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1. Introduction

When the statistician faced many econometric, social, health, etc., Phenomena, they used
different statistical methods to identify, estimate analyze these phenomena to have the ability to
understand their trends and behaviors. Most statisticians work to study the mean variables that
affect any phenomenon or case study by putting a proper model (Al-Salihi, 1992) and by using
information like economic theory, health information, or any prior information and considering it as
a restricted constraint and transforming it into mathematical models and the estimation of these.
Regression parameters are also restricted in the border of the restricted constraint (Al-
Nagash,1997). These constraints are variables, not constants, where the estimation of the model will
lead to problems in estimation and inference (Al-Hasnawi and Al-Qaisi, 2002). To solve this
problem, Gavin and Scruggs (2020) developed the restricted and unrestricted models and suggested
a new algorithm to estimate the parameters by Lagrange Multiplier, and Mayer (2023) proposed
using the quadratic algorithm in conic projections to estimate the parameters of the conic
regression. In this research, we covered the three methods of estimation (OLS, Qp, and conic
projection) by using simulation and real applicability.
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2. Methodology Description
The process of estimating unknown parameters in a constrained and unconstrained
regression model is showed in the below algorithm

Some methods to estimate restricted and

unrestricted regression models

A4

r
Developed Methods Classical Methods
.
Conic projection Quadratic Algorithm OLS Methods
Algorithms

programming

Chart No .(1): Shows the methods for estimating the parameters used in the research
And will be explained using these algorithms in the R language for statistical programming.

2.1. OLS Methods
One of the classical estimation methods for regression models is Ordinary Least Squares
(OLS) for the model . (Mohamed,2014)(Gavin,2022)

Y=XB+U 1)
g =(x"Tx)"xTy 2
And the variance and var — cov (b)) are respectively
var — cov = S2(XTX)™1 (3)
T., _ pT yT
s2 = y'y—BisX'y )
n—k—1

2.2. The constraints
It is a mathematical relationship in the form of a linear equation between variables and
specific resources, with two kinds of equal and unequal constraints as below:

(Birs = (Bows  ifa < (Bows <b (5)
(Brs =a if (bi)os <a (6)
= b if (Bx)ows >b ()

a: represents the minimum restriction
b: represents the upper limit of the restriction
(Al_Hashawi and Al_Qaisi,2002)

2.3.Estimation by Quadratic Programming (QP)

The QP is one of the mathematics programming that is used to determine a group of
variables in an objective function to minimize or maximize when we mix previous information and
the sample data to estimate the regression, parameters. The different restrictions about the
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parameters are represented as constraints, we assume the regression model is a QP problem. In R
programming, the algorithm of QP estimation is
Table (1): Algorithm of QP estimation

e Inter the explanatory and response variables (x;,Xz, ... ... Xn), (V)

e Determine the sample data (n)

e Generate a matrix of arranged constraints for the sample dataas RB > c

e Calculate the constraint parameters BTAB — 2sTB

Source:(Liao and Meyer,2014)

2.4.Conic projection Estimation
Conic projection is a special case of QP that concerns minimizing objective function under
different restrictions when we use conic projection - (Polar Conic) in many other procedures with
transformed QP equations to conic projection problems and restricted regression parameter
estimation by restriction matrix R, which contains a row of conical edges. These conical edges will
be used in conic A and B side by side with a model and weight oriented where the researcher
provides them, the restriction conic and conical edges matrices, and we will have a Q matrix of size

n * n by:

Q=X"X (8
B = X(B — By) ©)
y=&H"(s - QBy) (10)
Under the restriction

min||y — XB|| (11)
R =0

Then the final step of estimation is
| XB~ —XB II?’= (y —XB")T(XB" —XB) — (y —XB")T(XB" — XB)

(Meyer,2009 ,2013B)

2.5. Projection Matrix ( Hat Matrix)

Hoaglin and Welsch(1977) studied In Linear regression model estimation hat matrix can be
used to estimate the response variable vector with no need to estimate the regression model
parameters and generate the estimation error vector by using the original data, as below:
e=y-y
$ = XB"

B = X(XTX)"'XTy

Where X(XTX)~1XT is known as a projection matrix (hat matrix) for estimation
ce=y—XXTX)"XTy

e =(1- XXT™X)"1xT)y

e =py

And p is known as a projection matrix (hat matrix) for error

In R programming the conic projection estimation algorithm can be written below
Table (2): Conic projection estimation algorithm

e Inter the explanatory and response variables (x4, x, ... ... Xn), (¥)

o Determine the sample data (n)

o Generate the Irreducible Restriction Matrix must provide for sample data and arrange according to
RB =c

e Calculate the value of Polar conic by the function p = ¥¥, a'g’

o Estimate weighted and un weighted restricted parameters and campier between them to select the
best estimation according to Mean Square Error (MSE) for the model

Source: (Meyer,2009 ) ( Meyer and Liao,2014)
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3. The Simulation

By using simulation methods, we have built an experiment to test three different sizes of
samples (50, 100, and 150) of data, the default values generated for the sample data between (0, 1),
in a virtual form similar to real reality, and through the process of estimating the parameters
mentioned above and making comparisons between the results according to the lowest MSE to
reach for the best method of estimation.

We make a simple algorithm

Table (3): Simulation algorithm

e Choosing three data samples 50,100 and 150

e Generate five explanatory variables x,, x,, x5, x4, xs Where
X,~Uniform(0,1), X, = 0.6X; + e, , X3 = 0.6X, + e, , X,~Bin(1,0.5), Xs~Bin(1,0.3)

Y = Bo + B1X1 + B2X5 + P3X3 + PaX1 KXo + Ps X1 X3 + BeXo X35 + [7X1X, X5 + PeXy + foXs + €
Where e~N(0,0.2)

Applied three methods of estimations OLS, QP, and CP

The results are :
Table (4): Parameters estimation by simulation

The
N=50 N=100 N=150
samples
Parameters CP QP OLS CP QP OoLS CP QP OLS

Bo 0.000824 | 0.002193 | 0.001875 | 0000306 | 0.0016779 | 0.0013293 | 0.0001949 | 0.0013237 | 0.0011961
B 0.006662 | 0.002019 | 0.030951 | 000263722 | 0.00103117 | 0.00552975 | 0.00193287 | 0.00074028 | 0.00606446
B, 0.011469 | 0.002018 | 0.025497 | (0095146 | 0.00110704 | 0.01640175 | 0.00597282 | 0.00077756 | 0.01120859
Bs 0.009822 | 0.002014 | 0.022879 | 000346609 | 0.0011005 | 0.00649434 | 0.00137277 | 0.00072965 | 0.00381172
Ba 0.003806 | 0.002003 | 0.056573 | 001029443 | 0.00100725 | 0.04340501 | 0.00726229 | 0.00068872 | 0.01634731
Bs 0.034562 | 0.002003 | 0.14403 | 0013382 0.001006 0.033426 0.006134 0.000678 0.012582
Be 0.128933 | 0.002002 | 0.142912 | (0638255 | 0.0010186 | 0.0772942 | 0.0307326 | 0.0006813 | 0.0744371
B, 0.067983 | 0.002001 | 0.378793 | 002494235 | 0.00100147 | 0.09323367 | 0.03308175 | 0.00067012 | 0.07633881
Be 0.000358 | 0.002 | 0.002408 | 9.92E-05 0.001 0.00096985 | 2.49E-05 7.79E-04 7.27E-04
Bo 0.000255 | 0.002 | 0.002451 | 6 63E-05 1.00E-03 1.05E-03 2.42E-05 6.68E-04 6.05E-04

MSE 0.008926 | 0.194695 | 0.188873 | 000838924 | 0.21263558 | 0.18318001 | 0.00948352 | 0.22970274 | 0.18777656

From Table (4) we can see easily that MSE for all CP estimators is less than the other
estimators, i.e. the CP estimation method is more efficient than OLS and QP.
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Table (5): Represent MSE of parameters values by using quadratic programming and
Conic projection with n= 50, 100, 150

n
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4. Applicable part
Using the results in the simulation part can be able to apply it to real case studies. The
researchers have data about the level of forced expiratory volume (FEV) taken from a pulmonary
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function unit / private nursing home hospital for (xg)male and female (x,) smokers and
nonsmokers with ages between 7 and 69 years (x;) with there weights (x3) and heights(x,), by
using facts, scientific research, and previous studies on Iraqi health field, we can build a restriction
on the data with response variables (y) that represent the FEV.
The results of estimation by CP is in the table below:
Table (6): Real data estimation by CP

Regression Parameters Estimation

5o 6.280402e-01
B, 1.998401e-14
B, 3.675577
B 7.105427e-15
B, -8.881784¢-16
Be -1.620926e-14
Be 2.699537e-1
5, -2.960189
Bs 3.139213e-01
Bo -9.642468¢e-01

y = 0.628 + 1.998e — 14x, + 3.676x, + 7.105e — 15x3 — 8.88e — 16x1x, — 1.621e — 14x,x5
+ 0.2699x,%x3 — 2.96x1x,x3 + 0.3139x,4 — 0.964x<

From table (6) we can see:
e (B1,B3, B4, Bs) are very close to Zero
e (B2, Be Bs) are positive values that lead to direct effects.
e (B, Bo) are negative values that lead to reverse effects.
5. Conclusions
The CP estimators are the best estimator than OLS and QP
~ (B1,B3) = 0 Then x, (Age)and x5 (weight) will be excluded from the model.
“ (B4,Bs) = 0 Then the contrasts x;x, and x,x3 will be excluded from the model.
X,, X, Have positive effects on the model or i.e. on the FEV.
The contrast x,X5 has a positive effect on the model or i.e. on the FEV.
The contrast (x;x,X3) has negative effects on the model or i.e. on the FEV.
x5 Has a negative effect on the model or i.e. on the FEV.

6. Recommendations
e Expanding the study of the conical projections estimation from unequal constraints to equal
constraints on the parameters of the linear regression model.
e Expanding this method to estimate nonparametric and semiparametric regression models
under equal and unequal constraints of the models.
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