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Abstract. In this present paper, we establish new subclass of p + g - valent functions

with negative coefficients in unit disk Q" = {z € C:|z| < 1}. We obtain some
properties, like, theorem of coefficient inequality, closure theorem ,weighted mean and
integral operator.

AMS subject classification: 30C45.
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Introduction: This type of study was carry on by various different authors . In 2012 W.
G. Atshan [3] study coefficient inequalities, closure theorems and obtain integral
representation, convolution properties by using p-valent analytic functions . In 2013 S.
Najafzadeh [7 ] use this to define a new class of meromorphically multivalent functions
and give two useful subclasses of this class involving fixed points.

Consider L to be denoted category of functions take the following form:
MOEFAEWL) (1)
k=2

where (0 < o < 1and p € N)
which are p + - valent in Q={z € C: |z| < 1} the open unit disk and also analytic.

Let Ln indicate the subclass of L of functions write by:

f(z) = zP*¥ — 2 a zkPre, (a, =0,z € Q). (2)
k=2

Note that the authors investigate some classes properties of analytic functions such as
the form (1) in [5],
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We suppose L(p, 1) to be symbolize the subclass of Ly including the functions £ which
satisfy:

P*+p*+2np—p— )P+ p — 2)zP*P73 — f7(2)
[ @u+u@*+06*+e2p—p—n)(p+ p — 2)zP+H=3

<8, (3)

where,0 < f<p+4,0<n<1

The following interesting geometric properties of this function subclass were studied by

several authors for another classes, like, [1], [3] and [4].

Theorem (1): Let £ € L5 .Then f € L(p, §) iff

D (k+p+ @)k +p+p- D@+ -2)71+ Day
k=2

<2up(p+p)p+6—D(p+-2), (4)
where 0 < f<p+n1n0<n<1

The result is sharp for the function

_ p+n _ _ 2HB@+0’ 1200 p-p)0+P=2)  kip+p 1 >
f(Z) Z ((k+p+p) (k+p+p-1)(p+p—-2))(Yu+1) k= 2.

Proof: Assume (4) holds true and let |z| = 1, then from (3), we obtain

|(p? + 62+ 2pop —p — )P + o — 2)zP*#73 — (f(2))"”|
— Blu(f (@) + 2u(p + £)(p + o — 1)zP*#73|

o)

DU+ p+ @)k +p+p—1) qzk e

k=2

—B1Bu@ + @)@ + o — DzP73| (5)
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<D ktp+ @)k +p+p—Dag—28up+P)p+p—1)
k=2

+ ) Bulk+p + @)k +p +p - D
k=2

=D ((k+p+ @)+ +p— D@+ — D) B+ Dag — 24 + L) p +
k=2
-1 <0,
by hypothesis.
Hence by maximum modulus principle, f € L(p, ).

Conversely, Let f € L(p, ) Then

’ W*+p°+20p—p— PP+ - D2~ f@ | _ B, (z € V).

wf(2)” +pup? + 9>+ 20p —p — 0)(p + o — 2)zP*P3

That is

Yiak+p+p)k+p+p—D(p+p—2)az o
P2+ 92+ 20p —p—P)(p + o — 2)zP* 92 — ¥ u(k +p + @)k +p + g — D)k +p + 1 — 2)a,zkP+e-3|

<B.(6)

Since Re(z) < |z| forall z (z € U), we get

Sk 4P+ @)k +p +p = D+ = Daz e
W+ 0> +20p—p-0)p+ 90— 20277 — S uk+p+ @)k +p+ 0 — D(p + 06 — 2)a 2" Pe-3

<B.(
We choose the value of the real axis on z and so that (f(z))”" is real.

o)

D Uetp+ @)k +p+ o1+ - 2Dazkrres

k=2
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<2uB(p+ o)+ o —1D(p+p—2)zP*3

=D yulk +p+ @)k +p+ o~ D + o - 2z e,
k=2

Letting z — 17, through real values,

D UHp+p)k+p+o-D0+p-2a

k=2
<2up(p+P)p+e—-D@+ep—2)

=) Bule+p+@)k+p+p - Dk +p+p-2Day,
k=2

we obtain inequality (4).

Finally, sharpness follows, if we take

2uB(P* + 9 +20p —p—P)P + 9 — 2) JkAptp
(k+p+@)k+p+p—-Dk+p+p-2))Bu+1)
> 2.(8)

)

f(z) = 2+¥ —

Corollary (1): Let f € L(p, #) . Then

2uB(P* + P> +2pp —p—P)(P + o —2)

(k+p+@)k+p+p—-Dk+p+p—-2))Bu+1)
In the following theorem, we obtain closure theorem of the class L(p, £)
Theorem (2): Let the functions f; defined by
fi(2) = zP*# — Z ay 2" (a1 ;= 0,peN,i=12,...¢) (10)

k=2

is in the class L(p,1) for every i=1,2,....£. Then the function M, defined by
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(o]
M, (z) = zP*¥ — Z ag wy P8 (wy, = 0),
k=2

also belongs to the L(p, §) where

£
1
Wk=zzl ak,i , k= 2,3 e
i=

Proof: Since f; € L(p, ) , we note that

Dk +p+ @)+ p+p- D@+ -2)7u+ Day
k=2

<2uf(p+p)p+p—-D@+e—2),

for every i=1,2,...,£. Hence

D (k+p+@)k+p+p—DE+o-2) 0+ Dw,
k=2

oo

1 £
= D (k+p+ @)k +p+p-DE+P-D)u+1) G )

k=2

£ o)
1
= zz (Z((k +p+p)k+p+p—-—Dp+p-— 2))()/;1 + 1)ay ak’i>
i=1 k=2

<2uplp+o)p+p -+ p-2).
Therefore by Theorem1, obtain h; € L(p,n)
In the following theorem, we obtain weighted mean is in the class L(p, §¢)

Definition (2)[6]: Let f; and f, belong to the class of L(p, &). Then the weighted

mean w; of f; and f; is given by:

N =

wi(2)=>[1-DAHL@+ A+)NHEE)], 0<j<1.
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Theorem (2): Let f; and £, be in the class L(p, ) Then the weighted mean w; of
fiand f, is also in the class L(p, )

Proof: By definition (1), we have

1
w;j(z) = 3 [(A-DNfHL @+ A+ )f2)], (11D

o 1
= 2740 = %~ (1= Paga + (1 + Nayz |24+
k=2

Since f; and f, are in the class L(p, £) so by Theorem (1), we get

D ((+p+ @)U +p+p- D@ +p-2)0u+ D) But Dag,

k=2
S uBp*+ o>+ 20p—p—P)p+p—2),

and

Ns

(((k+p+@)k+p+p - D@ +p-2))u+1) B+ Da,

&
L
N

< uBp*+ o>+ 20p —p—P)p + p — 2).

Hence

C 1
z (+p+@)k+p+p D@+ -)u+1D)Bu+ D[ M- ay,
k=2

+(1 +j)ak,2]

1 (00}
=5 (1—j>;((<k+p+5)(k+p+5—1)(p+5—2))<w+1))(ﬁu+1)ak,1
1 oo
+5 A4 (((k+p+ @)U +p+p - D +9- D)0+ D) Bt Dag,
k=2
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1
5(1 Nuy(* + o>+ 2pp—p -8+ p - 2)+—(1+J)W(p + p° + 2¢p

—p—P)p+p-2)=ulp+pP)p+p—-D{+p-2).
Therefore, w; € L(p, ) .

The proof is complete.
In the following theorem, we obtain integral operator [2] is in the class L(p, )

Theorem (3): Let £(2) € L(p, #) then the integral operator

FE(z)=(01- t)zp+@+t(p+go)f —dS(L>OZEU)

isalsoin L(p, ) if 0<:1 < 2+i;“0
Proof: If
F(z) = 2P+9 — Z a kP e,
k=2
then

z + 0 k+p+
cP p_Zkzzak crtp @)ds

F@ = -0 s+ 0) [ :
0

ZP+8 o q, Zk P

P+o) Lk+ptp

=1 =-0zP*® +(p + )

= ZP"’JO — —kl(_f +f) a Zk+P+80
L+ p+p

oo
= Zp+rl — Z Ok Zk+p+50

Where 0, = %ak. But
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i 3UB(p® + 0% +20p —p — )P + o — 2) ,
Li(k+p+@)k+p+p—Dk+p+p—-2)Bu+1)""

zi 2uB(@*+n’+2np —p—1)(p +n-2) p+n)
Li(k+p+mk+p+n-Dk+p+n-2))Bu+D(k+p+n) k
<§ 3uB(* + 97 +20p —p — )P + 9~ 2) p+9)
TL(k+p+o)k+p+p-Dk+p+p-20)Bu+D2+p+p "
where
t(p+r1)Sl
2+p+n
<§: UB(P* + PP+ 20p —p— PP+ P —2) )
L (k+p+ @)k +p+p-Dk+p+p—2)Bu+1)
(by (4))

< 2uB(P?*+82+26p—p—68)(p+6-2).
F(2) € L(p,9) ,
So the proof is complete.

Conclusion: We obtain the properties theorem of coefficient inequality, closure
theorem ,weighted mean and integral operator.
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