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ORIGINAL STUDY

New Class Function in Dual Soft Topological Space
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Abstract

In this paper we introduce a new class of maps in the dual Soft topological space and study some of its basic properties
and relations among them, then we study dual Soft,,., and dual Soft.,s.a mapping.

Keywords: Dual soft set, Dual soft topological space, Dual soft continuity mapping, Dual Soft,y., mapping and dual

Softciosed Mapping

1. Introduction

E ngineering, physics, computer science, eco-
nomics and many other fields world-wide
have many problems.

Scientists created a the model to simplify the work
with the real features, but unfortunately these
models very complex and do not give accurate re-
sults. The cause for not obtaining accurate results
was the classical methods due to the lack of
knowledge about natural phenomena and the
methods which used to measure them, for example
decision making in an environment have no a
database, so the classical theory that is based on a
clear and accurate basis is unable to deal With the
vague problems.

Molodtsov in Ref. [7] was presented the concept of
Soft set theory as a new mathematical tool to deal
with modeling vagueness. As a new mathematical
tool in order to deal with uncertainties. The soft set
relations were introduced as a sub soft set of the
Cartesian product of the soft sets and many related
concepts such as equivalent soft set relation by
Babitha KV, Sunil JJ [4]. Although Shabir and Naz in
Ref. [9] introduced the study of Soft topological
space. Maji et al. [8] the researcher has conducted
studies regarding to the methods related to the
theory of Soft topology and offered a comprehensive
theoretical study on it. Pei and Miao [5] He steered a

study on the Soft group and demonstrated that itis a
type of information system. They in 2021 dual Soft
theory were defined by Al swidi L. A., Reyadh D. A,,
Hadi M. H. [3], for briefness, they will represent it
(d.s.). The dual Soft local function and dedoual Soft
ideal topological space is studied by investigator Al
Rubaie M. and Al Ethary M [1]. In 2023 Al Rubaie M.
and Al Ethary M [2]. found a new sort of Soft dual
separation axioms. In 2024, Mohammed Abu
Saleem [6] introduced the soft covering map on a
soft topological space and the notion of a soft local
homeomorphism.

2. Preliminaries

Definition 2.1. [4]: Let U; and U, are initial uni-
verses sets and E be the set of all potential bound-
aries under consideration as for U; and U,. Whereas
parameters are descriptions, features or properties
of members of the initials universes sets.

The triple (Ap, W, Gp) is dual soft set over U; and U,
where, W, Gp are functions from E to power of U,
and U, respectively, so

(ADv w, GD) = {(r’ W(k)’ G(t))a
VreAplu{(r,o,@); Vr €E —Ap}.

The collection of all dual soft sets is callgd the
dual soft space and is denoted by Ds(U;, LL)E .
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Definition 2.2. [4]: The dual Soft crossroads of dual
Soft sets (Ap, W1,Gq) and (Bp, W3, G;) over a com-
mon universes U; and U, and Ap, Bp are subsets of
the parameters E of association for U; and U, is
defined as the dual Soft set (C,H;,H,) where C =
(AD UBD) and

(r.2,9)

(p,Hi(p),Ha(p)) ={

Denoted by (C,Hl,Hz) = (AD,W-I,Gl)ﬂD(BD,Wz,Gz).

Definition 2.3. [4]: The dual Soft connection of
dual Soft sets (Ap, W1,G1) and (Bp, W>, G;) over a
typical universes U; and U, and Ap, Bp are subsets
of the parameters E of members for U; and U, is
defined dual Soft set (C, Hy, H;) where C = (Ap UBp)
and

mm@ﬂw>{

(r.2.2)

Denoted by (C,H17H2) = (AD,W17G1)UD(BD,W2,G2).

Definition 2.4. [4]: Assume that the sets U; and U,
are the primary universes sets and E are a param-
eters of members of the sets U; and U,, then

1. @ps = (E,W,N) = {(r,@,0); Vr €E} that is
W(r) = N(r) = @; VrEE is called the dual empty
Soft set.

2. Xps = (E,W,N) = {(r,@,@); Vr €E}  that is
W(r) = N(r) = X; VrEE is called the dual abso-
lute Soft set.

Definition 2.5. [4]: The singular dual Soft point for
any subset A of the parameter E of members for the
universes sets U; and U is (r, W(k), G(t)) of the dual
Soft set (Ap, W, G)A for any point e in E.

Definition 2.6. [4]: The sub collection StTr of
DS, u, E is called dual Soft topology StTr on Xp; if

satisfy. @ps , Xps € StTE.

1. If FGy, flGlg € StTe then PGAﬂflGlB € StTE.
2. For any index A if fiGjs, €S5tTg. Then Uic AfiGig,
EStTE.

So StTr = {@ps , Xps, FGa} is dual Soft topology and
(Xps, StTg) is dual Soft topological space.

Definition 2.7. Let (Xp,, StTg) be a dual Soft topo-
logical space over Xps . A dual Soft set (Ap, W,G)
over Xp; is said to be a closed dual Soft set in Xp;, if
its relative complement (Ap, W, G)" belong to StTE.

(p, Wi (p)nW2(p), G1 (p)nG: (p) ) if pEADUBD
if peE/C

Proposition 2.8. Let (Xps, StTt) be a dual Soft topo-
logical space over Xps. Then the collection
StTe, = {Apa, W, G| (Ap, W, G) €StTE, for each « €E,
defines a topology on Xp.

Definition 2.9. Let X = {x1,x2,...,%,},Y = {y1,¥2, ...,
ym}aE = {elana "'aei}a

(P, Wi (p)UW2(p), G1(p)UGs (p) ) if pEADUBD
iprE/C

A = {e1,e,...,¢j}, 2j<i,ACE. Then the point e, is
write on this way ey, = {e;, Xy, Ym },such that ¢;€A,
mEX, Yy €Y .

Definition 2.10. Let (Xps, StTg) be a dual Soft topo-
logical space over Xp;. A dual Soft set (Ap, W, G)
over Xps. Then the dual Soft closure of (Ap, W, G),
denoted by (Ap,W,G) is the intersection of all
dual Soft 0sea super sets of (Ap, W, G).

Definition 2.11. Aual Soft topological space (Xps,
StTg) be a over Xp;s. A dual Soft set FGg over Xp;.
exy €Xps. Then ey, is said to be a dual Soft interior
point of FGp, if there exists a dual Soft,,., set FGa
such that e,, EFG4 CFGp.

Definition 2.12. Let (Xps, StTg) be a dual Soft topo-
logical space over Xp;. A dual Soft set FGp ended
Xps. exy€Xps. Then FGp is said to be dual Soft
neighborhood of Xp;, if there exists a dual Softopen
set FG, such that e,, EFGs CFGp.

Definition 2.13. Adual Soft topological space (Xps,
5tTe) ended Xps then dual soft inerior Of set FGa ended
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Xps is denoted by (FGa)° and is Know as the asso-
ciation of all dual Soft sets contained in FG4.

Thus (FGa)° is the largest dual Softopen  contained
inFGA.

3. Doual soft topology on function space

Definition 3.1. Let (A, F, G) be a dual Soft set over
Xps, the dual Soft set is called a dual Soft point,
denoted by e,y if for element e€E,FG, = {(e,x,y)}
and FG(e‘) = @ for all e“€E — {e} .

Definition 3.2. Let (Xps, StTg) and (Yps, StTy) be two
dual Soft topological space such that:

fps: Xps, StTg) — (Yps, StTr) be a mapping, for each
dual Soft neighborhood FGg of fps(e,y) if there
existis a dual Soft neighborhood FGj of e,y such that
fps(FGa) CFGp then fps is dual Soft continuity
mapping at (ey,).

If fps is dual Soft continuity mapping for all (ey,)
then fps is Know as dual Soft continuity mapping.

Example 3.3. Let X = {x1,x%},Y = {y1,y2},E = {e1,
e2,e3}, A = {e1, e2}

StTg = {Xps,@ps,FGa,F1G1a}, StTE
H1K1A} where

FGa={(er, {2}, {y1}) (2. X {12}) (&5, @, @) }

{Xbs,@ps,HKa,

FGia={(e1,X, {n1}).(e2,X.Y), (€3, 2, D) }
HKy={(e1, {1}, {12}). (€2, X, {1 }), (e, 2, 2) }

H1K1A1{<€1,X {]h}) €27X Y) (33,® @)}

If we get the mapping fps: (Xps, StTe, Iy, u,) —
(XDS/ StTE, II (Uy,Up) ) defined as fDS (xl) = X2, fDS (X2)
x1,fps(y1) = Y2, fps(y2) = y1 then since frd(HKa) =
FGy and fpd (H1Kq4) = F1G1a , then fps is a dual Soft
continuous mapping.

Theorem 3.4. Let (Xps, StTe) and (Yps, StTg) be two
dual Soft topological space such that:

fps: (Xps,StTg) — (Yps,StTE,) be a mapping. Then the
next conditions are same:

1) fps: Xps, StTg) —
tinuity mapping.

2) For any dual Soft,pen set FGg over Yp, fpa (FGg) is
dual Soft,pen set over Xp;.

3) For any dual Soft.os.a set FGu over Yps, fpd (FGr)
is dual Soft.psea set over Xps.

4) For any dual Soft set FGA over Xp;, fps (FGa)C
fos(FGa))-

5) For any dual Soft set FGx over Yps, fpd (FGk)) C
fps (FGx).

(Yps, StT%) is a dual Soft con-

6) For any dual Soft set FGg Yps,

fod (FG)*) © (fpd (FGg))".

over

Proof. 1 —2 Let FGg be a dual Soft,y., set over Yps
and exy Efpd (FGB) be any dual Soft point. Then fps(e,
= (fps(e), x, y) EFGg, since fps is a dual Soft
contmuous mapping. There exists e,, EFGa EStT
such that fps(FGa)CFGg. This implies that
exy €FGA Cfpd (FGg), fpa(FGg) is a dual Softopen set
over Xps.
(2) — (1) Let ey, be a dual Soft point and
fps(exy) EFGp be an arbitrary dual Soft neighbor-
hood. Then e, €f;d (FGp) is a dual Soft neighbor-
hood and fps(fpa (FGg)) CFGg. Thus fps is a dual Soft
continuous mapping.
(3) — (4) Let FG4 be a dual Softyen set over Xps.
Since FGy CfD_Sl(fDS(FGA)) and st(FGA) CfDS(FGA),
we have FGyu Cfﬁsl(fps(FGA))Cflgsl(fps(FGA)) By
part (3) since fgsl(fDS(FGA) is a dual Softgesed set
over Xps, FGa Cfasl(fDS(FGA» Thus fDS(E) CfDS
(fpa (FGa)) Cfps(FGa), is obtained.
(4) — (5) Let FGg be a dual Soft set over Yps and
fod(FGg) = FGa. By part (4) we have fps(FGa) =
fos(fpd (FGp)) Cfps(fpd (FGp)) CFGp. Then fpd (FGg)
= FGa Cfpd (fos(FGa)) Cfpd (FGp).
(5) — (6) Let FGg be a dual Soft set over Yps.

Substituting FGg for condition in (5). Then
foa(FGE®) Cfpd (FGg®) since (FGg)° = (FGg°), then we
have fpd((FG3)") = fas«FGBC))C (Fps (FGs))" ©
(st(FGB (st (FGg)) (st (FGg) ) :

(5) — (6) Let FGB be a dual Softopen set over Yp;. Then
since  (fpd (FGg))’ Cfpd (FGp) = fps ((FGs)") ©
(fpd(FGg))’,  (fpa(FGg))’ = fod(FGg) is obtained.
This implies that f;d(FGp) is a dual Softypen set
overXp.

Theorem 3.5. Suppose fps: (Xps, StTe) — (Yps, StT,)
is a dual Soft continuity mapping, then for each « &
E,fps, : (Y,T«,E)—(Y,T, ,E) is a dual Soft contin-
uous mapping.

Proof. Let (G,E) €T, then there exists a
dual Softypen set FGp over Yps such that G( «) = FGg.
Since fps: (Xps, StTe) — (Yps, StTg,) is a dual Soft
continuity mapping, fpd(FGg) is a dual Softopen
set over Xps and fpd(FGp(x))=fpdG(x)=
fpa(G,E)( ) is an Soft open set. This implies that
fps.. is a Soft continuous mapping.

Now we give an example to show that the converse
of above theorem dose not hold.
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Example 3.6. Let X = {x1,x2},R = {r,n},E = {e1,e,
63},A = {61,@2}

StTe = {Xps, @ps;FGa,F1G1a,F2G2a, F3G34}. Y = {y1,
2}, Q= {q1. 92}, StT'e = {Yps,Dps, HKa, HiKi4,
H2K2A7H3K3A} SllCh that:

FGy={(e1,{x2},{r1}), (e2, X, {n2}), (e5, 2, @) }
FGiu={(e1.{x1}, @), (e2, {11}, {n}), (65,2, @) }
F,Gya={(e1,X,{r}),(e2,X,Y),(e3, 3, D) }
EGsa={(e1, 3, 9),(e2,{x1}, @), (5, 5, D) }
HKy ={(e1, {m1}.{2}). (&2, Y. {7:}).(e5, 0, @) }
HiKia={(e1, {92}, 2). (2. {12}, @) (e, 2, @) }
HKon={(e1, Y, {a2}), (&2, Y. {1m}).(e5, 2, 2) }

H3K3A:{(E1,® @ (627{y2} @) €3,®,@)}

If we get the mapping fps: (Xps, StTg) — (Yps, StTE)

defined as

fos(x1) =2, fos (¥2) =1, fos (1) = 42, fos (r2) = 1.

Then fps is not a dual Soft continuous mapping,
because fps~ (H1K1A) &StTg. But  fps(er) : (Xps,
StTEel) - (YDS,StT 521) and fD5(€2) : (XDs,StTEeZ) -
(Yps, StT'g,,) are dual Soft continuous mapping.

Here StTg,, = {Xps,@ps., (e1,{x2},{r}), (e1,{x1}, @),
(e1, X, {r})}

StTe., = {Xps, Dps; (€2, X, {r2}), (€2, {x1},{r1}),
(62»X7Y)7 (627 {xl}a @)}

StT'se, = {Yos, @ps, (e1, {y1}, {42}), (er, {2}, @),

(e, Y {42}) }

StT’Eez = {YD57®DS7 (eZaYa {41})7 (827 {yZ}a Q)a

(e2: {y2}. @) }-

Definition 3.7. Let (Xps, StTt, 11, u,)) and (Yps, STy,
Iy, 11,)) be two dual Soft topological spaces, fps:
(Xps, StTg) — (Yps, StT;) is a mapping.

a) If the image fps(FGa) of any dual Soft,ye, set FGa
over Xps is a dual Softy., set in Yp,, then fps is
called to be a dual Soft,,., mapping.

b) If the image fps(FGg) of any dual Soft.psed set
FGg over Xp; is a dual Soft,seq setin Yps, then fpg
is said to be a dual Soft.j,s.s mapping.

Proposition 3.8. If fps: (Xps, StTg) — (Yps, StT,) is
dual Soﬁopm (cdosed) Mapping, then for each o« €&E,
fDS - X T« s E) (Y, T; y E) is an dual Softopen(closed)
mapping.

Proof. The proof of the proposition is direct and it is
left to the reader.

To make Note that the notions of dual Soft contin-

uous, dual Softopen , dual Soft(oseqy mapping are all
independent of any other.

Example 3.9. Let (Xps, StTg, ) be dual Soft Discrete
topological space and (Xps, StT;) be dual Soft
Indiscrete topological space. Then 1ps: (Xps, StTg) —
(Xps, StTy,) is a dual Softypen and  dual Softcosea)
mapping. But it is not dual continuous mapping.

Example 3.10. Let X = {x1,%2},Y = {y1,¥2},E = {e1,
e2,e3},A = {e1,er}
StTg={Xps,Pps,FGa,F1G14,F2G2a},StT'e = {Xps,@ps,
HKA7H1K1A} where

FGa={(er, {22}, {m1}), (€2 X, {12}),(e5, 2. @) }
EGia={(e1,X,{n1}),(e2.X,Y),(e3,2,9) }

F,Gop={(e1,X, D), (€2,X,Y), (€3, D, D) }
HKy={(e1,{x1},{12}), (e2,X, {1 }).(e5, 5. @) }

HiKip={(e1,X,{12}).(e2,X,Y), (65,3, 2) }

If we get the mapping fps: (Xps, StTe, Ly, u,) —
Xps, StTE,II u,uy)) defined as fps(x;) = x1,fps(yi) =
y1,i =1,2. It is clear that:
fl;Sl(HKA) = {(el7X7 @), (827Xa Y)? (637 ®7 Q)}

fod (HiKia) = {(e1,X, @), (e2,X,Y), (e3,2,8)}  then
fps is a dual Soft continuous mapping, but
fos(FGa) = {(e1, {21}, {y1}), (€2, X {y1}), (e3, @, @) }

st(FlGlA):{(el,X {yl}) ez,X Y) (33, @, @)}

fos(F2G2a)
Then it is not both dual Soft,pen and dual Soft osea
mapping.

Example 3.11. Let X = {xy,x3,x3 },R = {r,nn},E =
{e1,e2,e31,A = {er,e2}

StTe = {Xps, @ps, FGa,F1Gu4 },

Y = {y1,12},Q = {q1, 92}
StT'y = {Xps, @Ds,HKA,HlKLq} where

PGA:{(eh{xlvxZ}'v {rl})v (eZva {rZ})v (33’ 9, Q) }

={(e1,X,2),(2,X.Y), (3,2, @) }
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FlGlA:{(ela{xZ}’{rl})v (62, {XZ}’ {1’2}), (63, 2, @) }
HKy={(e1, Y, {q1}), (@2, Y {a2}) (e, 2, @) }
HiKia={(er {2}, {11}) (&2, {2}, {2}) (&5, 2, @) }

the mapping fps: (Xps, ST, I, u1,)) > Xpss StTE,
I, 1)) defined as fps(x1) = y1,fps(x2) = fps(x3) = y2

st(ﬁ) :6]17st(1’2) ={q2

then fps is a dual Soft,,., mapping , but fps is not
dual Soft continuous mapping because fpd (H1K1,) is
not dual open set, fps is not dual Soft;.se.q mapping
because (FG,) is dual Softiesea set but fps(FGa) is
not dual Soft.osea set.

Example 3.12. Let X = {x1,%2,%3 },R = {r,n},E =
{er,e2,e3},A = {er1, &2}

StTE:{XDSaQDS;PGAaFlGlA }7

Y ={y1,12},Q = {q1, 42}
StTy = {Xps, @ps, HKa, H1K14} where

FGA:{(elﬂ {x17x3}7{r2})7 (62,{x1,x3}7{1‘1}), (637 o, Q) }

FEiGia={(e1,{x3},{r2}), (2, X, {r1}).(es, @, @) }
HKx={(e1,Y, {q2}), (e, Y, {q1}),(e3, 2, 2) }

HiKia={(er, {y1}. {a2}): (&2 {1} {m:}) . (5, 2. @) }

the mapping fps: (Xps, StTe, iy, u,,) = Xbs, StTE,
I, 1)) defined as fps(x1) = y1,fps(x2) = fps(x3) = y2

st(7’1) :6]17st(7’2) =q2

then fps is a dual Soft..se.a mapping, but fps is not
dual Soft continuous mapping because fpd (H1K1 ) is
not dual open set, fps is not dual Soft,pe, mapping
because F1G1, is dual Softypen but fps(F1Gi1a) is not
dual Softypen set.

Theorem 3.13. Let (Xps, StTr) and (Yps, StTr) be two
dual Soft topological spaces, fps: (Xps, StTg) — (Yps,
StTg,) is mapping.

a) fps is dual Soft,pe, mapping « for any dual Soft
set FGy over Xps, fps(FGa)’C(fps(FGa))’ is
satisfied.

b) fps is dual Soft.s.a mapping < for any dual Soft
set FG, over Xps, fps(FGa) C fps(FGa) is satisfied.

Proof. a) Let fps be a dual Soft,pe, mapping and Let
FG, be an arbitrary dual Soft set over Xp;. FGA° is
dual Soft,pen  set and FGA° CFGy. Since fps is a

dual Softy,e, mapping, fps(FGA°) is a dual Softypen set
in Yps and fps(FGAO) Cfps(FGA). Thus fps(FGAO)C
fps(FGa)’ is obtained.

Conversely, let FG4 be an arbitrary dual Soft
set over Xp;s. Then FG4 = FG4°. From the condition
of theorem, we have fps(FGs°) Cfps(FGa)°’. Then
fos(FGa) = (fps(FGa)®) C(fps(FGa))” Cfps(FGa).
This implies that fps(FGa) = (fps(FGa))’.

b) Let fps be a dual Soft;.sea mapping and FG, be
an arbitrary dual Soft set over Xp;. Since fps is a
dual Softsed mapping, fps(FGa) is a dual Softiosea
set over Yps and fps(FGa)Cfps(FGa), Thus
fos(FGa) Cfps(FGa) is obtained.

Conversely let FG4 be an arbitrary dual Soft set
over Xp;. From the condition of theorem, fps(FGa) C

fos(FGa) = fps(FGa) Cfps(FGa). This means that
fps(FGa) = fps(FGa).

Definition 3.14. Let (Xp,, StTE,II(uLuz)) and (Yps,
StTy, My, 11,)) be two dual Soft topological spaces,
fps: (Xps, StTg) — (Yps, StT) be a mapping, if fps is a
bijective, dual Soft continuous and fd is a dual Soft
continuous mapping, then fps is said to be a dual
Soft homeomorphism from Xp; to Yps, when a dual
Soft homeomorphism fps exists btween Xps and Yp;
we say that Xp; is dual Soft homeomorphism to Yp.

Theorem 3.15. Let (Xps, StTr) and (Yps, StTr) be two
dual Soft topological spaces, fps: (Xps, StTe) — (Yps,
StTy,) be a bijective mapping. Then the following
conditions are equivalent:

(1) fps is a dual Soft homeomorphism.

(2) fps is a dual Soft continuous and dual Soft closed
mapping.

(3) fps is a dual Soft continuous and dual Soft,pen

mapping.

Proof. It is easily obtained.

4. Conclusion

In this work, a new mapping was introduced
using the dual Soft set in the dual Soft topological
space, called the dual Soft continuous mapping, and
its properties and relationships were studied. Also,
the dual Soft,pen , dual Soft.esea mapping and dual
Soft homeomorphism was presented.
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