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1.Introduction

A fuzzy topological space is introduced for the first time by Chang[1] , that is after Zadeh [2] had
defined the notion of fuzzy sets. Later, Atanassov [3] introduced the definition of the concept of
intuitionistic fuzzy set as a generalization of fuzzy set. Moreover, the notion of intuitionistic fuzzy
topology space via intuitionistic fuzzy sets was introduced by Coker[4]. After that, Molodtsove[5]
defined the notion of soft set. Fuzzy soft was first introduced by Maji et al [6] Later, Maji et al [7]
generalized the concept of fuzzy soft to define the concept of intuitionistic fuzzy soft set.

In this paper, we study the last type of set to introduce the definition of intuitionistic fuzzy soft closure
space instead of general topology. Some relations and properties on topology fuzzy soft set in fuzzy
soft closure space are proved. Continuity intuitionistic fuzzy soft in intuitionistic fuzzy soft closure
space is discussed.

2. Preliminaries

In this section we will introduce necessary definitions and theorems for intuitionistic fuzzy soft sets.
Firstly, it is necessary to record the definition of fuzzy set. Therefore, let X be a nonempty set, a fuzzy
set A in X is a function A: X —1, i.e. [0,1] is the closed unit interval. The family of all fuzzy sets on X
denoted by 1%,

Definition 2.1. [3], [8] An intuitionistic fuzzy set A over the universe set X can be defined as follows:
A= {(X, Ua (x),}\A(x)): X € X }, where the functions p 4 (x): X = [0,1] and A 5(x): X — [0,1] with O
<pua(x)+A4x) <1 forall x € X The p(x) and A 5 (x) represent the degree of membership and
non- membership of x to A respectively. The family of all intuitionistic fuzzy sets on X denoted by IFX.

Definition 2.2. [3],[8] Let X be a universe set. If A and B are intuitionistic fuzzy sets in the form:
A= {(xpa(®),AaX):xEX]}

B = {(X, Ug (X),}\B(X)):X € X}, then,
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1) AcB, ifandonlyif,ps (x) < pgx)and A 4(x) = Ag(x),x € X.
2) A=B,ifandonlyif, ASB and B c A.

3) Au BZ{(X,uA(X)VuB x), A a(x) A AB(X)):XEX}.

4) An BZ{(X,HA(X)/\ Hg x),As(x) Vv AB(X)):XEX}.

5) A°={(x2a ), pa®)):xeX}.

6) 0 ={(x,0,1):x € X} isthe null intuitionistic fuzzy set.

0
7) 1=1{(x1,0):x € X} is the absolute intuitionistic fuzzy set.

Definition 2.3.[3],[9] Let (o, B) € [0,1] with a+p < 1. An intuitionistic fuzzy point (IFP), written
as X(q,p) IS defined to be IFS of X and given by

(,B) ifx=yVyeX

0,1) otherwise. The IFP is denoted by X (a,B)-

X(ap) () :{
Definition 2.4. [5],[10] A soft set F = (F, R) over the universe set X is defined by a function F: R —
P(X). Then Fg can be represented by the set Fi = {(r,F(r)):r € Rand F(r) € P(X)}. We denote
the family of all soft sets over X by S (X, R).

Definition 2.5. [5], [10] A null soft set which denoted by ¢ is a soft set F5 over X such that for all
re R,F(r) = @ (empty set). Also, an absolute soft set which denoted by X is a soft set F5 over X
such that forall r € R,F(r) = X.

Definition 2.6. [5],[10] The union of two soft sets F¢ and Ly over X is the soft set Hy, H (r) = F(r)
U L(r) forallr € R. Thisis denoted by F U Lg. Also, the soft intersection of F¢ and Ly is the soft
set Bg given by B(r) = F(r) n L(r) forall r € R and denoted byF; N L.

Definition 2.7.[5] The relative complement of a soft set Fg is denoted by F¢s, where F©:: R —
P(X) defined as F¢(r)= X — F(r), forall r € R. Clearly, F¢4 =X — Fx.

Definition 2.8. [6], [11] Let X be an universal set and let R be a set of parameters and let IX denote the
power set of all fuzzy subsets of X. Let A ¢ R, A pair (¥, A) is called a fuzzy soft set over X, where ¥
is a function given by W,:A — IX. Let FS(X,R) is the family of fuzzy soft set. The relative
complement of a fuzzy soft set (¥,A) is denoted by (W,A)¢, defined as (¥, A)S=(¥¢ A%, where
YL AC — X s a function given by WE(r), it is a fuzzy soft complement of ¥(r®), vr € AC.

Definition 2.9. [6], [11] A fuzzy soft set (W, A) over X is said to be null fuzzy soft set denoted by ET) if
r € A,W(r) is the null fuzzy set 0 of X, where M(x) = 0, Vx € X. Also, a fuzzy soft set (¥, A) over X

is said to be absolute fuzzy soft set denoted by X, if r € A, W(r) is the absolute fuzzy set T of X, where
Mx)=1,Vx € X

Definition 2.10. [6] Intersection of two fuzzy soft sets (¥, A) and (T', B) over a common universe X is a
fuzzy soft set (Q, C), where C = A n B and which is defined as follows: Q(r) = Y(r) nT'(r), re C
and written by (W, A) TT (T, B). Also, the union of two fuzzy soft sets (¥, A) and (I', B) over a common
universe X is a fuzzy soft set (Q,C), where C= AUB and which is defined as follows: Q(r)
Y(r) r e A-B,
= I'(r) r € B—A,
Yr)UuT'(r) r=AnBrecC

We write (¥,A) U (T, B).
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Proposition 2.11. [6] The following results hold here.

1) (W,A)E(‘P,A):(‘P,A).
2) (W,A) 1T (¥,4) = (¥,A).
3) (W,A)T $=0.

4) (W,A) I ¢=(¥,A).

5) (¥,A) T X = (¥,A).

6) (¥,A) T X=X

Definition 2.12.[7] [12],[13],[14] Let X be an initial universe set P(X) be the power set of X, E be set of

all parameters and A < E. Let IFX be set of all intuitionistic fuzzy set over X. An IFS sets over X is a

pair (f, A) where f is a function:

f.: A — IF¥such that f (€) = {(x pa(¥),Aa(X)):x € X, e €E}. Let IFS (X,E)is the family of

IFS soft set. We denote p 5(x),A o(x) by f, and f,, respectively. Let (f,A) € IFS (X, E) and o, p: E —

[0,1] be function such that a(e)+p(e) <1 and a(e) =0 Ve € E— A, B(e) =1 Ve € E — A. The IFS set

(f,A) is called an intuitionistic fuzzy soft point (IFSP), Ve € E, written asf(e) = X(a(e), B(e)):
. _ _((a(e),B(e)) if x=yVy €X

Obviously, f(e)(y) = X(ace), pe))™) —{ (0,f§ ) otherwi}s,e. Y

by Pe(0s, B).

Example 2.13. Assume that = { x4, X,, X3} be an initial universe set and E = {e,, e,, e5} is a set of

parameters. If (f, A) ={ f(e;) = {(x4,0.8,0.1), (x,,0.7,0.2), (x3,0.6,0.3)},

.The IFSP is denoted

f(e,) = {(x4,0.5,0.4) , (x,,0.2,0.6), (x5 ,0.1,0.8)},
fe3)={(x4,0,1),(x,,0.9,0.1), (x5,0.3,0.5)}}. Then (f, A) be an intuitionistic fuzzy soft set.
Definition 2.14 [7],[12] For two intuitionistic fuzzy soft sets (f;, A) and (f,,B) over common

universe X, we say that (f;, A) is an intuitionistic fuzzy soft subset of (f,, B) and write (f;, A) = (f;, B),
if

1) ACB,

2) Forallee A, f;(e) <€ f,(e).

The complement of an intuitionistic fuzzy soft set (f, A) is denoted by (f, A)¢, defined as
(f, A)°= (f¢, A), where f5 : A — IFX is a function given by f¢(e) = [f(e) ], Ve € A.Thus if f(e)

= {(Xruf(e) (X),)\f(e)(x)) :Xx € X,e € E} then [f(e) ] = {(X,)Lf(e)(x), K (e) (X)) :x€EX,e€E }

Definition 2.15. [7], [13] A null intuitionistic fuzzy soft set, which denoted by @, is an intuitionistic
fuzzy soft set,

fle) ={(xna ), Aa(x)):xEX,V e €E},such that p, (x) = 0,44 (x) = 1. Also, an absolute

intuitionistic fuzzy soft set, which denoted by 1, is an intuitionistic fuzzy soft
fe)= {(X, Ua (X),}\A(X)):X €X,V e € E}suchthat py (x) = 1,24 (x) = 0.

Definition 2.16. [7] Intersection of two intuitionistic fuzzy soft sets (f;, A) and (f,, B) over a common
universe X is an intuitionistic fuzzy soft set (f;,C), whereC = ANB,V e € Cand f5(e) = f;(e) N
f,(e) . We write (f;, A) A (fz, B). And the union of two intuitionistic fuzzy soft sets (f;, A) and (f;, B)
over a common universe X is an intuitionistic fuzzy soft set (f;,C), whereC= A UB,V e €C
and f;(e) = f,(e) U f,(e) . We write (f;, A) U (£,, B) as follows:
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f,(e) ,if e€e A—B,
f;(e) = f,(e) ,if e €eB—A,
f,(e) U f,(e) ,if e= ANnB, Ve eC

3.The Intuitionistic Fuzzy Soft Closure Spaces

Definition 3.1. An operator C,: IFS(X, E) — IFS(X, E) is called an intuitionistic fuzzy soft closure
operator (IFS — C,, for short) on X, if for all (f A) and (f,B) € IFS(X, E) the following axioms are
satisfied:

) §= )

2) (£4) € CilEA), _
The triple (X, C,, E) is called an intuitionistic fuzzy soft closure space (IFS — C, space, for short).

Example 3.2. By Definition 3.1. C,: IFS(X,E) — IFS(X,E) as follows:

P if (fA) =5,
C,(£A) =4 (fA) if (fA) = (f A),
i other wise.

Then, (X, C,, E) is called an intuitionistic fuzzy soft closure space (IFS — C, space).
Definition 3.3. Let (X, C,, E) be a fuzzy soft closure space. A subset (f,A) of an intuitionistic fuzzy
soft closure space is called:

1) Intuitionistic fuzzy soft closed (IFCS's in short), if (f, A) = C,(f, A),
2) Intuitionistic fuzzy soft open (IFOS's in short), if (fA) = Int¢,(fA). The complement of
intuitionistic fuzzy soft closed set is called intuitionistic fuzzy soft open set.

Proposition 3.4. Let (X, C,, E) be an intuitionistic fuzzy soft closure space and (f, A)and (f, B) are
intuitionistic fuzzy soft sets over X. Then,

1) (£A) & (£A) = (£A).
2) (£A) U (fA) = (f A).
3) (£A) U & = (fA).
4y EMATG =3

) (FA) U1 = 1.

6) (FA) N 1 = (fA).
Definition 3.5. Let (X, C,, E) be a fuzzy soft closure space and (f, A) € IFS(X,E). Then interior and
closure of (f, A) denoted respectively by called Int ¢,(f,A) and (f, A) are defined as follows:

1) Intc,(fA) =T {(fB), (£ B) is IFOS's : (£, B) € (f A)},
2) (£A) = {(£B),(f,B)isIFCS's : (fA) & (£ B)}.

Proposition 3.6. Let (X, C,, E) be an intuitionistic fuzzy soft closure space and (f A) and (f, B) are
intuitionistic fuzzy soft sets over X. Then

116



Journal of Iragi Al-Khwarizmi (JIKh) Volume:9 Issue:1 Year: 2025 pages: 113-121

fZ’ B)C’

1) [(FL, AR (£, B)] = (F,A)° T (
A (f,, B)C.

2) [(£,A)T (£, B)] = (£, A)F

Proof. Let (f,A) A (f,,B) = (f5,C), whereC= AN B,V e € Cand f;(e) = f,(e) N f,(e), f:°(e) =
[f:(0)]=[h() N (@I =  HC(DULT), then [(E,A)A (,B)] = (,0°  and
(f1, A) A (f,, B)E = (f3, C)°. Thus,

[(f, M) R (6, B)] = (£, 8)° T (£, B)"
Similarly, we can prove [(f;, A) O (fZ,B)]C: (f, A B (f,B). m

Proposition 3.7. Let (X, C,, E) be an intuitionistic fuzzy soft closure space and (f, A) is an intuitionistic
fuzzy soft set over X. Then:

1) [Int,(5A)]° = [EAF]
2) [(EA°= [ntc,(fA)]

Proof. By Proposition 3.6. m

1) [Inte,(£A)]°= [0 {(B), (fB)isIFOS's: (£B)E (FA}° = A {(fB),(fB)isIFCS's:

2) The proof is similar to the first part. m

Definition 3.8. An intuitionistic fuzzy soft closure operator C, on a X is called:

1) Idempotent intuitionistic fuzzy soft, if C,(f;,A) = C, (Co(f, A)). N
2) Additive intuitionistic fuzzy soft, if C,((f;,,A) U (f,,B)) = C, (f,A) U (,(f,,B) for each
(fi, A), (f,,B) € IFS(X,E).

Definition 3.9. Let (X, C,, E) be an intuitionistic fuzzy soft closure space and Y € X. A closure ¢,” on
Y is called the intuitionistic fuzzy soft closure subspace of (X, C,, E), if €, (fA) = Y n C,(f A) for
every (fA) €Y.

Definition 3.10. An intuitionistic fuzzy soft closure space (Y, C, ,E) is called an intuitionistic fuzzy
closed subspace of (X, C,, E), if (f, A) is an IFCS set of (Y, ¢, , E), then (f, A) is an IFCS set of (X, C,, E).

Remark 3.11. Let (Y, Q*, E) be an intuitionistic fuzzy soft closure subspace of an intuitionistic fuzzy
soft closure space (X, C,, E), if (f A) is an IFCS (IFOS) set in (X,C,,E), then Y A (f A) is an IFCS
(IFOS) setin (Y, C, , E).

Proposition 3.12. Let (X, C,, E) be IFS — C, space and (£, A) € IFS(X, E). If C,(£ A € (£ A), then (£, A)
is an IFCS setin (X, C,, E).

Proof. The proof obtained directly from hypothesis and Definition 3.1.m
Remarks 3.13.

1) The intersection of any collection of IFCS sets in an IFS — C, space is IFCS set.
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2) The union of any collection of IFOS sets in IFS — C, space is an IFOS set.

Definition 3.14. Let (X, C,, E) be an intuitionistic fuzzy soft closure space. An interior operator Int c, 18
a function from power set of X to itself for each (f, A) € X, Int ¢, (6A) = (f,A)- C, ((f, A)-X). The set
Int ¢, (f, A) is called the interior of (f,A) in (X, C,, E).

Proposition 3.15. Let (X, C,, E) be an intuitionistic fuzzy soft closure space and (f,A) and (f, B) are
intuitionistic fuzzy soft sets over X. Then,

1) Intc{,((fp) :~czp

2) Inte, () =1.

3) Intc,(fA) E (fA).

4) Inte, (Int o A)) = Int(,(fA).

5) If (f,A) € (£B), thenInt¢,(fA) E Intc,(f B).

Proposition 3.16. Let (X, C,, E) be an intuitionistic fuzzy soft closure space and (f;, A)and (f,, B) are
intuitionistic fuzzy soft sets over X. Then,

Int ¢,((f, A) 3 (f,,B)) = Int,(f;,A) A Int,(fy, B).

N

Proof. Since ( f;,A) i (f,,B) € (f;,A) Ve € E, thenInt,((f;,A) i (f,,B)) € Int,(fy,A).

Similarly, Int ¢,((f;,A) i (f,,B)) € Intc,(f,, B).

Therefore, Int,(( f;, A) A (f,, B)) € Int ¢, (f1, A) A Int ¢, (f2, B). Let (f, D) be intuitionistic fuzzy soft
open sets such that (f,D) € Int ¢,(( f;,A) A (f,, B)) .Then, (D) € Int,(f;,A) and (f, D) €

Int ¢, (f2,B). f(e) S fi(e) N fr(e) = (finf;)(e),V e EE.

(£D) € (f,,A) A (f,B). S0 (£,D) = Int (£, D) € Int,((f,,A) A (f, B))
This implies that Int ¢,(f;,A) 1 Intc,(f,,B) € Int¢,((f,A) A (f,B)).
Then, Intc,((f, A) i3 (f, B)) = Intc, (f,A) & Int,(f,B).m

Proposition 3.17. Let (X,C,, E) be an intuitionistic fuzzy soft closure space, (f, A)and (f,B) are
intuitionistic fuzzy soft sets over X. Then

Intc,(f,A) O Int,(f B) € Int, ((f,A) U (fB)).
Proof. Similarly, we can prove it is by Proposition 3.16.m

Definition 3.18. Let (X,C,,E) be an intuitionistic fuzzy soft closure space. An IFS subset (f A)
€ IFS(X, E) is called intuitionistic fuzzy soft neighborhood of IFSP, P.(a, B) € (f, A), if there exist an

IFOS set (f, B) such P,(o, B)E (f,B) = (f,A). The all neighborhood of IFSP, P.(a, B) is called its
neighborhood system and denoted by N ¢, Pe(, B).
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Definition 3.19. Let (X, C,, E) be an intuitionistic fuzzy soft closure space. An IFS subset (f,A) €
IFS(X,E ) is called intuitionistic fuzzy soft neighborhood of IFS set (f, B), if there exist an IFOS set

(f, H) such (f,B) € (f H) € (f A).

Proposition 3.20. A set (f,A) € IFS(X, E) is an IFOS, if and only if, (f,A) is an intuitionistic fuzzy
soft neighborhood of all its intuitionistic fuzzy soft points.

Proof. Necessity, it is clear.

Sufficiency, let (f,A) be an IFS set and {P,;(a, B): i € I} be a family of all its intuitionistic fuzzy soft
points of (f, A), then for each i € I, there exist an IFOS sets (f, A;) such that P;(a, P) € (f, A;) € (f A).
Therefor,

Ui c1(Pei(, B)) € (f, A) € (£,A), we have (£, A) € (T; er(Pei(ct, B))) E (£, A).
So, (f, A)) = (f A).
4. lintuitionistic Fuzzy Soft Continuous Function in lintuitionistic Fuzzy Soft Closure Spaces

Definition 4.1. Let (X, C,, E) and (Y, C;1, E) be two intuitionistic fuzzy soft closure spaces. Then the
function R: (X, C,, E) = (Y, C1, E) is said to be intuitionistic fuzzy soft contlnuous at IFSP, P.(a, B) of
IFS(X, E), if foreacha (fB) € NY(ER( P.(a, B))), there exist a (f, A) € NX P.(0, B) such that R(f, A)

C (f,B). If Ris an intuitionistic fuzzy soft continuous at each IFSP, P.(a, B) of IFS(X, E), then R is
called intuitionistic fuzzy soft continuous function.

Definition 4.2. Let (X, C,, E) and (Y, C;41, E) be two intuitionistic fuzzy soft closure spaces. A function
R: (X,C,E) — (Y, E) iscalled:

1) Intuitionistic fuzzy soft closed function, if R (f, A) is an IFCS subset of (Y, C,y, E), for every
(f, A) is an IFCS subset of (X, C,, E).
2) Intuitionistic fuzzy soft open function, if R (f, B) is an IFOS subset of (Y, C;4, E), for every (f,
B) an IFOS is subset of (X, C,, E).
Proposition 4.3. Let (X,C,,E) and (Y,C,1, E) be two intuitionistic fuzzy soft closure spaces and a
function R: (X, C,, E) = (Y, C;4, E). Then,
1) (£A) c RY(R(EA),
2) R(R!(fA) c (fA).
Proposition 4.4. Let (X,C,, E) and (Y, Cy4, E) be two intuitionistic fuzzy soft closure spaces and R:
(X,C,E) = (Y,Cp1,E) be a function and P.(o,p) € IFS(X,E). R is an intuitionistic fuzzy soft
continuous at intuitionistic fuzzy soft point P.(a,p) of IFS(X E), if and only if, for each (f,B) €
NY(ER( P.(a,p))) , there exist (f,A) € NX P.(a,B) such that (f, A) € RL(f, B).
Proof: It is so easy to proof this Proposition by using the Definition 4.1.m

Proposition 4.5. Let (X,C,,E) and (Y, C1, E) be two intuitionistic fuzzy soft closure spaces and %R:
(X,Cy E) = (Y, C;1, E) be function and P.(a,p) € IFS(X,E). R is an intuitionistic fuzzy soft continuous
at intuitionistic fuzzy soft pomt P.(a,f) of IFS(X,E), if and only if, for each(f,B)
€ Ny(R(P(c,p))R " (£ B) € Ny Po(01p).

Proof: It is clear. By Proposition 4.4.m
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Proposition 4.6. Let (X, C,,E) and (Y,Cpy, E) be two intuitionistic fuzzy soft closure spaces. A
functionR: (X, C,,E) — (Y, C,,E) is an intuitionistic fuzzy soft continuous, if and only if,
R (Int ¢,(f,B)) € Intc,(R (£, B)) for each (f, B) € IFS(Y, E).

Proof. Necessity, let R be an intuitionistic fuzzy soft continuous function and (f, B) € IFS(Y,E ). Then
R !(Int ¢, (f,B)) is an open and Int ¢, (f, B) € (£ B), we have R ! (Int c,(:B)) E (RL(£B)).

Since Int ¢, (R 1(f,B)) is largest intuitionistic fuzzy soft open set contained by

R(f,B),% ! (Int ,(f B)) € Int ¢,(R(f, B)).

Sufficiency, let ® ' (Int ¢, (f, B)) € Int c, (R (£, B)), for all (f,B) € IFS(Y,E), then we have,

R 1(f, B)R ' (Int,(f, B)) € Int ¢, R1(£,B)) € R1(f,B).So, R (£, B) is an open, then R is an
intuitionistic fuzzy soft continuous function.

Proposition 4.7. Let (X, C,,E) and (Y, Cpq, E) are two intuitionistic fuzzy soft closure spaces. A
function R:(X, Cg, E) - (Y, C,.,E) is an intuitionistic fuzzy soft continuous, if and only if,
R(C,(f,B)) € C,(R(f,B)) for each (f, B) € IFS(X, E).

Proof: It is so easy to proof this Proposition by using the Proposition 4.6. m

Proposition 4. 8. Let (X, Cp, E) and (Y, C;4, E) be two intuitionistic fuzzy soft closure spaces. If

R (X,C,E) —(Y,(;,E) is an intuitionistic fuzzy soft continuous function, then
C,(R1(£B)) € R (C,y(f B)) for each (£, B) € IFS(Y, E).

Proof. Let (f, B) € IFS(Y,E), then R ! (f B) € IFS(X,E). From the hypothesis, we obtain
RC,(RUEB)) € Cpy (R (£ B))) € C,, (f,B). By taking the i inverse image we

get. R 1(R(C, (R1(£,B))) € R1(Cp1 (£, B)), hence C,(R (£, B)) g R1 (C/1(£B)).m

Proposition 4.9. Let (X, C,,E) and (Y, Cp1,E) be two intuitionistic fuzzy soft closure spaces. If R:
(X, 4, E) = (Y, C1, E) is an intuitionistic fuzzy soft continuous function, then R'* (f, B) is an IFCS set
of IFS(X, E) for all (f,B) at IFCS set of IFS(Y, E).

Proof. Let (f,B) be an IFCS set of IFS(Y,E). Since R is an intuitionistic fuzzy soft continuous function
and by Proposition 48 we have C, (R1(f B)) SR (Cp1(£,B)). Due to (f,B) is an IFCS set of
IFS(Y, E), C,(R 1(f,B)) g g1 ((£,B)) and R1(f B)) € C,R((f,B)), hence
C,(R(f,B)) £ R((f,B)). Therefor, (f,B) be an IFCS set of IFS(X,E). m

Proposition 4.10. Let (X, C,, E) and (Y, Cz4, E) be two intuitionistic fuzzy soft closure spaces. If R:
(X, Cy, E) = (Y, Cp1, E) is an intuitionistic fuzzy soft continuous function, then R™*(f, B) is an IFOS set of
IFS(X, E) for all (f, B) at IFOS set of IFS(Y,E).

Proof. It is obvious by using the Proposition 4.9.m
5. Conclusion

The purpose of this paper is to discuss some important properties of intuitionistic fuzzy soft closure
spaces and define the intuitionistic fuzzy soft closure of an intuitionistic fuzzy soft set. Later, we
provide the intuitionistic fuzzy soft interior of an intuitionistic fuzzy soft set and investigate some of its
basic properties. Finally, we have studied the intuitionistic fuzzy soft continuous function on the
intuitionistic fuzzy soft closure spaces and proved some related theorems. Which may be of value for
further research.
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