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Abstract

The main goal of this paper is to introduce the higher derivatives multivalent
harmonic function class, which is defined by the general linear operator. As a result,
geometric properties such as coefficient estimation, convex combination, extreme
point, distortion theorem and convolution property are obtained. Finally, we show
that this class is invariant under the Bernandi-Libera-Livingston integral for
harmonic functions.
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1. Introduction
The function f = u + iv is said to be continuous in the complex domain F ¢ C harmonic,
if both u and v are real harmonic functions in F, we can write f = h+ g in any simply
connected domain F , where h and g are analytic functions in F. We call h the analytic part
and g the co-analytic part of f . See Clunie and Shil-small[1].
Let H(p) be the family of all harmonic function f = h + g that are sense preserving in the
open unitdisk U = {z:|z| < 1}, where
h(z) = zP + Z$=p+n awz" ,g(z) = Z\cjvozp+n—1 byz", |bp+n—1| <1 (1D
For g(z) = 0, H(p) reduces to A(p) the class of all multivalent analytic functions if the co-
analytic part of f is zero. Forf(z) € A(p), we introduce the linear operator
HE%™(ay, d;)(f): A(p) — A(p) as follows:
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c
HE ™ (@1, )f (@) = 29+ Dpmpin gy et (225) a, 2%, (12)

w—1- (d1,Dw-1--(dr,.Dw-1 \Ww+a

where z € U,a € C/{0,-1,-2,..},c€Ca;d; €Cd;€ C/{0,-1,-2,..},pn= 1]l <
land t=7r+1.

For complex parameters aj, ..., a@; and d;, ...,dr(d]- eC/{0,—-1,-2,..},j=1,..,n ]l <

. o (ap,Dw—1- (@t,Dw-1
1), the I —hypergeometric ¥ = Y404 R (1.3)
(t=r+1;t,reN,={0,1,2,..};,p,neN={1,2,..},z € U).

The [ —shifted factorial for « € C and w € N is defined by
(,D)g=1and (0,]),, =1 —-DA —al)(A —al?).. (1 —al¥ D).

It should be noted that the linear operator (1.2) generalizes many operators that are studied
by some authors as follows:
1- If n = 1, then we obtain the linear operator that is considered by Abdul Ameer and Juma
[2].
2- If p=1,n =1, then we obtain the linear operator that is considered by Juma and
Darus[3].
3-1f p=1n=1c=0, then H *'(a;,d;)f(2) = M;(a;, d;),where M;(a;,d;) is the
linear operator that is introduced by Mohammed and Darus[4].
For | — 1,a; = I"i,b; = 1P, where y;, 8; € C and B; # 0(i = 1,2,...,t and j =12,...,7),
we have the following operators:
4-1f p=1,n=,Lt=2,r=1L,y;,=1+1,y,=1+1,6,=v+1, then we obtain the
operator that is considered by Prajapat and Bulboca[5].
5-fp=1,n=1t=2,r=1y, =1y, =15, =v + 1, then we have the operator that is
considered by Noor and Bukhari[6].
6-1fp=0n=1c=0,a=0,t=2,r=1,y;, =1y, =1,5, =v+ 1, then we obtain the
Choi-Saigo-Srivastava operator [7].
7-1f p=0,n=1t=2,r=1,y; = B1,v. =1, then we obtain the Srivastava-Attiya
operator[8].
8-If p=0,n=1c=—-xt=2,r=1,y, =p,y, =1, then we obtain the Cho and
Srivastava operator[9].
9-fp=0n=1c=-k(keN),a=0,t=2,r=1,y; =1 = ,,¥, = 1, then we obtain
the Salagean operator [10].
10-If p=0n=1c=1Lt=2,r=1,y;=01,72=1,a=-1, then we obtain the
Bernardi operator[11].
11-If p=0n=1,c=0,a=0,t=2,r=1,y; =1,y, =1,5, =v, then we obtain the
Carlson —Shaffer operator[12].
12- If ¢ =0,t =r + 1, then we obtain the Dziok-Srivastava operator[13]. Some of these
operators contained some other operators for more details see[14; 15]).

We extend the linear operator (1.2) on complex valued harmonic function f =h + g,

which is defined by (1.1) as follows:

HE " (e d)f (2) = HE" (@, dy)h(2) + HE " (a, dy)g (2), (14)

c
where ch,a,n(ai, dj)h(z) =P 4+ Z$=p+n o (a1,Dw—1. (@Dw-1 (1+a) W Zv,

w—1- (d1,Dw-1--(dr,Dw-1 W+0—’C
can( g _ Yoo (a1,Dw—1.. (@,Dw_1 1+a w
H, (a“ dj)g(z) Tawspin-la L (duDw—1(drDwo1 (w+a) wZ
where zeU,aeC/{0,—-1,-2,..},c€C, qa, dj€Cd;€ c/{0,-1,-2,..},In| < 1
and t=r+1,r€eN,=1{0,1,2,..}. As a special notation for convenience, we make

_ (a1,Dw-1-- (@t,Dw-1 1+a ¢
Fu(cad) = WDw—1- ([A1,Dw—1--(drDy—1 (w+a) ) (1.5)
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Definition(1.1): A function f € H(p) is said to be a member of the class H,, (p,u,n,q) if
the following condition holds:

(P (ad h(D) T 20 (B (@) g@)

Re 2L a(: ) — (aln i Zq) > pi, (1.6)
29(HE ™ (ay,d)h(2)) +29(HE*™ (@) g(2))

wherever h(z) and g(z) are given by (1.1) ,for p=>1,q=0,g<p,0<pu= % <l7t>

p,|z| =r < 1, where

( C'a'n(ai,d-)h(z))q _

p! ZzP—4 wt . w—q
(p- q)l +ZW =p+n (W Q! W(C’ a; d)awz ’ (17)
( can(ai’d.)g(z)) —
2= =p+n— 1(w_ Fy(c,a;d)b,z""1. (1.8)

Further, let H,(p,u,n,q) be the subclass of H,(p,un,q) which includes

harmonic function (z) = h(z) + g(z) , where
h(z) = 2P = YW=pinawz®, 9(2) = Xy=pin-1bwz". (1.9)
Remark(1.2): Using the values n =1andq = 0 intheclass H, (p,u,n, q) , we have the
class that is presented by Abdulamer et al. , [2].

Several authors studied a class of multivalent harmonic functions for other conditions, like
Atshan et al. [16].
2. Coefficient bounds

In this section, the main important results are stated and proved with sufficient coefficient
conditions to functions of harmonic multivalent classes.

Theorem(2.1): Let f(z) = h(z) + g(z) with h(z) and g(z) defined as in equation (1.1).
It Zmpin ey (1~ iy ) Fu(c, s da,

(w—

w! D p!
+ Tpnas o (14 22tt) Fule @by < o2 (1- 22y 21)

,Wherea1—1,p21,q20,q<p,0£,u=;<1,T>p,|Z|—r<1, w € N, then f(2)

is harmonic, multivalent in U and f(z) € H,,(p, u,n, q)with F,(c, a; d) defined by (1.3).
Proof: If (2.1) is true, we have to show that

Zq+1(ch,oc,n(ai'dj)h(z))‘”l—zq+1(ch'”"”(azl,d])g(z))qJr1 A(z)
Re can q can q = Re (B(Z)) > PH
29(H ™ (ayd))h(2)) +29 (B (a,d))g(2))
Using Re(V) > aifandonlyif [V—(1+ a)| < |V+ (1 —a)|, it suffices to indicate that

|A(z) —p(1 + WB(2)| — [A(2) + p(1 — wWB(2)| < 0.
In order to compensate for A(z) and B(z) : we
use |[A(z) —p(1 +wWB(2)| =

291 (HE™ (o dy)h(2) T - 2441 (HE™(a,d)g () -
q q
p(1+ u) [zq (ch’“’”(ai, dj)h(z)) + z4 (ch'“’n(al, d])g(z))

|((p ZI 1)l_p( +u) (r— q)l) zP + ZSS—PM(#!_D, p(1 +H) ) F,(c,a;d)a,z”

ZW =p+n— l(m-l'p( +ﬂ) ,) FW(C)a; d)bwz |
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<l P
“lp—q-1D!

w! w!
+ Z |m—?’“+ﬂ>m| e, @ ey 121"

—p( 4w
SR CET

w!
+ Z ’ +p(1+ ‘ch,a;dbwz'w. 2.2
w w—q— p(1 u)( Y ( )by, |2 (2.2)
Now, in order to compensate for A(z) and B(z) , we use
|A(z) + p(1 — u)B(2)|, then we get

IA@) +p(1 - WB()| = ‘q (He“™ (@ d)h()" - 2041 (HE(ud))g (@) +

p(1 =) [z (HF“ (a, d)h)) + 20 (B (@, d))g ()

|((p oo TP =g q).) p+23v°=p+n(m+p( Ok ,) F,(ca;d)a,z" —
Zw=p+n—1 (W!—l)!_p( _‘u)(w%!q)!) F,(c,a;d)b,z" |

>
_ p! _ p_
(p—q-1)! +p(1—w (r- q)'|| l
© w!
Zw p+n|m+p( —,u) ,| w(cxa;d)awlzlw_zw=p+n—1 |m_
_ w
p(1— ) =~ q).| F,, (c,a; d)b,, |z| (2.3)

Then we compensate for equation (2.2) and (2.3), and we get

|A(z) —p(1 + WB(2)| - IA(Z) +pr(1 - wWB(2)|
— p!

“lp-q-1 r(1+ .“) | |z|p +
2= p+n|(w o 1),—p( +ﬂ) | Fy(c, @ d)ay|z|" + Xy—pin- 1|#!—1M+
P+ 5 | Fule,adb, |z|w+|( R S PN A
r(A-—we | Fu(c a; d)aW|z|W

(w q)'

Lw=p+n-1 |m w(c a; d)by|z]"

— w! __p .
= Yw=p+n —— 1)'(1 (W_q)y) F,(c,a;d)a,, +

_w P : __r __>r
Liv=p+n-1 w-q-1)! (1 + w-q) ,u) Fw(c,a;d)by, (p-q-1)! (1 (p—q)u) =0
Then we get

© w! __p .
ZW=p+n (W—q—l)! (1 (W—q) ‘Ll) FW (Cl a; d)a'W
o w! p p! __pr
+Zw=p+n—1 (w—gq-1)! (1 + (w—q) ) (C @; d)bW — (p—q-1)! (1 - ,Ll)

r-a)
This completes the proof of Theorem 1.
The function is harmonic multivalent
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f(z) = |
(1P
zP +Z$=p+n W‘(P ;1 1)!(p ('p—q) ) X,z +
(w-q- it (W_q)r‘) Fy(c,a;d)
L( p )
Tl _
Z$=p+n—1 W!(P a-U\" (-9 v 2.4)

(w—q—l)!(1 (w—q)”) Fwlcad)
where Y0 inlXy | + X-p|Yy| =p , we indicate that the coefficient bound which is
defined by (2.1) is true.

Because
Wt (1 p_, . w! .
o e (I —agt) Fw(ead) L e q)”) Fuwlcad)
Dw=p+n P! (1--E) ay| + Xw=pin-1 Pl B ) |by| <1,
(p- 4'1 1)! - w (p—q-1)! (p—q)”
p: )4 w: .
o ) e (I —aagt) Fw(ead)
Zw=p+n w! {1 F,, (ca:d) p! P ) IXWI +
w—g-DI\ (W-q)‘l) wloa (p—q—l)!( RCE)
p—!(l—Lu) L(:H_L“) Fy, (c,a;d)
( 1)! ( ) (w—q-1)! (w—q) Wi —
2$=p+n—1 w! E= = x == P! VE . p ) |YW|—Z$=p+n|XW| +

Trma (WG Fw(e.aid)
2$=p+n—1|Yw| =p.n
Here, we need to show that the condition of (2.1) is as well necessary for the function
f = h+ g, wherever hand g are defined by (1.9).
Theorem(2.2): Suppose that f = h + g is given by (1.9) consequently, f € H,,(p,u,n, q)
if and only if the coefficient in condition (2.1) holds.
Proof: We want to prove that “only if “part of the theorem since H,, (p,u,n,q) C

H,(, wn,q).

-0\ -t

q+1 q+1
q+1(gean d i h( ) —zq+1(goan d ( )
Consequently by(1.6), we get Re <Z (HE*™Mapah(@) -z9+1 (B (a,d,))g(2)) )

29(HE ™ ad @) +29(HE (@) )9(2))
Or, equally

p! w! w! —
[mzp —Z$=p+nm FW(C,(Z;d)aWZW—Z$=p+n_1m Fw (C,C(,'d) bWZW]

—_ p_‘ p_yoo L‘ . w [e] w! . W
Re p“[(p q)' z:""=1"+n(w—q)!F""(C’a'd)a""z +EW:P+”‘1(w—q)!FW(C’a’d)bWz ] >0
_p ! T — =
-2 Z$=p+n(‘”%q)! FW(C.a;d)aWzW+Z$=p+n_1(W%q)!Fw(c,a;d)bwzw /
P [,__DPK _w , w_
(1:7—11—1)![1 (p—q)] ~Zw=piny- q 1)'[ +(w q)] Fwlcad)awz
2 pin-t1ma{ 1+ 2| By (. d)by 2
w—g-D!l" w-q)
Re| —— (2.5)
-0

w! w! = =
Z$=p+nm FW(C!a;d)aWZW+Z$=p+n—1m Fw(C,a;d)beW/

The above condition (2.4) must hold for all values of z, where z is a positive number and

0<z<?<1,wemusthave
N L pu ,
RV e U wm[l e Fwlcaidiane”

_y® w
Z:w—1u+n 16 V;!_l)_[ (w— q)] Fuw(c.a;d)bw?

>0. (2.6)

e q),{’ =N p"’”(w q)‘ Fy(c,a;d)aytV+Y00- —ptn— 1(W q)l Fy (c,a;d) by, #W

~ We note that if the condition (2.1) does not true then the numerator of (2.6) when ¢ goes
to 1 is negative. This contradicts the condition for f € H,, (p, u,n, q). Therefore, the proof is
complete
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3. Convolution (Hadamard product)
In this section, we prove that the class H,, (p, 4, n, q) is closed under convolution. In the
case of harmonic functions ,
f(Z) =zP — Z$=p+n|awl zV + 23v0=p+n—1|bwlz_w And F(z) =zP - Z$=p+n|AW| zV +
Z$=p+n—1|]BW|Z_W-
The convolution of f(z) and F(z) is given by
(f*F)(z) =f(z) xF(z) = zP - Z$=p+n|awAw| z" + Z$=p+n—1|waw|Z_W- (3.1

Theorem(3.1): Let f(z) € H,,(p,u’,n,q) and F(z) € H,(p, ", n,q). Then
f*Fe H,(pu",nq) < Hy(p,p',n,q) for0 < p’ <p” <1,
Proof: We want to show that the coefficient f * F satisfies the required condition that is given
in Theorem(2.2). For F(z) € H,(p, 1", n,q), we note that |A, | <1 and|B,| < 1. Now,
for the convolution function f = F, we obtain

w! (1 (Wziq)y") Fy (c,a;d)

Ww=g-1)!
Z$=p+n woa-l p! ( _ p ,,) IaWIIAWI +
(p‘—q—l)! (P—Q)M
wi 14 143 .
o (w—q—1>1(1+(w—q)“ )Fw(c'“'d)lb IIB,,| <
szp+n—1 p! (1_ p ,,) w wl =
‘ (p{—q—l)! -t w
w! P, . w: T .
o w-g-Di\! (w—q)#’) Fw(ca;d) |+ 7 (w—q—l)!\l'(w—q)'ﬂ) Fw(ead) | < 1
Zw=p+n P! ( __ D ,) |aw w=p+n-1 p! ( P ') wih = =
(p—q-1)! -0t (p—q-1)! -0t

Since0<pu' <u’"<1landf(z) € H,(p,u',n, q). Therefore,

f*Fe€ H,(pu' nqg)c Hy(p,p',n q).
4. Convex combination

In this section, we show that H,,(p, u, n, q) is closed under the convex combination of its
member.

Consider that the function f;(z) is defined for every i € N, by
fi(z) = zP + Z$=p+n|aw,i| z" — 2\(:vo=p+n—1|bw,i| z" (4.1)
Theorem(4.1): If the function f;(z) that is defined by (4.1) in the class H,,(p, u,n, q)
for every i € N. Then the function t;(z) that are defined by t;(z) = }72,C; fi(z), 0 <
C; < 1arealso in the class H,,(p, 1, n, q), where Y2, C; = 1.
Proof: According to the definition of t;(z), we can write
ti(z) = zP + Z\?vo=p+n(2?;1 C; |aw.i|) z" — Z\?vo=p+n—1(z?o=1 Ci |bW'i|) zZv.
Further, since f;(z) are in H,,(p, u,n, q), for every i € N, then

Z$=P+n (W—V;!—l)! (1 N (Wziq) ‘u) Fu(c a; d)(ziil Ci |aw'i |) T

Li=p+n-1 (w—M;!—l)! (1 + (Wziq)ﬂ) Fu(c a; d)(zix;l Ci |bW:i|) =
! !
21 C (T (1= 1) P, )], | + Zompinos o (1 +

(w—q -q—1)!
(Wziq) y) F,(c,a;d) |bW'i| )

. p! p p! p
<Y C|l——=(1- < - :
S G <(p—q—1)! (1 (p—q)”)) ~ (p—q-1)! (1 (p—q)ﬂ)

Therefore, the proof is completed.
5. Extreme points
We get the extreme points for the class H,,(p, u,n, q) in this section.
Theorem(5.1): Let f be a function that is defined by (1.3). Then f € H,,(p,u,n, q) if and
only if
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f(Z) = Z$=p+n—1(xwhw(z) + ngw(z)) (51)
gt
where h..(z) = Zp,h 7) = zP — WI(P q—1)! (-9 ZW,W =p+np+n+1,..
p(2) w(2) <m(1 B oy ptnp

p!

(p—g-1)! (1_(ppq)”) -
gw(z) = 2P + - ZV,w=p+n—-1,p+n,..
(w—q—1)'(1+(w q)/.t) Fy (c,a;d)

and Yy-pin1(X,, +Y,) =1,X, 20,Y, =0.

Specifically, the extreme points of H,,(p, u,n,q) are {h,,} and {g,,}.
Proof: For the function f(z) of the form (5.1), we have

f(2) = Z$=p+n—1(xwhw(z) + ngw(z))

p!

(1 Py
— Yo X 7P — I(P—q—l)l( (r—q) 7w o Y. [ 2P
Zw—p+n—1 w ( < Wi (1_(Wziq)”) Fo, (Cad) + Zw_p+n—1 w +

(w—q-1)!

p! __p_
< &l o) )z‘W>
w!( D _
(w—q- it (W_q)ﬂ) Fw(c,a;ad)

b _

N

p!

T €E o S L — ;)
Z$=p+n( w!(p 1 1)!( ) ) >XWZW +Z$=p+n—1< W!(p i 1)( (p=q) ) YWZ_W.

|4 . .
(w—q—l)!(l_(w—q)“) Fw(c.a;d) (w—q—1)!(1 (w—q)“) Fw(cad)
Therefore,

w!

f(l—%u) Fy(c.a;d) 7'(1+ u) Fy(c,a;d)
Z$=p+n ((W . 1)!p! (‘E q_) D ) >|aw| + Z$=p+n—1 <(W i p! o bwl

(10—q—1)!(1 (p—q)”)

_ Zoo m( _(p—Q)#) m( (W_q)li) w(ca;d) IX I N
— 4aw=p+n w! ( D ) o o y

(W_q_l)!\l (W_q)ﬂ) Fw(ead) (10—61—1)!(1 (p—q)”)

_p (P
Zoo 1 (p—q-1)! (1 (p— q)”)
w=ptn-1__wl__ )
(w—q—1)l(1+(w q)ll) Fy(c,a;d)
w!

(w—q- 1)'\1 = q)#) Fy(c,a;d)

L wl

o ™) B
=Lw=ptnXwl + Zw=p|Yw| =1 = X4y <1 andso f € H,(p, 1,1, q).
Conversely, suppose that f € H,, (p, u, 1, q)-

w! P .
Setting X,, m(l‘m#) Fw(c,a;d)
p! D

(p—q—1)!(1_m#)

14
(W—q—l)!(1+(w—q)l’l) FW (C!a;d)
YW = p!

D
el ma?)
Xpin-1=1— (ZwepsnXw + Zir=pin—1 Yi ). As aresult, we can write f as follows,
f(Z) =zP — Z$=p+n|awlzw + Z$=p+n—1|bw|Z_W

|aW|'OSXW < 1,W=p+n,p+n+1,...

w!

|b,,0<Y,<1l,w=p+n-1,p+n,..and

ﬁll)'( (pz—)q)” ) —w

(1 (W_q)u)FW(c,a;d) w

_p (P
Zoo (p—Q—l)!(l (p—Q)#) X.z% + ZOO
w=p+n__wt (P #) Fyy (ca;d) w w=p+n-1__ wl
w—-g-DI\" (w-q) (w—g-1)!

= hp+n—1(Z)Xp+n—1 - Z$=p+n hW(Z)XW + Z$=p+n—1 gw(z) Yw
= 2$=p+n—1(hw(z)xw + gw(@)Y,,).
Therefore, the proof is completed.

zP —
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6. Distortion Bounds

The distortion bounds for functions in H,,(p, u,n, q)are given by the following theorem ,
which yields a covering result for this class.
Theorem(6.1):If f =h+ g€ H,(p, u,n q), provided by (1.9) and |z| = r < 1, then

1—|b r P — H<|f(2)| =<
( | n+p-— 1| ) ((pii‘;‘_;_l)!( ((p+n)—q)#) F(p+n)(C,a;d)
(L + [brspa | )P + —im 7 : HI, (6.1)

14 .
(p+m)-g-1)\ ((p+n)-q)”) Fp+m(cad)
where
H =

(@—Z!—n! (1 B (zﬁq) ,u) B

((pjit:)_l;;l)! <1 + ((p+nzjl)—q) .u) F(p+n—1) (c,a;d) |bp+n—1|1’p+n).
Proof: First, we shall prove the left hand side of inequality (6.1). Let f € H, (p,u,n,q).
Hence,

|f (2)| = |Zp - 2$=p+n ayz” + Z\?vo=p+n—1 bWZ_W|

> (1= |bpgp-1|l21")12IP = Zp—pinllaw! + by )]z|"

> (1= |bpap-1|r™ )P = Zi—pan(law| + by, rP+"

pi!(l_L )
u
—(1 _ n-1\..-p _ (p—q-1)! (r-9)
_(1 |bn+P—1|r )T p+n)! [ P ')F (c,a:d) X
(+m—a-D)\ (rn-q*) F @+m o
(p+n)! { p ')F (c.a:d)
@r-—\" (g~ e (e +
Z$=p+n il (1_ D ) (law| + |by, DrP™™
(p—q-1)! r-9)
=
p! ( 14 )
—(1——=u
n—-1 (p—gq-1)! (r-9)
(1 - |bn+P—1|T )T‘p — (p+n)! [ ')F cad) X
(p+m)—q-1)\ ((p+n)—q)" (p+m) =
! !
o e gt Fueaid) it aag) Fw(cad)
ZW=P+” p! (1_ P ) Zw=p+n—1 p! (1_ [ ) Wl -
(p—q—-1)! (p—q)“ (p—q-1)! (p—q)“

(p+n—-1)! ( + P ) .
((1zJ+n—1)—q—1)'\1 ((p+n-D-)* F(p+n-1)(cx;d) p+n
| p+n 1| r

(p- Z' 1)( (pz—’q)“)

=
L)
——u
_ n-1\..p _ (p—q-1)! (r—q)
(1 |bn+p—1|7' )r (p+n)! {1 ) )F ( .d) X
((p+m-g-1)\ ((p+n)—q)'i (p+m) L%

p! p_ ptn-1)! () p ) .
(p-q- 1)\ (p—q)”) (@+n-D-q-D\ " ((p+n—1)—q)“ Fpin-nlemd) b p+n
P! (1 #) | p+n 1|r
(p—q-1)! (p—q)
1

|
(1 = |bpgps|r™)rP — , X ( P (1-—L—u)-
n+p ((piﬁ;j;-_ 1)!(1 ((p+ﬁ)-q)“) Fipem) (c.a;d) (p—q—1)!( -9) )

(P+n—1)! 14 . p+n
((p+n—1)—q—1)!<1 + ((p+n—1)—Q)M) Fpan-1)(¢, @ d)|bprn-a|r )

In the same way, the right-hand inequality in (6.1) is easy to prove .
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7. Integral operator

In this section, we will show the class H,,(p,u,n,q) is closed under the generalized
Bernardi-Libera-Livingstone integral operator L, . The generalized Bernardi-Libera-
Livingstone integral operator for an analytic function f is defined by

A+1 (7
LA(f(@) = — | t*f(®)dt, (A> -1).
0
For harmonic functions f = h + g, however it is defined by
La(f (@) = A“f tA1h(t) dt + A“f tA-1g(t) dt, (A > —1). (7.1)

Theorem(7.1): If f € H,(p, 1,1, q), then L(f(2)) € H,(p, .0, q).
Proof: By definition of £4(f,,(2)) thatis given in (7.1), it follows that

La(f(2) = 2 [T A1 = Toplay 6% + (=1)™ iy by, [E¥) dt
_Z_ZW 2(A+1)| Wl W+( 1)mZW 1(A+1)|bw|Z_W

A+

Hence,
0 w! __ Db A+1
Liv=p+n g ] (1 w-ot ) Fw(c a; d)( )'aw|

X ey (1 + ) Fwl(e @) (55) bl

|
< Sepin (1 - G2 k) Fwl(e @ d)lay|

(w—-
w! !
X pin1 gy (1 o) Fu(e s dlbul < s (1- Eon).

Therefore, by Theorem(2.2), we have £,(f(2)) € H, (p, 1,1, q).
Conclusion
In this work, the higher derivatives multivalent harmonic function class which is defined by
the general linear operator has been introduced. Some geometric properties, namely
coefficient estimation, convex combination, extreme point, distortion theorem and
convolution property have been given. The invariant property of this class under the
Bernandi-Libera-Livingston integral for harmonic functions has been shown
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