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HIGHLIGHTS ABSTRACT

e An alternative representation of the bipolar
Sugeno integral was proposed to be suitable
for bipolar scales.

o Study the main properties of this integral.

o This representation is consistent as a
generalization of the expression concerning
the classical Sugeno integral.

In the context of decision support systems, bi-capacities were introduced as an
extension of classical capacities. Many bipolar fuzzy integrals related to the bi-
capacities have been presented in recent years. One of these integrals is the Sugeno
integral concerning aggregation on bipolar scales. The paper aims to build an
equivalent representation of the bipolar Sugeno integral. Therefore, we first
employ in this paper the framework based on a ternary-criterion set for proposing
an alternative formula of the bipolar Sugeno integral to be suitable for bipolar
scales. Then, we discuss some basic properties and give an illustrative example of
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1. Introduction

With the increase of applications of fuzzy integrals in different fields of science and engineering, such as computational
intelligence, image processing, biology, face recognition, pattern recognition, economics, multi-criteria decision-making
problems, data fusion, etc. (see, e.g. [1-10]), many fuzzy integrals related to capacities (or "'non-additive measures") have been
provided by several research works (see, e.g. [11-15]). Among other fuzzy integrals, the Sugeno integral was introduced by
Sugeno in 1974 [6] to become one of the important analytical tools of integration theory for measuring uncertain information.

Many generalizations of the fuzzy integrals concerning aggregation on bipolar scales were presented in recent years [16-19].
Furthermore, bipolarity and its potential applications have been studied in many recent works of literature [20-23]. In this respect,
alternative formulas for the case of the Choquet integral on bipolar scales have been proposed in [24- 26], so these formulas
allow for a generalization of several results around the bipolar Choquet integral.

The paper aims to build an equivalent representation of bipolar Sugeno integral different from the Sugeno integral framework
introduced in [ 18]. Therefore, we first employ the framework based on a ternary-criterion set for proposing an alternative formula
of the bipolar Sugeno integral in this paper. Then, we study the main properties of this representation. This representation is
consistent as an extension of the representation concerning the classical capacities and aggregation on the Sugeno integral
unipolar scales.

The following section recalls some basic concepts that we need in this contribution. In Section 3, we introduce the bi-
capacities defined in the new approach. Then, section 4 proposes an alternative representation of bipolar Sugeno integral with
illustrated example. In Section 5, we study the main properties of this representation. Finally, in section 6, some conclusions are
described.
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2. Basic Concepts

2.1 Capacities and Sugeno Integral
In this paper, we denote by (X, Ii) for a measurable space, where Risa o- algebra of subsets of the universal set X. A

capacity [11] is an extension of a classical measure and is defined as follows:

Definition 1: [10] Let (X, A) be a measurable space. A capacity is a function p: A - [0, 1] that satisfies the requirements:
DpX) =1 wo =0,
i) if A€ B = p(4) < u(B), forall 4,B €A.

Let us denote by X to a class of nonnegative real-valued input on measurable space (X, A) For any x =
(X4, ey Xi ) ooy X)) € K, the Sugeno integral of x related to p is defined as follows.

Definition 2: [10] To any real-valued input x € K. The Sugeno integral of x with respect to capacity p is given by

(Sw) [(x, Wdp = ViexdAx;, n({j € x| = x, H}} €Y)

2.2 Bi-capacities

Although capacities can capture a wide range of decision-making applications, they are incompetent in some circumstances,
especially when the capacities are defined on bipolar scales. Therefore, in several workable cases, it is normal to employ a scale
that goes from bad "'negative" to good "“positive" values, which includes the middle neutral amount. This scale is called a bipolar
scale because of encodes the bipolarity of the impact, and exemplary examples are R (unbounded cardinal), [-1, 1] (bounded
cardinal), or {excellent, good, medium, bad, very bad} (ordinal). For simplicity, we use the [—1, 1] scale in this paper, with a
neutral value of zero.

Considering that the independence between the negative and positive partitions does not hold, for this reason, we have to
treat the triple alternatives (15, —1p, 0(aup)c), and give each of them a value in [-1, 1]. This value is denoted as v, (A, B), that
is, a function with two arguments, the first argument being the set of criteria that are completely satisfied, the second being the
set of criteria that are not completely satisfactory, and the remaining criteria being on the neutral level. Grabisch and Labreuche
[16] gave the following definition and called it bi-capacity.

Suppose Q(X):={(41,4,) € P(X) X P(X)| A; n A, = @}. Then, for any two disjoint pairs of sets (4;,4,),(By,B;) €
Q(X) the binary relation E is defined by:

(41,43 ) E (By ,By) iff Ay S Byand A, 2B, ()
The Supremum (Sup) and Infimum (7nf) on the structure (Q(X),E) are denoted by U, M, respectively. The Sup is given by

(A1,A;) U (By, By) = (A1 U By, 4; N By) 3)
Inf is given by

(A1 ,A2 )N (By,B; ) = (A1 NBy,A; UB,) 4)

Hence, this ordered set becomes a lattice with the top being (X, @) and the bottom being (@, X), (for more details, see [16]).
The structure Q (X) has another order relation introduced by Bilbao et al. [27]. This order relation is defined as follows:

(A1 ,A2 ) E (By ,By ) iff A1 € Bjand A, S B, (5)
Inf is given by
(Ay ,4; )N (By,B; ) = (41 NBy,A; NBy), (6)

and the Sup does not exist. Thus, this order relation on the structure Q (X) is an Inf-semilattice with the bottom being (@, @).
(see, [16], [27] for more details).
Definition 3: [16] A set function v: Q(X) — [—1,1] is called a bi-capacity on X if satisfies the following requirements:

i v(@,0)=0 v(N,®) =1and v(@,N) = -1
ii. V (A1, A7), (B1,By) € Q(X), (A1,4A3) E (By,By) = v(41,4;) < v(By, By).
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2.3 Bipolar Sugeno Integral Based on Bi-capacities With Order =

The bipolar maximum of x = (xq, ..., X;, ..., Xp) € [—1,1]", denoted by

Vieex = (VRix) Y (A% ) (7

Note that the operator : [—1,1]? — [—1,1] is the symmetric maximum introduced in [28]. Thus, the bipolar Sugeno
integral based on bi-capacities with order E is defined as follows.

Definition 4: [18] Given a vector x = (X1, ..., X;, ..., Xn) € [—1,1]", the bipolar Sugeno integral of x related to the bi-
capacity v on x is defined by

BSubf(x,v)dv=Vf’ex {sign(v({j € x:x = Ixil},{j € x:x; < —|xl- |))./\ {v{j Ex: x =
lx; I} {j € x: x5 < —[x; DI, [x: 3} 3)

BSu, f(x, v)dv = \b/{BSub+ f(x, v) dv, BSu,- f(x, v) dv}

iex

Where, BSuy+ [(x,v) dv is the right bipolar Sugeno integral is defined by

BSuy+ [(x,v) dv = Vid{sign(v({j € x: % = |x;[}.{j € x: x; < —|x; D.A{v({j € x: x; =
I 3.{/ € x+ % < —lx; [P | 3} 9

and BSu,,- [(x,v) dv is the left bipolar Sugeno integral is defined by

BSub—f(x,v)dv=V§’€_x{sign(v({j €Ex:x = |xl{jex:x<—|y |)>./\ {(v{jEx: x5 2
i1}, () € x: % < —lx D] 1% 13- (10)

3. Bi-capacities Defined on The Approach of Ternary-Criterion Sets

In this section, we begin by recalling the basic concepts of the ternary-criterion set and the equivalent definition of bi-
capacities (for more details, see [24- 26]).

We consider every criterion i € X that has either a positive impact, a negative, or no impact. So that we symbolize the
criterion i as i*whenever i is positively significant, as i~ whenever i is negatively significant and as i® whenever i is neutral,
and we call this criterion a ternary-criterion. For all i, i € {1,2 -+, n}, the ternary-criterion set is the set that contains only out of
(i°i~,and i*}.

Hence, in this approach, we denote by T(X) = {{1'1, vy To} | V1, € {i+,i_, i“’}, i =1,..,n} for the set of all possible
combinations of ternary criterion set of n elements.

We have T (X) can be identified with {1, 0, —1}", hence |T (X)| = 3™. Also, simply remarked that for any ternary criterion
set A € T (X), A is an alternative to a ternary vector (7y,..,T,) with 7, =1 if it €A, 1, =0if i® € A,and 7; = —1
ifi"€A V i=12-,n.

Definition 5: For any two sets A, B € T (X). The order relation £ between ternary-criterion sets A, B € T (X), Then
AC B © ViE€eX,

“if i® € A impliesit ori® € B",and “if it A impliesit B" (11)
The next definition is an alternative definition of bi-capacities defined on the approach of ternary-criterion sets.
Definition 6: A mappingv : T (X) —» [—1,1] is called bi-capacity based on the ter-criterion sets if it satisfies the following
requirements:
DvX)=v{1-,27,n"P=-1, vXH) =v{@1%2%,nt}H =1,

and v(X?) =v({1%,2°,n%}) =0 .
2) ACE B implies v(A) <v(B), VA, B€ T(X).
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Bi-capacities are functions defined on the structure T (X). Hence, we can introduce another order relation on the structure
T (X) , we denote by €, which is an alternative to the order relation in a bi-cooperative game [27].

Definition 7: For any two sets A, B € T (X). The order relation = between ternary-criterion sets A, B € T (X), Then,
ASC B & Vi€eX,

“ifiT € Aimplies i- € B"” and “if it € Aimpliesit € B" (12)

4. The Alternative Representation of Bipolar Sugeno Integral

Let X be a non empty finite set, the binary operators A,V on [0,1] is defined as follows: For any s, € [0,1] ,s A ¢:=
min{s, ¢t} and s V ¢:=max{s, t}. According to [28, 18], the symmetric minimum A and the symmetric maximum Y are operations
have been introduced as follows:

Foranys,t€ [-1,1] , s A t=sign(s+1) = (Js|A |f))ands Y t=sign(s = ) = (s|V |1,
where sign(r)=—1ifr<0,=0ifr=0,and=1if > 0.
Moreover, for any subset I of the interval [—1,1].

YSiEI Si = VSL'ZO Si Y /\SL'SO S (13)

Here, we propose an alternative representation of bipolar Sugeno integral related to bi-capacity defined on the ternary-
criterion set.
For an input vector x = (x,l, N LT xrn); X7, ER, i € {1,2-:-,n}. We denote a ternary-criterion set
X* = {1y, 1,} with ;= itifx; >0, 1,= i"ifx; <0;andt;= i°ifx; =0, Vi=
1,..,n.
Therefore, we can define the alternative representation of bipolar Sugeno integral of real input x related to bi-capacity as
follows.

Definition 8: Let T (X) be the set of all ternary-criterion setsand v : T (X) — [—1, 1] be a bi-capacity defined on a ternary-
criterion set. Then, the alternative representation of bipolar Sugeno integral of x related to v is defined by

(BSw) [(x,v) dv =V [I%5pl A v(Aowp)], T €{i™,it,i% (14)

where o is a permutation on X* so that [Xs()| = 2 |Xg(r,y ], and Aoy = {o(t1), ., 0(@),o(( + 1)?), (G +
2)0), } is ternary-criterion set € X",

For the sake of clarity, we give an illustrative example of the alternative representation of the bipolar Sugeno integral.

Example 1: Let us consider § = {1,2,3), and we define the bi-capacity values v : T (X) - [—1, 1] as shown in Table 1.
The function x on § defined by x = (0.1, —0.7,0.4). That is, X =01, xp, = —0.7,%,, = 0.4

Then, the ternary criterion set corresponding to x is X* = {1%,27,3%}.

Using definition 4, |5¢;)| = 0.7, |%5(,)| = 04, |%5(ep)] = 0.1,

(BSu) f(x, v)dv =V, [|xU(Tl.)| A v(AJ(Tl.))]
We obtain,
(BSu) [(x,v) dv = [0.7 A v({1%,27,3°})] v [0.4 A v({1%27,3*})] v [0.1 A v({1%,27,3"])]

(BSw) [(x,v) dv = [0.7 A —0.6] Y [0.4 A 0.5] ¥ [0.1 A 0.8]
(BSu) [(x,v) dv = [-0.6] Y [0.4] Y [0.1]

(BSu) f(x, v)dv = —0.6.
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Table 1: Bi-capacity values

Ternary-criterion sets {1,292, 3%} {1*,29 3% {12,2+,3%)
Bicapacity values 0 0.6 0.4
Ternary-criterion sets {12,27,37} {1-,27,3% {1-,2%,37}
Bicapacity values -0.7 -0.8 -0.8
Ternary-criterion sets {12,29,3+} {1+,2+,3% {1+,2°,34}
Bicapacity values 0.6 0.7 0.8
Ternary-criterion sets {12,2%,3%} {1-,2%,3% {1%,27,3%
Bicapacity values 0.7 -0.6 -0.6
Ternary-criterion sets {12,29,37} {1+,27,3% {1-,2+,3%
Bicapacity values -0.4 0.3 0.2
Ternary-criterion sets {12,2-,3%} {12,2%,37} {1+,29,37}
Bicapacity values 0.5 -0.2 -0.3
Ternary-criterion sets {1-,22,3%} {1+,2%,37} {1+,27,3%}
Bicapacity values 0.2 0.8 0.5
Ternary-criterion sets {17,2%,37} {17,2%,3%} {1-,27,3%}
Bicapacity values -0.4 0.4 -0.5
Ternary-criterion sets {1+,27,37} {1,27,37} {1+,2%,3%}
Bicapacity values -0.4 -1 1

5. Basic Properties of The Alternative Representation of Bipolar Sugeno Integral

Here, we introduce the basic properties satisfied by the alternative representation of bipolar Sugeno integral concerning the
bi-capacity.

Proposition 1: Consider a bi-capacity (v) defined on T (X), then

(BSu)f((lA,—lA, 04),v) dv = v(4), VA €eTX).

Proof: For any ternary input (15, —14,04), [Xozpl =107 [X5:pl =0, ¥V 1, € {i7,i*,i%
and v({AU(Ti)}) = v(1,,—14,0,4) = v(A). Thus, from the definition of bipolar Sugeno integral concerning the bi-
capacity (Eq. (14)), we have

(BSu) f((lA ,— 1y, OA),U) dv =Y?:1 [lxo(‘ri)l A U(Aa(ri))]
(BSu) [((14,-1,0,),v) dv = v(A), YV A € T (X)

The following proposition presents that the bipolar Sugeno integral concerning the bi-capacity satisfies the monotonic
characteristic.

Proposition 2: Consider a bi-capacity (v) definedon T (X), and Vx, x" € R,if x;, = x;; VT; € { i, i“’}, then
(BSu)f(x, v)dv = (BSu)f(x', v)dv.

Proof: First, we suppose that for any 7; € {i+, i, i@}, Xy, > x’Tl. andVk €{1,..,i—1,i+1..,n},
ka = x’Tk -

And, we suppose that for all elements of X, the order of each element is the same, i.e., [X5(p| =+ 2 |[Xg(zy)l

and |x,0(‘ri)| =2 |x,o(‘rn)|-

In the beginning, we demonstrate the monotonicity of this case.

According to the alternative representation of bipolar Sugeno integral (Eq. (14)), we have

(BSw) [(x,v)dv =Y, [ng(ri)| A v(AU(Ti))] (13)
also,
(BSw) [(x', v)dv =V [IX gyl A v(Aseep)] (10
As(ry and Ag(y;_,y are the ternary-criterion sets with Ay, ) S Ao(ry-
Hence, U(Ao(‘ri)) - V(AU(Ti—ﬂ) = 0.

Now, since x;;, = x'y, VT; € {i*,i7,i%}, itis clear that

(BSu) [(x,v)dv = (BSu) [(x',v)dv.

So that, if x;, > x';, then (BSu) [(x,v)dv = (BSu) [(x',v) dv is proved inside the scope that the order of each
element of x and x’ does not change.

Therefore, by repeating the above process 2 times at the point of the replacement of the order,

if x;; > x';; then, the following can be proved even in the range with the order replacement.
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(BSu)f(x, v)dv = (BSu)f(x', v)dv

Thus, by applying this procedure successively for each i, the monotonic property can be proved.

6. Conclusion

In this contribution, we have proposed an alternative representation of bipolar Sugeno integrals related to bi-capacities. Then,
we studied the basic properties of this representation. According to the definitions of bi-capacities and their integrals through the
concept of ternary-criterion sets, we can see these definitions are significant because associating polarity with each criterion is
easier than associating polarity with a set of criteria. Therefore, we look forward to future work on these definitions to allow an
easy way to introduce new integrals related to the bi-capacities.
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