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Abstract

Let G = (V,E) be a simple graph. Aset D € V is a dominating set of G, if every vertex
in V — D is adjacent to at least one vertex in D. Let G be k,-gluing of G, and G,and
denote by C[G, U, G,] the family of all k,-gluing of G,and G,. Let K; be complete
graph with order t and K,,, be complete graph with order m and let G be k,-gluing of K,
and K,,, with order n = m +t — r. Let G} be the family of dominating sets of G,, with
cardinality i, and let d(G,,i) = |G|. In this paper, we construct G}, and obtain a
recursive formula for d(G,,i). Using this recursive formula, we consider the
polynomial D(G,,x) = Xi=, d(Gy, i)x;, which we call domination polynomial of k,-
gluing of graphs and obtain some properties of this polynomial
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1 Introduction

Suppose G = (V, E) asimple graph. A set D subset of V is a dominating set
of G, if each point in V-D is connects to at least one point in D. The
domination number (G) is the minimum number of vertices that meets the
definition of D. For a detailed treatment of this parameter, the reader is
referred to [7]. It is known and generally accepted that the problem of
identifying the dominant groups on an arbitrary graph is a difficult one (see
[6]). Alikhani and Peng found the dominating set and domination
polynomial of cycles, certain graph and non P4-free [1], [2], [3]. Dod,
Kotek, Preen and Tittmann found Bipartition Polynomials, the Ising Model,
and Domination in Graphs [4]. Kahat and Khalaf found the dominating set
and domination polynomial of stars, wheels, complete graph with missing
and k,-gluing of Graphs see [8], [9], [10]. Kotek, JPreen and Tittmann
found Domination Polynomials of Graph Products [11]. Let G, be graph
with order n and let the family of dominantsets G.ina graph G,
have cardinality i and let d(Gy, i) = |Gi|. D(Gn, %) = X1,y d(Gn, Dx; s
called domination polynomial of graph G [2]. Let G be k,-gluing of G,, and
G, and denote by C[G; U, G,]thefamily of all k,-gluing of G; and G,[5].
Let K; be complete graph with order t and K,,, be complete graph with order
m and let G be k,-gluing of K; and K,,, withordern =m 4+t —r.

Use (7}) for the combination n to .

2 Dominating sets of k4-gluing of K; and K,

We shall investigate dominating sets of Let G,, be k;-gluing ofK,andK,,. To
prove our main results we need the following lemmas:

Lemma 1 [8].

These properties apply to all graphs G.
(i) |G2| =1 (ii) |GR~| = n (iii) |GL|=0if i > n (iv) |G2|=0
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Theorem 1.
Let K; be complete graph with order t and K,,, be complete graph with order
m and let G,, be K;- gluing of K; and K,,, with ordern = m + t — 1, then

d(Gn, D=1 - (™) - (7). vnmetezt,andi =1,2,..,n.

Proof.

Let K;={v}. Since every vertex u; € K; it is not adjacent with every other
vertex u,, € K,,such that u; # v # u,,, then every subset of K; — v with
cardinality i is not dominating sets of G,,, and every subset of K; — vwith
cardinality i is not dominating sets of G,, therefore

d(Gp, )=(7) = ("7 = (7).

Theorem 2.
Let K, be complete graph with order t and K,,, be complete graph with order
m and let G,, be K,.- gluing of K; and K,,, with ordern = m 4+t — 1, then

d(G, D=1 - (™) - () vnmrtezZt andi=1,2,..,n

Proof.
The proof is similar to the proof of (Theorem 1).

LetG,, be k;-gluing ofK, and K,,, with order n = m + 1. In Table 1, we
obtain the coefficients of D(G,,, x) for 2 < n < 15 based on Theorem 1. Let
d(G,,1)=|G.|. It is possible to get important relationships between numbers
d(G,, 0)(1 < i < n)inthetable.
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1 1 2 d b L i1 T 2 H 10 1 12 13 14 ]
n m i

2 2 I 211

3 2|2 113 1

4 203 [ 4

5 2[4 L |7 1] 5 1

fi 2 5 N 16 14 G 1

T 26 I |11 ] 25 30 an T 1

8 2 T [ ERES 55 a0 T 5 1

9 2= I | 15 | 49 01 105 'ifi a5 0 1

o2 |9 | | 17 | 64 1400 | 196 182 112 44 10 1

THE o] 1] 149 &l 04 | 236 ars 204 |56 54 11 1

12 {2 1] 121 100 | 285 | 440 L 672 450 210 G5 12 1

13 ]2 I2 ] 1 125 [ 121 | 385 [ 725 1054 | 1286 | 1122 | 660 75 T 13 1
l 2 13 125 144 | 506 | 1110 | 1779 | 2340 | 2408 | 1782 | 035 352 00 1
15 | 2 4| 127 169 | 630 | 1616 | 2880 | 4110 | 4748 | 4190 | 2717 | 1287 [ 442 | 104

Table 1. d(G,, i) The number of domimnating sets of &, with cardinality ¢ sech that G, be
ky — gluing of K3 and K,

d (G, 1) has some properties as we prove the following theorem

Theorem 3.

For every n € Z*, The following properties achieved of d(G,,, i) :
() d(G,, 1) =1vn = 3.

(ii) d(G,,2) = d(Gp_q1,2) + 2.

(iii)d (G, 0) = d(Gp_q,i) + d(Gpy,i— 1) Vi=>2

(iv) d(G,n—1)=n.

(v) d(G,,,n) = 1.

Vi) y(G,) = 1vn =3

(vid(G,,i) = d(K,,i)for n =2

Proof.

Let G,, beks-gluing ofK, and K,,,with order n = m + 1, then

(i) By Theorem 1 d(G,,, 1)=(7) — (™7*) = (}), since n = m + 1hencem =
n — 1, therefored (G,, 1)=(%) — (";?) — (})=1

(i) By Theorem 1 d(Gn,lz) = (’;2) — (”0;1) -G)=0)-(H)=2n-3,
and d(Gp—,2) +2=("") — (";?) — (0) + 2 =2n — 3, thend(G,,, 2) =
d(Gp_1,2) + 2.

_(n-1)(n-2)....(n—-i+1) N -2\ _
(iii) By Theorem 1 Let w= ? d(Gy, ) = (1) - ("7%)=
n(n-1)...m-i+1)(n-i)! (M-2)(n-3)....(n—=i-1)(n—2-i)! _ _ (n-i)(n—-i-1)
i1(n—0)! N i1(n—2—10)! SR T O T
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and d(Gp—1,) + d(Gy-1,i— D) =) - ")+ () - (D)=

i-1
. n-D(n-i-1)(n—-i-2) . (n-)(n-i-1) .
o =D -0 e TP e LT
nn-1)-(n-i)(n-i-1)] _ (n-)(n-i-1) N
a)[ D) =Wn— 0T then d(G,,,i) =

d(Gp_1,1) + d(Gp_q,i— 1)

(iv) By Theorem 1 d(G,,n —1) = (") — (027) = (,,)=n
(v) By Theorem 1we haved(G,,n) = (7)) - ("-%)=() = 1.
(vi) Since K;={v} is dominating set of (G,,), theny( G,) = 1.
(vii) d(Go, 1) = () = (3) = (%) = d(K,, )by Lemma 1 (jii) m

Let G, be k,-gluing ofK5 and K,,, with order n = m +2. Obtain the
coefficients of D(G,, x) for 1 <n < 12 in Table 2 based on Theorem 2. Let
d(G,,)=|G}|. Itis possible to get important relationships between
numbers d(G,,,i)(1 < i < n) in the table.

i 1] 2 3 4 5 6 7 8 9 10 11 12 13 14 | 15
n m |t

3 3 1 313 1

4 3|2 1|5 4 1

5 3 13 1|38 10 ] 1

6 3 |4 111 (19 15 6 1

T 3 |5 1] 14 |31 34 21 T 1

2 3 |6 1|17 | 46 65 55 28 8 1

9 3 7 1|20 |64 111 | 120 83 36 9 1

1013 |8 1] 23|85 175 | 231 203 119 45 10 1

1113 |9 1|26 (109 | 260 | 406 434 322 164 55 11 1

12 | 3 1011 |29 | 136 | 369 | 666 840 756 486 219 66 12 1

13 |3 11 |1 |32 | 166 | 505 | 1035 | 1054 | 1596 | 1242 | 705 285 T8 13 1

14 | 3 12 | 1 | 35 | 199 | 671 | 1540 | 2089 | 3650 | 2838 | 1947 | 990 363 91 14

15 | 3 13 | 1 | 38 | 235 | 870 | 1616 | 3629 | 5730 | 6488 | 4785 | 2037 | 1353 | 454 | 105 [ 15 | 1

Table 2. d(Gy, i) The number of dominating sets of GG,, with cardinality ¢ sech that G, be
ky — gluing of Ky and K,

The following theorem, obtain some results of d(G,, i):G,, be k,-gluing of
K5 and K,

Theorem 4.

The following results achieved of d(G,,, i), foralln € Z™:
() d(G,,1) = 1Vn = 4.

() dGn2)=(5) - (") -1
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(iii) d(Gp, 2) = d(G,—1,2) + 3.

(iv) d(G,,3) = d(Gp-1,3) + d(Gp-1,2) + 1.
V)d(G,, i) = d(Gp_q,1) + d(Gp_q,i— 1) Vi = 3.
(vidd(G,,n—1)=n

(vidd(G,,n) =1

(viidy(G,) = 1vn=>7

(iX)d(G3,0) = d(K3,0)

Proof.
The proof is similar to the proof of (Theorem 2). Let G,, bek,-gluing ofK;
and K,,, withorder n=m+3 -1 =m+ 2, then

(i)By Theorem 1 d(G,, D=(7) — ("{') = (¢),sincen=m+ 2thenm=n -
2, therefored (G, 1)=(7) = ("7>) = ($)=n-n+3-2=1

(i) By Theorem 1 (G, 2)=(2) - () = () = (1) - ("3") ~ 1

(iii) By Theorem 1 d(G,,2)=(3) — (™, ) — 1=3n-7, andd (G,_;,2) +
3= - (™) -1+3=(";) - (") +2=3n-9+2=3n-7,
then d(G,,2) = d(G,_1,2) + 3

(iv)- (ix) The proof is the same way in the (Theorem 3) in (ii)- (vii)m

By the following theorem, we prove some properties ofd (G, i):G,, be k;-gluing
ofK; and K,,such that (t) isconstantvV1 < m< n—t + r.

Theorem 5.

Forall n € Z*, d(G,, i) has the following properties :

(i) d(G,,1) =1vVn > t.

(i) d(Gp, ) = d(Gp-1,) + d(Gpy, i — D+ () Vn > t.
(ii1) d(G,,, 1) = d(G,,—1,1) + d(G,,_1,i —1) Vi>t.
(iv)(G,n—1)=n

V)d(G,,n) = 1.

v)y(G,) =1Vn>t

(vid(G,,i) = d(K,,i)Vn =t
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Proof.
The proof is similar to the proof of (Theorem 3) and (Theorem 4)

3 Domination Polynomial of K-gluing of Graphs

In this section we introduce and investigate the domination polynomial of
K;-gluing of K,,and K;such that (tf)isconstantV1l < m< n—t + 1.

Definition.

Let G} be the family of dominating sets of a graph G,,(K;-gluing of K,,,and

K,) When cardinality is considered i, and let d(G,,, i) = |GL|, and since

v(G,) = 1. Then D(G,, x)of G,, (domination polynomial ) is defend as
D(Gp,x)=Y",d(G,,D)x'Vn >t

In the following corollary, we obtain some properties of (G, x) : G, be K;-
gluing of K,,,and K,such that (t) isconstantv1l < m< n—t + 1.

Corollary 1.
The following properties hold for all D(G,,,x)Vn > t

(1) D(G,, x):Z?zl(?)xi _ Zﬁ;l(mi—l)xi _ Zf;%(tzl)xl
@) D)= D(Gyor, 1)+ XD (G T2

Proof.
(i) From Theorem 1 and definition in above , we get

D(Gp,x) =Xi, d(Gp, Dx' = Ty [(F) — (M7 = (T)Ix=2i, ()" -
Y (o PR WY (R EAe W () P i (R P ity QO P2 (0

Lemmal) (7) =0ifi>n

(it) From definition of the domination polynomial and Theorem 5, we have

D(Gp, %) =X1y d(Gp, )X =X 1[d(Gpeyg, D) + d(Gpy, i — 1) + ()xb =

Y d(Gyoy, Dt + X d(Gpoy, i — Dxt + X, (52])x", we have d(Gy, )

=0ifi > nori = 0 (Lemmal), then

Z?:l d(Gn—lr i)xl:Z?gll d(Gn—lr i)xl — D(Gn—ll X)
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andY, d(Gpq,i — D’ = x XLy d(Gpoy, i — D™t =
x[Z?z‘ll d(Gp-1,D)x']=x D(Gp_4,x) and Z?ﬂ(fii)xl - ?=1(t_il)xl+1
thenD (Gp, x) = D(Gp—q, X)+ XD (Gpq, )+ Y21 (F;)x . m

Example 1
The following properties hold forallD(G,,, x):G,, be k;-gluing of tow
complete graphsK,,, and K,, Vn > 2by Corollary 1

) D(Grx)=Xi,(Dx' = B ("T)at —x

(i) D(Gpx) = D(Gpo1, %)+ xD(Gp_y, x)+x*
Example 2.
The following properties hold forallD(G,, x):G,, be k;-gluing of tow
complete graphsK,,and K5, V n > 3by Corollary 1

(i) D (G, x)=27 1 ()t = T3 %) xt — 2x-x2

(ii) D(G,,x) = D(G,_1,x)+ xD(G,_1,x)+2x% + x3
Example 3.
Let G, be K;-gluing of two complete graphs Kz and K5 with order 7, we can
get on D (G-, x)without the table. We have
D(G7,x)=Y_1(D)xt = X (H)xt = T2, (%)x'= (7x + 21x? +35x° +
35x% +21x> +7x% +x7) — (4x + 6x% +4x3 +x*) — 2x +x?) =
x + 14x% +31x3 + 34x* + 21x> + 7x° + x”(by Corollary 1).
(see Fig-1).

Fig-1:
G-,beK;-gluing of two complete graphs Kz and K,
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