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ORIGINAL STUDY

Weakly Pseudo Primary 2-absorbing Submodules

Omar H. Taha **, Marrwa A. Salih ”

@ Department of Mathematics, College of Computer Science and Mathematics, Tikrit University, Tikrit, Iraq
® Department of Mathematics, College of Education for Pure Sciences, Tikrit University, Tikrit, Iraq

Abstract

In this paper, we introduce the notion of a weakly pseudo primary 2-absorbing sub-module as a generalization of a 2-
absorbing sub-module and a pseudo 2-absorbing sub-module. Moreover, we give many basic properties, examples, and

characterizations of these notions.

Subj-class something like: 13A05, 13C13, 13C60, 13C10, 13E05, 13F15

Keywords: Primary- 2-absorbing, Pseudo -primary- 2-absorbing, 2-absorbing

1. Introduction

I n this paper, all rings are commutative with
0+#1, and D is a unitary R-module. During the
last 13 years, the notion of 2-absorbing sub-modules
and weakly 2-absorbing sub-modules has been
previously investigated by Darani and Soheilinia [1],
and its generalizations to where 2-absorbing ideal
was first introduced in 2007 by Badawi [2]. Let A<D
be sub-module of R-module D, A is called 2-
absorbing (weakly 2-absorbing) if whenever rir.de
A (0#rrdeA) for some 1,1 <R, deD, then rnde
A or rnd€ A or rir, €[A:rD]. Following that, Mosta-
fanasab, Yetkin, Tekir and Daran [3] introduced the
concept primary 2-absorbing it's generalizations of
primary sub-module and weakly primary sub-
module, respectively, a sub-module ASD of an
R—module D is called a primary 2-absorbing, if
rnd€A, for ri,r €R, d€D, implies that either nde
radp(A) or rde€radp(A) or rr€[A + Soc(D):rD].
Also, Mohammadali and Abdulla [4] introduced the
concept of pseudo primary 2-absorbing sub-mod-
ule, a sub-module A<D of an R—module D, is called
a pseudo primary 2-absorbing sub-module D, if
rnd€A, for ri,r, €R, d€D, implies that either nde
radp(A) + Soc(D) or ryderadp(A) + Soc(D) or rir, e
[A + Soc(D):rD]. In earlier years, there has been

prior research that has addressed the following
themes: pseudo-2-absorbing, pseudo semi 2-
absorbing [5], and weakly pseudo semi 2-absorbing
[6]. This paper is based on introducing a new class of
sub-modules called weakly pseudo primary 2-
absorbing sub-modules. Among many other results
in this paper, we show in Proposition 2 and
Remark 3 the relation between the above concepts
with weakly pseudo primary 2-absorbing sub-
module with examples. Also, we show that the
intersection of each pair of distinct weakly pseudo
primary 2-absorbing sub-modules is not a weakly
pseudo primary 2-absorbing sub-module in general.
Also, the residual of a weakly pseudo primary 2-
absorbing sub-module is a weakly pseudo primary
2-absorbing ideal. To do this, specific requirements
will be conditions. In Theorem 14, we prove A is a
weakly pseudo primary 2-absorbing sub-module
of an R-module D if and only if (0)#Q1Q,TCA
for some ideal Qq,Q, of R and sub-module T of D,
implies that either Q;TCradp(A)+ Soc(D) or
Q2T Cradp(A) + Soc(D) or Q1Q2C[A + Soc(D):rD].

2. Weakly pseudo primary 2-absorbing sub-
module

Definition 1. Let ASD be a sub-module of an
R—module D, we said A be a weakly pseudo primary
2-absorbing sub-module D, if 0#rndEA, for r,
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rn€R, deD, implies that either rderadp(A)+
Soc(D) or mrd&radp(A)+ Soc(D) or nne[A+
Soc(D):rD]. An ideal Q of a ring R is said to be a
weakly pseudo primary 2-absorbing ideal of R if Q is
a weakly pseudo primary 2-absorbing sub-module
an R—module R.

Proposition 2. Let ASD be a sub-module of an
R-module D, then the following holds.

1.If A is a 2-absorbing (weakly 2-absorbing) sub-
module of D, Then A is a weakly pseudo primary 2-
absorbing sub-module of, generally, the converse
need not hold.

2.If A is a pseudo-2-absorbing (weakly pseudo-
2-absorbing) sub-module of D, Then A is a weakly
pseudo primary 2-absorbing sub-module of D,
generally, the converse need not hold.

3.If A is a primary 2-absorbing (weakly primary 2-
absorbing) sub-module of D, Then A is a weakly
pseudo primary 2-absorbing sub-module of D,
generally, the converse need not hold.

4. If A is a pseudo primary 2-absorbing sub-module of
D, Then A is a weakly pseudo primary 2-absorbing
sub-module of D, generally, the converse need not
hold.

Proof.

1. Assume that A is 2-absorbing. To prove A is a
weakly pseudo primary 2-absorbing. Let 0+
rrd€A for some 1,1 ER and d€D, since A is
2-absorbing, then ether ndeACradp(A)C
radp(A) + Soc(D) or rydeACradp(A)Cradp (A)+
Soc(D) or rnrnDEACA+ Soc(D). Now we have
ether rd€radp(A) + Soc(D) or rd€radp(A)+
Soc(D) or rr€]A + Soc(D):rD]. Thus A is a
weakly pseudo primary 2-absorbing. In regards
to the contrary, the 12Z is a proper sub-module
of Z-module Z, 127 is weakly pseudo primary 2-
absorbing sub-module of Z-module Z, since for
all 0#nnrnde€12Z for ri, r, d€Z, implies that
either rderady(12Z) + Soc(Z) = 6Z + (0) = 6Z
or nd€&rady(12Z) 4+ Soc(Z) = 6Z or nr € [127Z +
Soc(Z):z7Z) = 127. For example, 0+#2.2.3€12Z for
2,3€Z, implies that 2.3 =6€6Z but 2.2 = 4¢
127. But 12Z is not 2-absorbing sub-module of
Z-module Z since 2.2.3€127Z for 2,3€ Z, but
23=6¢127Z and 2.2 = 4&127Z.

2. Assume that A is pseudo-2-absorbing. To prove
A is weakly pseudo primary 2-absorbing. Let 0+
rrd €A for some 11,7 €R and d€D, since A is
pseudo-2-absorbing, then ether rdeA+
Soc(D)Cradp(A) + Soc(D) or rnd&A+ Soc(D)C
radp(A) + Soc(D) or rir,DCA+ Soc(D). Now we

have ether rid€radp(A) + Soc(D) or rd€Eradp
(A) + Soc(D) or rnra€[A + Soc(D):gD]. Thus A is
a weakly pseudo primary 2-absorbing. In
regards to the contrary, let D = Z, R = Z, and
A = 16Z. A is proper sub-module of D, A is
weakly pseudo primary 2-absorbing, since for all
0#rnde€A for r,nER, and d€D implies that
either nderadp(A) + Soc(D) = 2Z + (0) = 2Z or
rdE€radp(A) + Soc(D) = 27 or rir, €[A + Soc(D):
rD] = 16Z. For example, 2.3.8 =48€A for 2,
3€R, 8€D, implies that 2.8 = 16€27 but 2.3 =
6&16Z. But A is not pseudo-2-absorbing. Since
224€16Z, where 2€R and 4€D, but
2.4 =8&A + Soc(D) = 167 + (0) = 16Z and 2.2 =
4&[16Z + Soc(D):xD] = 16Z.

3. Assume that A is a primary 2-absorbing sub-
module of R-module D. Let 0 #rr,d €A for some
r,»E€R and d€D, since A is a primary 2-
absorbing, then either rid&€radp(A)Cradp(A)+
Soc(D) or mrderadp(A)Cradp(A) + Soc(D) or
r1nDCACA + Soc(D). That is either ride<radp
(A) + Soc(D) or rde&radp(A) 4+ Soc(D) or rne
[A + Soc(D):rD]. Hence A is a weakly pseudo
primary 2-absorbing sub-module of R-module
D. In regards to the contrary, In Z -module Zqy,
the (30) is a proper sub-module of Z -module
Zgo- (30) is weakly pseudo primary 2-absorbing
sub-module since for all r,nEZ and dEZg
with 0#rrnde(30) we have either rde
radz,, (30)) + Soc(Zao) = (30) + (3) = (3) or rade
radz,, ((30)) + Soc(Zey) = (3) or mnr€[(30) +
Soc(Zs9):779) = 3Z. Since Soc(Zgey) = (3) and
radp((30)) = (30). For example, 0+#235 =
30€(30), we have 3.5=15€rady,((30))+
Soc(Zgp) = (30) + (3) = (3) and 2.3 = 63Z.but
25 =10€ (3). It is clear that (30) is not primary
2-absorbing sub-module since 2.3.5 = 30<(30),
35=15¢(30) and 25=10¢(30) and 23 =
6 £ 30Z.

4. Clear by Definition of weakly pseudo primary 2-
absorbing sub-module.

Remark 3. The relation between the semi-2-
absorbing (weakly semi-2-absorbing, pseudo-semi-
2-absorbing and weakly pseudo-semi-2-absorbing)
sub-modules with weakly pseudo primary 2-
absorbing sub-module is independent. That is

1.If A is a semi-2-absorbing (weakly semi-2-
absorbing) sub-module of R-module D, it is not
necessarily to be a weakly pseudo primary 2-
absorbing sub-module of R-module D.

2.If A be a weakly pseudo primary 2-absorbing
sub-module of R-module D, it is not necessarily
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to be semi-2-absorbing (weakly semi-2-
absorbing) sub-module of R-module D.

3.If A is a pseudo-semi-2-absorbing (weakly
pseudo-semi-2-absorbing)  sub-module  of
R-module D, it is not necessarily a weakly pseudo
primary 2-absorbing sub-module of R-module D.

4.1f A is a weakly pseudo primary 2-absorbing
sub-module of R-module D, it is not necessarily
a pseudo-semi-2-absorbing (weakly pseudo-
semi-2-absorbing) sub-module of R-module D.

The following Example 4 clear that.

Example 4.

1. Assume that 427 is proper sub-module of Z
-module Z. 427 is semi-2-absorbing (weakly
semi-2-absorbing)sub-module, since for all r2d€
427, r,d€Z, implies that either rd€427Z or r*
[427:77) = 427. For example, 22.21 = 84€ 427,
2,21€Z implies that 2.21 = 42€427Z but 2* =
4 [427.:57) = 427. But 427 not weakly pseudo
primary 2-absorbing sub-module, since 0+
237 =42€427 for 2,3, 7€Z. But 2.7 = 14¢&
rady(427) + Soc(Z) = 427+ (0) =427, and 3.7 =
21&rady (42Z) + Soc(Z) =427 and 2.3 = 6¢&
[42Z + Soc(Z):zZ) = 427Z.

2. Assume that 16Z is proper sub-module of Z
-module Z. 16Z is weakly pseudo primary 2-
absorbing sub-module (by Proposition 2 [2]). But
it is not a semi-2-absorbing (weakly semi-2-
absorbing) sub-module, since 22.4 = 16 €16Z for
2,4€7, but 2.4 = 8167 and 22 = 4&[16Z:,7) =
16Z.

3. Similar [1] since Soc(Z) = 0.

4. Similar [2] since Soc(Z) = 0.

Lemma 5. [1] On mZ is a 2-absorbing sub-module of Z
— module Z if m = 0 or m = p1 or m = pyp, where p1,p2
are prime integers.

Proposition 6. mZ is a weakly pseudo primary 2-
absorbing of 7. — module 7 if m = p;,m = p13, m =
p1p2, where p1,p, are prime integers.

Proof. Since nZ is a 2-absorbing sub-module by
Lemma 5 and since every 2-absorbing sub-module
is weakly pseudo primary 2-absorbing by Proposi-
tion 2. Then nZ weakly pseudo primary 2-absorbing.

Remark 7. Let A; and A, are two distinct weakly
pseudo primary 2-absorbing sub-modules of an
R-module D. Then A;nA; is not necessarily weakly

pseudo primary 2-absorbing. the following Example 8
clear that.

Example 8. Let D =7, R =7, A1 =7Z, Ay = 6Z are
two weakly pseudo primary 2-absorbing sub-mod-
ules of Z-module Z by Proposition 6 But
Ai1nA; =427 is not weakly pseudo primary 2-
absorbing, by Example 4 [1].

Remark 9. The residual of a weakly pseudo primary
2-absorbing sub-module of an R-module D is not
necessarily to be a weakly pseudo primary 2-
absorbing ideal of R. The following Example 10 clear
that.

Example 10. (0) is a proper sub-module of Z -
module Zs. (0) is a weakly pseudo primary 2-
absorbing, by definition. But [(0):7Z3] = 30Z is not
weakly pseudo primary 2-absorbing ideal of Z.
Since 2.35=30€30Z for 2, 3, 5€Z. But 25=
10 & radp(30Z) + Soc(Z) = 30Z + (0) = 30Z and 3.5 =
15 &radp(30Z) + Soc(Z) = 30Z and 2.3 = 6&[30Z +
Soc(Z):z7Z] = 30Z.

Proposition 11. Let A<D be a sub-module of R-module
D. A is weakly pseudo primary 2-absorbing if and only if
for any r1,r€R such that rir,&[A+Soc(D):rD] we
have [A:pri1;]C[0:pri1a]Ulradp(A) + Soc(D):pri|U[radp
(A) + Soc(D):pra.

Proof. Assume that A is weakly pseudo primary
2-absorbing sub-module and let x&[A:prir:] to
prove x € [0:pr112]U[radp(A) + Soc(D):pr1]U[radp(A) +
Soc(D):pry]. Then rrnxeA. If 0#rnrnxeA and
rr&[A + Soc(D):rD), it follows that rix<radp(A)+
Soc(D) or rx&radp(A) + Soc(D) (since A is weakly
pseudo primary 2-absorbing). Thus either
x€[radp(A) +Soc(D):pr1] or x&lradp(A) + Soc(D):
pra). If 0=mrmrnx€A then x&[0:prirz]. Hence
x € [0:pry12)Ulradp(A) +Soc(D):pr1)ulradp(A) +Soc(D):
Drz] That is [A:Drlrz]Q[OZDﬁh]U[TﬂdD(A) + SOC(D):
DTﬂU[TIldD(A) + SOC(D)ZDT"z].

Conversely, Assume that 0#rrnd€A, forreR , de
D and let [A:prir2|C[0:prir2|U[radp(A) +Soc(D):
pr1U[radp(A) +Soc(D):pra] and nr&[A + Soc(D):
rD]. Then by our hypothesis d&[0:prirz] but
dE[AZDﬁTz][OZDTﬂ’z]U[TﬂdD(A) + SOC(D):Drl]U[TadD(A)
+ Soc(D):pt2]. Then either d& [radp(A) +Soc(D):pr1]
or d€radp(A) + Soc(D): pry), that is either rnde
radp(A) + Soc(D) or rderadp(A) + Soc(D). There-
fore, A is a weakly pseudo primary 2-absorbing sub-
module of D.

Lemma 12. Let ASD be a sub-module of R-module D.
A is a weakly pseudo primary 2-absorbing sub-module
of an R-module D if and only if (0) #r11TCA for nr, €
R and T is sub-module of D, implies either r1TCradp
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(A) + Soc(D) or rTCradp(A) 4+ Soc(D) or nnne [A +
Soc(D):rD].

Proof. Assume that A is weakly pseudo primary 2-
absorbing sub-module of an R-module D and (0)+#
rnrnTCA for rnrneR, T is sub-module of D. Assume
that rT%radp(A) + Soc(D) and rT %radp(A)+
Soc(D) and 11, & [A+Soc(D):gD] . Then there exist #,
T such that either r#t; &radp(A) + Soc(D) or
nt&radp(A)+ Soc(D). Now since 0#rnt €A,
rr&[A + Soc(D):rD], and A is weakly pseudo pri-
mary 2-absorbing sub-module. Then by
Proposition 11, # € [A:pri12]C[0:prir2]Ulradp(A) +Soc
(D):pr1)U[radp(A) +Soc(D):pr2] implies that te
[0:prirs)ulradp (A) + Soc(D):pr1]Ulradp(A) + Soc(D):
pra). But 7t #0 and rt €radp(A) + Soc(D) , that is
t1 & [0:pr?] and t & [radp(A) + Soc(D):pry). Thus €
[radp(A) + Soc(D):pry], that is nt<radp(A)+
Soc(D). Also since 0#rnt, EA and rf, Eradp (A)+
Soc(D) and rra&[A + Soc(D):rD], it follows that
TltzgradD(A)+ SOC(D) Now, 07':7‘17”2<t1 +t2)EA and
rr&[A + Soc(D):rD], implies that t; + t, E[A:prir,]
and #t, & [0:prirz]. It follows by Proposition 11. we
have # + t €[radp(A) + Soc(D):pry|U[radp(A) + Soc
(D):pr2]. That is either #; + t, € [radp(A) +Soc(D):pr1]
or hH+ hLe [T[ldD(A) + SOC(D)Sprz]. If 1+ He
[radp(A) + Soc(D):pry], that is ri(t + &) = rf +
rty Eradp(A) + Soc(D). and we have rit,Cradp(A) +
Soc(D). That is nt €radp(A)+ Soc(D). which is a
contradiction. If ; + , € [radp(A) + Soc(D):pr2], that
is it + k) = nh + ntEradp(A) + Soc(D). and we
have rt;Cradp(A) + Soc(D). That is rt;Eradp(A) +
Soc(D). which is a contradiction. Hence either TC
radp(A) + Soc(D) or r,TCradp(A) + Soc(D) or rr e
[A + Soc(D):rD].

Conversely, Assume that 0+ nd€A, forry,nE R,
deD thatis (0) #r1r,(d)CA, hence by our hypothesis
r1(d)Cradp(A) + Soc(D) or r;(d)Cradp(A) + Soc(D) or
rnr€[A + Soc(D):rD]. Hence, A weakly pseudo
primary 2-absorbing sub-module.

Proposition 13. Let A<D be a sub-module of R-module
D. A is a weakly pseudo primary 2-absorbing sub-
module of a cyclic R-module D if and only if for nr, € R
with nr&[A+Soc(D):rD] we have [A:rrir2d|C
[0:r7172d|U[radp (A) +Soc(D):rrd|U[radp (A) +Soc(D):
rr2d] for some d€D.

Proof. Assume that A is a weakly pseudo primary 2-
absorbing sub-module of a cyclic R-module D
and for any nrn€R with rnrn&[A + Soc(D):rD],
let xE[A:irrirad] to prove x&|[0:rrired]|Ulradp(A) +
Soc(D):gr1d)Uradp(A) + Soc(D):rrod]. Implies that
rrxd €A, that is 17, (xd)CA. If 0% 1172 (xd)CA since A
is a weakly pseudo primary 2-absorbing sub-
module and 17> & [A+ Soc(D):rD], implies that either

r1(xd)Cradp(A)+Soc(D) or ry(xd)Cradp(A)+Soc(D)
(by Lemma 12) that is either x€&([radp(A)
+Soc(D):grrid] or xE€[radp(A)+ Soc(D):rrad]. If
0= mnr(xd)CA, implies that x&[0:rrirad]. That
is x€[0:rr112d|U[radp (A)+Soc(D):rrid)Ulradp(A)+Soc
(D): grrad] Hence [A:rrir2d]C[0:rri12d|U[radp(A)+
Soc(D):gr1d)U[radp(A)+ Soc(D):grd).

Conversely, Assume that D = (d;) for some d; €D,
and 0#rnd€EA, for r,rnER, dED with nn&[A +
Soc(D):rD]. Since d€D then d = xd; for some xER.
That is 0#rrxd; €A. It follows x€[A:rrir2d;]C[0:
rrit2di|U[radp(A)+ Soc(D):rridi)Ulradp(A)+ Soc(D):
rr2d1]. Then x&|[0:rrir2dq|U[radp(A)+Soc(D):rridp|U
[radp(A)+Soc(D):rrady]  but  x&|[0:rryrady]  (sines
0+#r1r2xdy). Then x€[radp(A)+ Soc(D):rridi|U[radp
(A)+ Soc(D):rradi]. Then either x&[radp(A)+
Soc(D):gr1d1] or xE[radp(A)+ Soc(D):rrad;]. That is
either rxd; €Eradp(A)+Soc(D) or rxd; Eradp(A)+
Soc(D) Then either rideradp(A)+Soc(D) or rde
radp(A)+Soc(D) Therefore A is a weakly pseudo
primary 2-absorbing sub-module of a cyclic
R-module D.

Theorem 14. Let A& D be a sub-module of R-module D,
A is a weakly pseudo primary 2-absorbing sub-module of
D if and only if (0)# Q1Q2TCA for some ideal Q1, Qs of
R and sub-module T of D, implies that either
Q1TCradp(A) + Soc(D) or QxTCradp(A) + Soc(D) or
Q]ng[A + SOC(D):RD}.

Proof. Assume that (0) # Q1Q,LCA for some ideal Qy,
Q> of R and sub-module T of D. With Q1Q>%[A +
Soc(D):gD)], to prove Q1 TCradp(A) + Soc(D) or Q,TC
radp(A)+ Soc(D). Suppose that Q1T %Zradp(A)+
Soc(D) and Q,T %radp(A)+ Soc(D). That is there
exist 1 €Qq and m; €Q,, such that n;T Zradp(A)+
Soc(D) and mT%radp(A)+  Soc(D). Now,
(0)#=n1mTCA. Since A is a weakly pseudo primary
2-absorbing sub-module of D. Then by Lemma 12,
either n;TCradp(A) + Soc(D) or mTCradp(A)+
Soc(D) or nymy €[A + Soc(D):grD]. Since Q1 Q> %A +
Soc(D):rD]. Then there exist n,€Q; and myQ,,
such that nymy & [A + Soc(D):rD]. But 0#nym;T €A
and A is a weakly pseudo primary 2-absorbing sub-
module of D with nymy&[A + Soc(D):rD]. Then by
Lemma 12, either n;TCradp(A)+ Soc(D) or
myTCradp(A) + Soc(D). Now, we have three cases.

Case 1. If nyTCradp(A) + Soc(D) and myT Zradp
(A) + Soc(D). Since (0) #nymyT €A, myT Eradp(A) +
Soc(D) and mT%radp(A)+ Soc(D), so that by
Lemma 12, we have nymy €[A + Soc(D):rD]. Since
nyTCradp(A) + Soc(D) and mT Zradp(A) + Soc(D).
We get (n1 + no)T Eradp(A) + Soc(D). on the other
side (0) # (n1 + ny)myTCA, and A is a weakly pseudo
primary 2-absorbing sub-module, (11 +ny)T £radp
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(A) 4+ Soc(D) and m,T £radp(A)+ Soc(D). Then by
Lemma 12, (m + mnp)mpy = nmyma+ nomyE[A +
Soc(D):rD]. But nymy € [A+Soc(D):rD] we have that
nymy €[A + Soc(D):rD], which is a contradiction.

Case 2. If myTCradp(A)+ Soc(D) and mn,T&
radp(A) + Soc(D). Similarly, to case 1, we get a
contradiction.

Case 3. If npTCradp(A) + Soc(D) and myTCradp(A) +
Soc(D), since myTCradp(A) + Soc(D) and m T £ radp
(A) + Soc(D), we get (my + my)T £radp(A) + Soc(D).
But (0) #nq(m1 +m,)TCA and A is a weakly pseudo
primary 2-absorbing sub-module with nT &radp
(A) + Soc(D) and (my + my)T%radp(A) + Soc(D).
Then by Lemma 12, we get ni(mi + my)EA +
Soc(D):rD). Since nym; €[A +Soc(D):rD] and nym; +
mmyEJ[A + Soc(D)rD], implies that nym,E[A +
Soc(D):gD). Since (0)# (11 +n2)mTEA and mTE
radp(A) + Soc(D) and (ny +n2)T £radp(A) + Soc(D)
and A is a weakly pseudo primary 2-absorbing sub-
module. Then by Lemma 12, we get (n1 + ny)m; €
[A + SOC(D)ZRD]. But nymy + nym; € [A + SOC(D)ZRD],
and since nmym; €A + Soc(D):rD], we get nym; €
[A + Soc(D):rD]. Since (0)= (11 +ny)(mq +my)TC A
and (11 +n2)T%[A+Soc(D):rD] and (mq + mp)T &
[A + Soc(D):grD]. Then by Lemma 12, we get (n1 +
ny)(my + my) = nymq + mymy+ nymy + nymy € [A +
Soc(D):gD]. Since nymi€[A + Soc(D):rD)], nom €
[A+Soc(D):rD] and nymy&[A + Soc(D):rD], we get
nomy €A + Soc(D):rD], which is a contradiction.
Consequently either Q:TCradp(A) + Soc(D) or Q,TC
radp(A) + Soc(D) .

Conversely, assume that 0#rrdCA for r,rn€ R
and d€D, that is 0+ (r1)(r2) TCA. Then by hypothesis
either (r1)TCradp(A) + Soc(D) or (r2)TCradp(A)+
Soc(D) or (r1)(r2)C[A + Soc(D):rD]. That is either
rTCradp(A) + Soc(D) or rTCradp(A) + Soc(D) or
r1r2CJA + Soc(D):xD]. Then by Lemma 12, we get A
is a weakly pseudo primary 2-absorbing sub-mod-
ule of a R-module D.

The following corollaries are direct consequences of
a Theorem 14.

Corollary 16. Let ASD be a sub-module of R-module
D, A is a weakly pseudo primary 2-absorbing sub-
module of an R-module D if and only if (0)+ Q1Q,dCA
for some ideals Q1.Q; of R and d€ D, implies that Q1dC
radp(A) + Soc(D) or QxdCradp(A) + Soc(D) or Q1Q,C
[A + Soc(D):rD].

Corollary 17. Let ASD be a sub-module of R-module
D, A is a weakly pseudo primary 2-absorbing sub-
module of an R-module D if and only if (0) #rQTCA, for
some rER and for some ideal Q of R and sub-module T

of D, implies that rTCradp(A) + Soc(D) or QTCradp
(A) + Soc(D) or rQCJA + Soc(D):rD].

Corollary 18. Let ASD be a sub-module of R-module
D. A is a weakly pseudo primary 2-absorbing sub-
module of an R-module D if and only if (0) #rQdCA, for
some r €R and for some ideal Q of R and d€ D, implies
that rQCradp(A) + Soc(D) or QdCradp(A) + Soc(D) or
rQC[A + Soc(D):rD].

Remark 19. [11] Suppose that R-module D is semi-
simple if and only if for any sub-module A of D,

SOC(%) _ Soc(g)-&-A.

Proposition 20. Let A& D be a sub-module of R-module
D. A is a weakly pseudo primary 2-absorbing sub-
module of D with D is semi-simple, and T is sub-module
of D with TCA, then % is weakly pseudo primary 2-
absorbing sub-module of an R-module 2.

Proof. Assume that A is a weakly pseudo primary 2-
absorbing sub-module of an R- module D and T is a
sub-module of D and let TCA. let 0#nn
(d+T) =rird+ T€4 with r,n€R and d+ TEZ
deD, implies that rrnd€A If rrd=0 then
nr(d+T) =0 which is contradiction. Thus
0#rrd€A and since A is a weakly pseudo primary
2-absorbing sub-module then either rid€radp(A)+
Soc(D) = radp(A) + T + Soc(D) or mnde&radp(A)+
Soc(D) = radp(A) + T + Soc(D) or r1r,DCA + Soc(D).
Since (TCACradp(A) then radp(A)+ T = radp(A)). It
rudD(A)+T+Soc(D)

follows that is either r(d+T)€ or
nd+T)e w or nr DCM That is
either r1(d+T) e MT(A) | T+Soc(D) T+Soc(D orn(d+T)e mdD (a)

T+Soc(D) A+Soc( )
T

or nr2cd+
then Soc(2) = % by Remark 19 that is either
r(d +T)gmd¥T+Soc( ) or ra(d+T)Cradpf+ Soc(7)
or rr € [2+Soc(2):x2] Hence 4 is weakly pseudo

since D is semi- s1mple

primary 2-absorbing sub-module of an R-module 2.

Proposition 21. Let D be a semi-simple R- module,
and A,B are sub-modules of R- module D with BCA
and radp(B)Cradp(A). If B and 4 are weakly
pseudo primary 2-absorbing sub-modules of D, D
respectively, then A is weakly pseudo primary 2-absorbing
sub-module.

Proof. Assume that 0#rind€A for rn,nER and
deD, then 0¢r1r2(d+B)e% If 0#rrdEB and B is
weakly pseudo primary 2-absorbing sub-module,
implies that either rid €radp(B) + Soc(D)Cradp(A) +
Soc(D) or rxderadp(B) + Soc(D)Cradp(A) + Soc(D)
or riDCB + Soc(D)CA + Soc(D), thus A is a weakly
pseudo primary 2-absorbing sub-module. Assume
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that rird € B, it follows that 0#rr:(d + B) € %, since
4 is weakly pseudo primary 2-absorbing sub-mod-
ule of 5, implies that either ri (d +B)Cradp (§)+ Soc(3)
or ry(d+B)Cradp (4) +Soc(B) or rrBcd+ Soc(B),

since D is semi-simple then Soc(%) :B_+5;C(D) by
A)

Remark 19 it follows that either r;(d JrB)Q—md%( +
BESID) or py(d+B)CA)  BSD) or pypDed t
540, nce BCA mplcs that B Soc(DICA +

Soc(D), hence either r;(d-+B)c™A), AtsecD)

mdD(A)E;LSoc(D) or Tz(d-i—B)grud%(A) +A+S§c(D) _ mdD(A);Soc(D)

or rlrzgg‘%—k '%C(D), implies that either r,(d+B)C

mdD(A);rSoc(D) or Tz(d+B)§rudD<A);Soc(D) or T1r2%QA+SgC(D>,

it follows either ridCradp(A)+Soc(D) or rdC radp
(A)+ Soc(D) or rir; € [A+Soc(D):rD] Therefore, A is
a weakly pseudo primary 2-absorbing sub-module.

Lemma 22. [7] Suppose that D be an R-module, T is
essential sub-module of D, Then Soc(D) = Soc(T).

Proposition 23. Suppose that A and T are sub-modules
of R-modules D, with A is a proper sub-module of T,
radp(T)Cradr(A), and T an essential sub-module of D.
If T is a weakly pseudo primary 2-absorbing sub-module
of D, then A is a weakly pseudo primary 2-absorbing
sub-module of T.

Proof. Assume that (0)#rr,LEA for r;,1n€ R, L is
sub-module of T, that is L is a sub-module of D and
(0)#rrnLeT. Since T is weakly pseudo primary 2-
absorbing sub-module of D, it follows that by Lemma
16 either rLCradp(T) + Soc(D) or r,LCradp(T)+
Soc(D) or rra €T + Soc(D):xD]. But T is essential
sub-module of D, then by Proposition Lemma 26
Soc(D) = Soc(T), and since radp(T)Cradr(A) Thus
either rLCradr(A) + Soc(T) or rp,LCradr(A) + Soc(T)
or rir €[A + Soc(T):rD]|CJ]A + Soc(T):rT]. Hence, A
is a weakly pseudo primary 2-absorbing sub-
module of T.

Lemma 24. [7] [Module Law] Suppose that A, B and C
are a sub-module of an R—module D , with BC C. Then
(A+ B)nC = (AnC)+ B = (AnC)+ (BNC).

Lemma 25. [7] Suppose that A is a sub-module of an
R—module D, then Soc(A) = AnSoc(D).

Proposition 26. Assume that A and B are sub-modules
of R-module D, with B is no contained in A and Soc(D)C
B. If A is a weakly pseudo primary 2-absorbing sub-
module of D, Then ANB is a weakly pseudo primary 2-
absorbing sub-module of B.

Proof. Since B is no contained in A, then An B is a
proper sub-module of B. Let (0)#rinLCANB for

some 11,7 €R and L is a sub-module of B, that is L is
a sub-module of D. It follows that o #r;nLCA, But A
is a weakly pseudo primary 2-absorbing sub-mod-
ule, then by Lemma 12 either »LCradp(A) + Soc(D)
or rLCradp(A) + Soc(D) or rir,DCA+ Soc(D). so
then either rLC(radp(A)+Soc(D))nB or rLC
(radp(A) +Soc(D))NB or r1r2DC(A + Soc(D))NB. since
Soc(D)CB, then by module law (Lemma 24). either
r1LC(radp(A) NB) + (BNSoc(D)) or r,LC(radp(A) NB)
+(BnSoc(D)) or r1r,DS(ANB) + (BNSoc(D)). Thus by
Lemma 25 BnSoc(D) = Soc(B). it follows that either
riLC(radp(A) NB) + Soc(B) or rLC(radp(A)NB)+
Soc(B) or ¥’ DC(ANB) + Soc(B). Since BCradp(B) and
radp(A)nradp(B) =  radp(AnB). Then  either
r1QCradp(ANB) + Soc(B) or r,QCradp(ANB) + Soc(B)
or »DC(ANB)+ Soc(B). Hence, ANB is a weakly
pseudo primary 2-absorbing sub-module of B.
Under certain conditions, the intersection of each
pair of distinct weakly pseudo primary 2-absorbing
sub-module is a weakly pseudo primary 2-
absorbing sub-module in general.

Proposition 27. Assume that A and B are weakly
pseudo primary 2-absorbing sub-modules of R-module
D, with B is no contained in A and either Soc(D)CA or
Soc(D)CB. Then ANB is a weakly pseudo primary 2-
absorbing sub-module of D.

Proof. Since B is not contained in A and B is a proper
sub-module of D, it implies that AnB is a proper
sub-module of D. Assume that Soc(D)CA But
Soc(D)£B. Let 0# Q1Q>LCANB for some Qy, Q; be an
ideal in R and L is a sub-module of B, that is, L is a
sub-module of D. It follows that 0# (Q;Q,LCA and
0#(Q1Q,LCB, But A and B are a weakly pseudo pri-
mary 2-absorbing sub-module, then by Theorem 14
either Q;LCradp(A) + Soc(D) or Qy,LCradp(A)+
Soc(D) or QiQ:DCA+Soc(D) and  either
Q1LCradp(B) + Soc(D) or Q,LCradp(B) + Soc(D) or
Q1Q2 DCB + Soc(D). it follows that either QLC(radp
(A) +Soc(D))n(radp(B) +Soc(D)) or Q.LC(radp(A)+
Soc(D))n(radp(B) +Soc(D)) or Qi1Q:DC(A + Soc
(D))N(B + Sco(D)). since Soc(D)CB. Then, by mod-
ule law (Lemma 24). either QLC(radp(A)
nradp(B)) + Soc(D) or Q.LC(radp(A)nradp (B))+
Soc(D) or Q1Q:DC(ANB)+ Soc(D). That is either
Q1LCradp(AnB)+Soc(D) or Q,LCradp(ANB)+Soc(D)
or Q1Q>DC (AnB)+ Soc(D). By Theorem 14 Hence,
AnB is a weakly pseudo primary 2-absorbing sub-
module of D. similar if Soc(D)CB.

Lemma 28. [7] Suppose that M and N be R—module
and f : M—N be an R-epimorphism, then f(Soc(M))
CSoc(N).
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Lemma 29. [7] Suppose that f : D1 — D, be an R-epi-
morphism, with kef (f )CA then f (radp, (A))Cradp, (f (A)).

Proposition 30. Suppose that f : D1 — D, be an R-epi-
morphism and A is a weakly pseudo primary 2-
absorbing sub-module of D1, with ker(f)CA then f(A) is
a weakly pseudo primary 2-absorbing sub-module of D5.

Proof. It's clear that f(A) is a sub-module of D,. Let
o#rindy €f(A) for some r,»ER and d, €D,, and
let rr &[f(A) +Soc(D,):rD5] to prove either rid, €
radp, (f(A)) + Soc(D,) or rdyEradp,(f(A))+ Soc
(D,). Since f is onto then o#r11r:f (d1) €Ef (A) for some
d1 €D, thatis f(r1r2dq1) = f(q) for some g€ A. That is
rrd; — qE€ker(f)CA. implies that rr,d; €A, that
is dy €[A:p,rir2], it follows by Proposition 11 then
dy €[A:p,1112]C[0 : Dirira]Vlradp, (A) + Soc(D1):p, 1)U
[radp,(A) + Soc(D1):p,12]. But A is a weakly pseudo
primary 2-absorbing sub-module of D1 so rirydi # 0
that is dy & [0:p,7112), therefore either d; € [radp, (A) +
Soc(Dq):p,r1), or di Elradp,(A) + Soc(D1):p,t2]. That
is either r1d; €radp, (A) + Soc(Dq) or rady Eradp, (A) +
Soc(Dy). So either rf(dy)Ef(radp,(A))+ f(Soc
(Dy) Cradp, (f (A)) +Soc(Dy) or raf (di) f (radp, (A))+
f(Soc(Dq))Cradp, (f(A)) + Soc(D;) (by Lemma 28
f(Soc(D1))CSoc(D;) and Lemma 29 f(radp,(A))C
radp, (f (A))). Thus either rid; Eradp, (f(A)) + Soc(D).
rdy Eradp, (f(A))+ Soc(D;). Therefore, f(A) is a
weakly pseudo primary 2-absorbing sub-module
of Dz.

Proposition 31. Suppose that f : D1 — D, be an R-epi-
morphism and A is a weakly pseudo primary 2-
absorbing sub-module of Dy, then f~1(A) is a weakly
pseudo primary 2-absorbing sub-module of D;.

Proof. Its clear that f1(A) is sub-module of D;. Let
o#rirdef 1(A) for some r1,1» €R and d€ Dy, then
0#rrf(d)EA since A is a weakly pseudo primary
2-absorbing sub-module of D,, implies that either
rif (d) Eradp,(A) + Soc(D;) or  rf (d) Eradp,(A)+
Soc(D,) or rrD;CA+ Soc(D,). Since f is R-epi-
morphism then D, = f(D). It follows that either
rdefYradp,(A) + f 1(Soc(D,))Cradp, (f 1(A)) + Soc
(D)  or  mndeflradp,(A) +f1(Soc(Dy))Cradp,
(f Y(A)) + Soc(D) or rrDCf 1(A)+ Soc(D). (by
Lemma 28 and Lemma 29). Hence f ~1(A) is a weakly
pseudo primary 2-absorbing sub-module of D;.

Lemma 32. [8] Let V = @,
is an R-module for each i€A,

Dic , Sco(Va).

Proposition 33. Suppose that D =D:®D, be an
R-module with Dy, D, be R-module and A = A1 ® A, be
sub-module of D, where A1,A; sub-modules of D1,D;

V; be an R-module and V;
then Soc(V) =

respectively and radp(A)CSoc(D). If A is a weakly
pseudo primary 2-absorbing sub-module of D, then Ay
and Ay are weakly pseudo primary 2-absorbing sub-
modules of Dy and D, respectively.

Proof. Assume that A is a weakly pseudo primary 2-
absorbing sub-module of D and let 0 #r112d; €A, for
some nrnrneR and dieD,, it follows that
(0, 0) ;&rlrz(dl, 0) €A19A, , but A=A1®9A, is a
weakly pseudo primary 2-absorbing sub-module of
D, then either r;(dq,0) Eradp(A; ®Az)+ Soc(D1 @ D3)
or 1r2(d1,0) Eradp(A1 ®Az) + Soc(Dy @ Ds) or
r1r2DC(A; ®Az) + Soc(Dy ©D;). But radp(A)CSoc(D),
then radp(A)+ Soc(D) = Soc(D) = Soc(D1 @D;) =
Soc(D1) ®Soc(D;). (by Lemma 32). Thus either
r1(d1,0) €Soc(D1) @ Soc(D,) or ra(dq1,0)ESoc(D1) @
Soc(D,) or riry(D1 ©D;)CSoc(D1) @ Soc(Dy), it fol-
lows that either rd; € Soc(D1)Cradp, (A1) + Soc(D1) or
rd, € Soc(D1)Cradp, (A1) + Soc(D1) or r1r,DCSoc(D1)C
A1+ Soc(D1). Hence, A; is a weakly pseudo primary
2-absorbing sub-module of D;. In the same way A,
is a weakly pseudo primary 2-absorbing sub-
module of D,.

Proposition 34. Suppose that D =D;®D, be an
R-module with D1,D, be R-module and A is a proper
sub-module of D., with radp,(A)CSoc(D1), and
Soc(Dy) =Dy. if A is a weakly pseudo primary 2-
absorbing sub-module of D1 then A®D, is a weakly
pseudo primary 2-absorbing sub-module of D.

Proof. Assume that (0,0) #r11y(d1,d) EA®D; for rq,
1 €R (d1, dz) €D1®D, where 0#d, €D, 0#d, €D,,
implies that 0#rrd; €A but A is a weakly pseudo
primary 2-absorbing sub-module of D, implies that
either rdy€radp,(A) + Soc(D1) or rdiEradp,
(A) + Soc(D1) or rirnD1CA+ Soc(D1). Since radp,
(A)CSoc(Dy), then radp,(A)+ Soc(D1) = Soc(Dy), it
follows that either rd; € Soc(D1) or r,d; € Soc(Dq) or
r1r2D1CSoc(D1). But Soc(D,) = D,, so we have either
r1(dy,dp) €Soc(D1) ®Soc(Dy) =  Soc(D1 ®D,)Cradp
(A®D,) + Soc(D) or ry(dy,dz) € Soc(Dy)® Soc(D,)=
Soc(D1 @ D,)Cradp(A® D,)+Soc (D) or rir2(D1 @ D3)
CSoc(D1) ® Soc(Dy)= Soc(D) CA®D,+ Soc(D). (by
Lemma 34) Hence, A®D, is a weakly pseudo pri-
mary 2-absorbing sub-module of D.

Proposition 35. Let AE D is a sub-module of R- module
D, with radp(A) is 2-absorbing sub-module of D. Then A
is a weakly pseudo primary 2-absorbing sub-module of D.

Proof. Assume that 0#rQd€A for r€R, Q be an
ideal of R and d€D with rQDZA+ Soc(D). Then
rQd€radp(A), since radp(A) is 2-absorbing sub-
module of D, by Corollary 18 that is either
rd€radp(A)Cradp(A) + Soc(D) or QdCradp(A)Cradp
(A) + Soc(D) or rQDCACA + Soc(D) then either rde
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radp(A) + Soc(D) or QdCradp(A) 4+ Soc(D) or rQDC
A + Soc(D) Hence, by Corollary 18, A is a weakly
pseudo primary 2-absorbing sub-module of D.

Proposition 36. Let D be an R- module, with Soc(A) is
a 2-absorbing sub-module of D. If AZ D is a sub-module
of D such that ACSco(D), Then A is a weakly pseudo
primary 2-absorbing sub-module of D.

Proof. Assume that 0#rQTCA for r€R, Q be an
ideal of R, and T is sub-module of D, since AC
Sco(D) Then rQTCSoc(D), since Soc(D) is 2-
absorbing sub-module of D, and by Corollary 17
that is either T €Soc(D)Cradp(A) + Soc(D) or QT €
Soc(D)Cradp(A)+ Soc(D) or rQDCSoc(D) = A+
Soc(D). then either rTCradp(A) + Soc(D) or QTC
radp(A) + Soc(D) or rr,DC A+ Soc(D). Hence, by
Corollary 17, A is a weakly pseudo primary 2-
absorbing sub-module of D.

References

[1] Darani AY, Soheilnia F. 2-absorbing and weakly 2-absorbing
sub-modules. Thai J Math. 2011;9(3):577—84.

[2] Badawi A. On 2-absorbing ideals of commutative rings. Bull
Aust Math Soc 2007;75(3):417—29.

[3] Mostafanasab H, Tekir U, Celikel EY, Ugurlu EA, Ulucak G,
Darani AY. Generalizations of 2-absorbing and 2-absorbing
primary sub-modules. Hacettepe ] Math Stat 2019;48(4):
1001-16.

[4] Abdulla OA, Mohammadali HK. Pseudo primary 2-absorbing
sub-modules and some related concepts. Ibn Al-Haitham
Journal for Pure and Applied Sciences 2019;32(3).

[5] Pseudo 2-absorbing and pseudo semi 2-absorbing sub-mod-
ules. In: Mohammadali HK, Abdalla OA, editors. AIP con-
ference proceedings. AIP Publishing; 2019.

[6] Omar H, Taha MAS. Weakly pseudo semi 2-absorbing sub-
module. Int ] Math Comput Sci 2024;19(4):427—-932.

[71 Grover C, Mendelsohn A, Ling C, Vehkalahti R. Non-
commutative ring learning with errors from cyclic algebras.
J Cryptol 2022;35(3):22.

[8] Faith C. Algebra: rings, modules and categories 1. Springer
Science & Business Media; 2012.



	Weakly Pseudo Primary 2-Absorbing Submodules
	Recommended Citation

	Weakly Pseudo Primary 2-Absorbing Submodules
	Source of Funding
	Conflict of Interest
	Data Availability
	Author Contributions

	Weakly Pseudo Primary 2-absorbing Submodules
	1. Introduction
	2. Weakly pseudo primary 2-absorbing sub-module
	References


