coatomic.

Proof. Let M be a g-semiperfect module. Let A � M.
By Lemma 3.10, there exists a submodule A0 such
that M ¼ Aþ A0 such that A∩A0 ≪g A0. So by Theo-
rem 3.3, M is g-coatomic.

Proposition3.14. Forany ringR,RadgðRÞ is g-small inR.

Proof. Let I be an essential right ideal in R (IUR).
Assume that R ¼ RadgðRÞþ I. Suppose that I is
proper and let K be a maximal right ideal containing
I: Then K generalized maximal right ideal of R.
Hence RadgðRÞ � K, this is a contradiction. Thus for
any IUR such that R ¼ RadgðRÞ þ I we have R ¼ I.
By definition RadgðRÞ≪g R.

Definition 3.15. A ring R is named g-semiperfect if
every finitely generated right R-module has a pro-
jective g-cover. The ringR is g-semiperfect if and only
if the regular module RR is g-semiperfect.
R is g-semiperfect if R=RadgðRÞ is semisimple and
idempotents in R=RadgðRÞ can be lifted modulo
RadgðRÞ.
Proposition 3.16. Let R be a g-semiperfect ring with
RadgðR =RadgðRÞÞ ¼ 0. Then R is left and right g-
coatomic ring.

Proof. R is right g-coatomic ring from Theorem 3.13
and Proposition 3.14. By symmetry, R is also left g-
coatomic ring.

Theorem 3.17: let R be a ring. Then each right ideal I
of R with RadgðR =IÞ ¼ R =I is direct summand.

Proof: Let I be a right ideal of R. Assume that
RadgðR =IÞ ¼ R =I. Then all maps from R= I to sin-
gular simple right R-modules is zero. Assume that I

is an essential right ideal. Let K be a maximal right
ideal containing I. Then R=K is singular simple right
R-module. Since R=K is an image of R=I and
RadgðR =IÞ ¼ R =I, R ¼ K. This is a contradiction.
Hence I is not essential. Let L be a maximal right
ideal with respect to the property I∩L ¼ 0. Then I4
L is essential in R. Assume that I4L is proper. Let T
be a maximal right ideal containing I4L. Then R=T
is singular simple image of R=I. This is a contra-
diction again. Thus R ¼ I4L.
The following result is well known and also easy to
prove.

Theorem 3.18: The following are equivalent for a
ring R.

(1) R is semisimple artinian.
(2) Every maximal right ideal of R is a direct sum-

mand of RR.

Proof: It follows from [11, Lemma 2.1].

Remark 3.19: If I is an essential right ideal in the ringR,
then R=I is singular right R-module. The converse is
also true. In module case it takes the form: for a
nonsingularmoduleM andN � M,M=N is singular if
and only if N is essential in M [2, Proposition 1.21].
Any maximal right ideal in a ring is essential right
ideal or direct summand. For g-coatomic rings, this is
not the case in general for maximal right ideals.

Theorem 3.20: Let R be a right g-coatomic ring. Then

(1) Every simple right R-module is singular.
(2) Every maximal right ideal in R is essential right

ideal.
Proof:

(1) Let I be a maximal right ideal in R. If RadgðR =IÞ ¼
R =I, by hypothesis R ¼ I. It is not possible. So
RadgðR =IÞ ¼ 0. Then there exists a nonzero ho-
momorphism f : R=I/S where S is a singular
simple right R-module. Hence f is an isomor-
phism and so R=I is singular right R-module.

(2) Let I be a maximal right ideal in R. We claim that
I is an essential right ideal. Assume that I is not
essential right ideal and let R ¼ I4K for some
right ideal K. If RadgðR =IÞ ¼ R =I, by hypothesis
R ¼ I. It is not possible. Hence RadgðR =IÞsR =I.
By (1), R=I is nonzero singular simple right
R-module. By Remark 3.19, I is an essential right
ideal of R. This contradicts the assumption.
Therefore I is direct summand.

Examples 3.21:

(1) Consider the integers Z as Z-module. Then
RadgðZÞ ¼ 0 and for any prime integer p,
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RadgðZ =pZÞ ¼ 0 since Z=pZ is singular simple
Z-module. Hence Z is g-coatomic Z-module. But
the rational numbers Q as Z-module is not g-
coatomic since every cyclic submodule of Q is
small and so RadgðQÞ ¼ Q.

(2) Let M be a local module with unique maximal
submodule RadðMÞ ¼ RadgðMÞ. Then M is g-
coatomic.

(3) Let M denote the Z-module Z. By Lemma 3.12, M
is not g-semiperfect module. Since every proper
submodule is contained in an essential maximal
submodule, by Lemma 3.2, M is g-coatomic.
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