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Dominating Sets and Domination Polynomial of k,-gluing of Graphs 11
Sahib Shayyal Kahat*

Institute for The Preparation of Teachers in Najaf
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Abstract

Let G = (V,E) be a simple graph. Aset D € V is a dominating set of
G, if every vertex in V — D is adjacent to at least one vertex in D. Let G be
k,-gluing of G, and G, and denote by C[G; U,- G,] the family of all k,-
gluing of G, and G,. Let K; be complete graph with order t and K,,, be
complete graph with order m and let G be k,.-gluing of K; and K,,, with
ordern =m+t —r. Let G} be the family of dominating sets of G,, with
cardinality i, and let d(G,,,i) = |GL|. In this paper, we construct G}, and
obtain a recursive formula for d(G,, ,i). Using this recursive formula, we
consider the polynomial D(G,,x) = Xi-,d(G, ,i)x; , which we call
domination polynomial of k,.-gluing of graphs and obtain some properties
of this polynomial.
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1 Introduction

Let G = (V,E) be a simple graph of order |[V| =n. AsetD C Vs a
dominating set of G, if every vertex inV — D is adjacent to at least one
vertex in D. The domination number (G) is the minimum cardinality of a
dominating set in G. For a detailed treatment of this parameter, the reader
is referred to[11]. It is well known and generally accepted that the problem
of determining the dominating sets of an arbitrary graph is a di_cult one
(see [6]). Alikhani and Peng found the dominating set and domination
polynomial of cycles and certain graph [1],[2]. Alikhani found On the
domination polynomials of non P4-free [3]. Dod, Kotek, Preen and
Tittmann found Bipartition Polynomials, the Ising Model, and Domination
in Graphs [4]. Kahat and Khalaf found the dominating set and domination
polynomial of stars, wheels, complete graph with missing and kr-gluing of
Graphs see [7], [8], [9], [10]. Kotek, JPreen and Tittmann found
Domination Polynomials of Graph Products [12]. graphs Let G,, be graph

with order n and let G be the family of dominating sets of a graph G,
with cardinality i and let d(G, ,i) = |G:]. We call the polynomial
D(Gp, x) = Xi=r(6) d(Gn , Dx;, the domination polynomial of graph G [2].
Let G be k,.-gluing of G,, and G,, and denote by C[G, U, G,]the family of
all k,.-gluing of G; and G, [5]. Let K; be complete graph with order t and
K,, be complete graph with order m and let G be k,-gluing of K, and K,,
with ordern = m 4+t — r. Let Gi n be the family of dominating sets of a
complete graph G,, with cardinality i and let d(G,, ,i) = |G}|. We call the
polynomial D(G,, x) = Y., d(G, ,)x;, the domination polynomial of G,
graph.

In the next section we construct the families of dominating sets of G,,
with cardinality i by the families of dominating sets of G,_; with
cardinality i and i — 1. We investigate the domination polynomial of G,

graph in Section 3. As usual we use ("} )for the combination n to i.

2 Dominating sets of k.,.-gluing of K; and K,
We shall investigate dominating sets of Let G,, be k,-gluing of K; and K,,.
To prove our main results we need the following lemmas:

Lemma 1[7].
The following properties hold forall graph G.
() |G} =1 (i) |G| = n (iii) |GL|= 0if i > n (iv) |G2]=0

¥



Y008 oY) G (£A) 330l Baa oeeceececenseneeseeseesssessensesassesassessessenaes 4590 5 Gl g2 Alaa

Theorem 1 [10]
Let G,, be k,.-gluing of K; and K,,, with order n = m + t — r, then

d(G,, i):(’z) — (ml._r) — (t;r), vnm,r,t €eZt andi=1,2,..,n

Let G, be ks-gluing of K, and K,,, with order n = m + 3. Using Theorem
1, we obtain the coeffcients of D(G,, x) for 6 < n < 15 in Table 1. Let
d(G, ,i)=|GL|. There are interesting relationships between the numbers
d(G,,i)(1 < i< n)inthe table.

i 1|2 3 4 5 G T 8 9 10 11 12 13 14 | 15
n t | m

6 6|3 6|15 | 20 15 6 1

7 6|4 3|18 | 34 35 21 7 1

3 6|5 3|24 | 55 70 56 28 2 1

9 6|6 3| 30| 32 126 126 84 36 9 1

10167 3|36 | 115 | 209 252 210 120 45 10 1

11 | 6|8 3|42 | 154 | 325 461 462 330 165 55 11 1

12 1619 3| 48 | 199 | 480 786 923 792 495 220 66 12 1

13| 6| 10| 3 |54 | 250 | 680 1266 | 1709 | 1715 | 1287 | 715 2586 T8 13 1

14 6|11 |3 |60 | 307 | 931 1946 | 2975 | 3424 | 3002 | 2002 | 1001 | 364 91 14 1
15 | 6|12 | 3|66 | 370 | 1239 | 2877 | 4921 | 6399 | 6426 | 5004 [ 3003 | 1365 | 455 | 105 | 15 |1

Table 1. d(G,,,1) The number of dominating sets of G,, with cardinality ¢ sech that G,, be
Ks-gluing of Kg and K,

In the following theorem, we obtain some properties of d(G,, ,i): G,, be
ks-gluing of K, and K.,

Theorem 2

The following properties hold of d(G,, , i), foreveryn € Z*:
(i) d(G,,1) =3vn=>7.

(ii) d(G,, 2) = d(G,,—1,2) + 6.

(iii) d(G,, 3) = d(Gp-1,3) + d(G,—1,2) + 3.

(iv) d(G,,,4) = d(G,—1,4) + d(G,_1,3) + 1.

(V) d(Gp, i) = d(Gp_1,i) + d(Gp—1,i — 1) Vi = 5.
(vy(G,) = 1Vvn=>7

(vid(Gg, i) = d(Kg, i)

Proof.

Let G,, be k;-gluing of K, and K,,, with order n = m + 3, then

(i)By Theorem 1 d(G,,, 1)= (7) = (™;*) — (%), since n = m + 3 then
m =n — 3, therefore d(G,, D= (1) = ("]°) - ()=n-n + 6-3 = 3

¥y
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n(n 1) (n—6)(n-7) .
2

(i) By Theorem 1 d(G,,2) = (3) — (",°) = ()=
3=6n — 24,

. _ _ (=D (-2)
and d(Gn-1,2) + 6= (";1) = (%;) = (§) + 6 =77~

=78 _ 3 4 6= 6n — 24 then d(G,,2) = d(G,_y,2) + 6.
n(n—-1)(n-2)

Jn=2) _
—1=3n% — 24n + 55, and d(G,,_1,3) + d(G,_1,2) +

3 _(n 1) (n 7) ()_I_(n 1) (n 7) (2)+3_ (n— 1)(n 2)(n-3)

(n— 7)(Tl68)(n 9 1+ (n— 1)2(71 2)_ (n=7)(n- 8)_ 3 4 3= 3In? —241’1 +

(iii) By Theorem 1 d(G,,,3) = (1) = (";%) - ) =
(n— 6><n 7)(n-8)

55,
then d(G,,3) = d(G,_1,3) + d(G,_1,2) + 3
(iv)By Theorem 1 (G,,,4) = () — (",°) = )=
(=O)@-7)n=8)9) _ )= »3 — 13.5n2 + 68.5n — 126,

24
and d(Gp-1,4) + d(Gr—1,3) +1 =) - (") -C)+ (") -
(") - () +1=n>—-135n%+ 68.5n — 126
then d(G,,,4) = d(G,_,,4) + d(G,_1,3) + 1.
(v)By Theorem 1we have d(G,, i) = (7) — ("7°) = ﬁ ("7H -

n—i— 6(n 7)
and we have d(Gp—1,0) + d(Gp—,i— D =("7) - (7)) + (7)) -
GD=C)-0+=50) == = (1+Ti)(”i1)—

( n—i—6) ") =500 - 6(“ ") = d(Gp, ).

(vi) since K3 € K,,, and K3 € K, then {v} is dominating set of (G,,)
Vv € K;, therefory( G,) =

(i) d(Ge, ) = () — () = (?') = d(Kg, i) by Lemma 1 (iii) m

n(n-1)(n-2)(n-3) .
24

Let G,, be k,-gluing of K and K,,, with order n = m + 3. Using Theorem
1, we obtain the coeffcients of D(G,,, x) for 6 < n < 15 in Table 2. Let

d(G, ,i)=|GL|. There are interesting relationships between the numbers
d(G,,i)(1 <i<n)inthe table.
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i 1|2 3 4 5 6 7 8 9 10 11 12 13 14 | 15
n t | m

G 6|4 615 | 20 15 6 1

7 615 L] 20| 35 35 21 7 1

3 6|6 1| 26 | 56 70 56 28 8 1

9 6|7 1| 32 | 83 126 126 84 36 9 1

10|68 4| 38| 116 | 209 252 210 120 45 10 1

111619 4] 44 | 155 | 325 461 462 330 165 55 11 1

12 1 6| 10| 4 | 50 | 200 | 480 786 923 792 495 220 66 12 1

1316 11| 4 |56 | 251 | 6380 1266 | 1709 | 1715 | 1287 | 715 286 78 13 1

14 | 6124 |62 308 | 931 1946 | 2975 | 3424 | 3002 | 2002 | 1001 | 364 91 14 1
15 | 6 13| 4 | 68 | 371 | 1239 | 2877 | 4921 | 6399 | 6426 | 5004 | 3003 | 1365 | 455 | 105 | 15 | 1

Table 2. d(G,.,7) The number of dominating sets of &,, with cardinality 7 sech that &, be
Ki-gluing of Ky and K,

In the following theorem, we obtain some properties of d(G,, ,i): G,, be
k4-gluing of K, and K,
Theorem 3 The following properties hold of d(G,, , i), foreveryn € Z™:
(i) d(G,, 1) =4vVn =>7.
(i) d(G,, 2) = d(G,_1,2) + 6.
(i) d(G,,3) = d(Gp_1,3) + d(Gp_1,2) + 1.
(iv) d(G,, 1) = d(G,_1,0) + d(G,_q, i — 1) Vi = 4.
VMy(G,) = 1vn=7
(Vi)d(Ge, i) = d(Ks, 1)
Proof. The proof is similar to the proof of (Theorem 2)m

In the following theorem, we obtain some properties of d(G,, ,i): G, be
k.-gluing of K; and K,,, sech that (t) isconstantvVvl < m< n—t + r.

Theorem 4 The following properties hold of d(G,,, i), foreveryn € Z*:
(1) d(G,,1) =rvn >t.

(i) d(Gp, ) = d(Gp—1,) + d(Gpy, i — D) + (2]) Yn > t.

(iii) d(Gp, i) = d(Gp_1,1) +d(Gy_,i—1)Vi—1>t—-1.

(iv) (G,n—1)=n

(V) d(G,,n) = 1.

(vi)y(G,) = 1vn>t

(vidd(G,,i) = d(K,,i))Vvn=t

Proof. The proof is similar to the proof of (Theorem 2) and (Theorem 3)
v (i), (iv), (v), (vi)and (vii)

(i) By Theorem 1we have d(Gp, 1) = (7) — (";) = (7)) == (") -

n-t (n—t—l) . (t—r)
n—i—t L L
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and we have d(Gp—1,0) + d(Gy—p,i— D+ (D) =) - (") -
C+ED-CED -+ =0 -077D+

i — n—-t —t— — i —
E(ni1) _n_i_t(n f 1) . (tir) _ (1 +E) (nil) . (1 n

[ —t— — — —t —t— — .

——) ) - () =50 - 25T = () = dG D
(iii) We have i — 1 >t — 1 then (;_7) = 0 (by Lemma 1), therefore
d(Gp, 1) = d(Gp_q,0) + d(Gp_yq, i — Dby (ii). m

3 Domination Polynomial of K,.-gluing of Graphs
In this section we introduce and investigate the domination polynomial of
K,-gluing of K,,, and K; sech that (tf)isconstant V1 < m<n—t + r.

Defnition.

Let let G} be the family of dominating sets of a graph G,, (K,-gluing of
K,, and K,) with cardinality i, and let d(G,, ,i) = |G|, and since y( G,,) =
1. Then the domination polynomial
D(G,,, x) of G,, is defned as

D(Gp,x)=Y",d(G,,Dx'Vn >t

In the following corollary, we obtain some properties of D(G,,, x) : G, be

K,--gluing of K,,, and K; sech that (t) isconstant V1 < m<n—t + r.

Corollary 1
The following properties hold forall D(G,,x) Vn > t
) D(Gpa)=xi, (Pt = X ("t = X ()
(i) D(Gpx) = D(Gpon, )+ xD (G, V)+EEZT ()
Proof.
(i) From defnition of the domination polynomial and Theorem 4, we have

D(Gr,x) =X d(Gn, Dx* = iy [(7) = ("77) = (7)1
=21 (Tll)xl = 2, () - ?=1(t_zr)xl _
=3y (Dxt =X (M )xt = ZiZi(F7)«t (by Lemmal) () = 0if i >n
(if) From de_nition of the domination polynomial and Theorem 4, we have
D(Gy, x) =2i=1d(Gn i)x*'=) i=1[d(Gp_1,0) + d(Gn—; i—1)+ _
Xt = d (G, DX+ T d(Grey 0= DXt + X1 (272, we
have d(G, ,i) =0ifi > nori = 0 (Lemmal), then
121 d(Gpoy, Dx'= 315 d(Gpoy , D)X = D(Gpyq, ¥)

Yo



Y008 oY) G (£A) 330l Baa oeeceececenseneeseeseesssessensesassesassessessenaes 4590 5 Gl g2 Alaa

and Y d(Gp—q i — Dxt = x i, d(Gp_q,i— Dxi-1 =
X[Z15 d(Gny , DX]7% DGy, ) and By ((T7)x = Tiy (V7)™
then D(Gy, x) = D(Gy—1, )+ xD(Gp—1, x)+ f;I(t;r)XHl.l

Example 1.

Let Gg be K5-gluing of two complete graphs K- and K, with order 8, we
can get on D(Gg, x) without the table. We have

D(Ge,x)=3%,; (B)xl — X2, (3)xt — T2, (3)x =(8x + 28x2 +

56x3 + 70x* +56x° +28x% +8x7 +x8) — (3x +3x3 +x3) —
(2x + x?) = 3x + 24x? + 55x3 + 70x* + 56x° + 28x® + 8x7 + x®

(by Corollary 1).
(see Fig-1).

Fig-1:
Gg be K3-gluing of two complete graphs K5 and K
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