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Abstract

In this study, different estimators were used for estimating scale parameter for
Exponential distribution, such as maximum likelihood estimator, moment estimator and
the Bayes estimator, in six types when the prior distribution for the scale parameter is:
Levy distribution, Gumbel type-I11 distribution, Inverse Chi-square distribution, Inverted
Gamma distribution, improper distribution, Non-informative distribution. Under El-
Sayyad's loss function .we used simulation technique, to compare the performance for
each estimator, several cases from Exponential distribution for data generating, for
different sample sizes (small, medium, and large). Simulation results shown that The
best method is the bayes estimation ,when the prior distribution for 6is improper
distribution with (a=9, b=1) and for the values for the parameters of the El-Sayyad 's
loss function is (¢=0.5&r=7),when the true value of 6(6=0.5).And the non-
informative distribution with ( ¢c=8) and for the values for the parameters of the El-
Sayyad 's loss function is (¢ =1&r =5), when the true value of 0 (6 =1).Also the non-
informative distribution with ( ¢c=8) and for the values for the parameters of the El-
Sayyad 's loss function is (£ =0.5&r =9),when the true value of 6 (6 =1.5), according
to the smallest values of MSE for all samples sizes (n) comparative to the estimated
values by using Maximum likelihood estimation method (MLE) and Moment estimation
method (ME).

Key words: The Exponential, Maximum likelihood estimation, Moment estimation, Bayes method, the
prior distributions: Levy distribution, the Gumbel type-Il distribution, Inverse Chi-square
distribution, Inverted Gamma distribution, improper distribution, non-informative distribution, El-
Sayyad's loss function, mean squared errors (MSE).
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1. Introduction

The difference between Maximum Likelihood estimation and Bayesian estimation
is that in maximum likelihood estimation the parameters are not random variables. In
Bayesian analysis the unknown parameter is regarded as being the value of a random
variable from a given probability distribution, with the knowledge of some information
about its value prior to observing the data X1, X,... x, (Ross, 2009); we mention some of
studies in a brief manner:

In (1967) El-Sayyad ® introduced some new estimators, which are unbiased with
respect to some loss functions, are derived for the parameter in the exponential
distribution. The corresponding bayes estimators are also obtained. The comparison
between these two kinds of estimation is discussed. In (1998) Rossman, Short, and
Parks ! studied the relationship between Bayesian and classical estimation using the
continuous uniform distribution.

In (2001) Elfessi and Reineke B show how the classical estimators can be obtained
from various choices made within a Bayesian framework .by using some of the
relationships for the exponential distribution. In (2005) Ali and Woo and Nadarajah
derived bayes estimators under a symmetric squared error loss function as well as an
asymmetric loss function, for the parameter of the standard exponential distribution. In
(2007) Abu-Taleb and Smadi and Alawneh ™ derive bayes estimates assuming the
inverted gamma prior along with the Bayesian credible intervals, for the exponential
random censor time. In (2009) Al_Kutubi and Ibrahim ' used Jeffery prior information
to get the modify bayes estimator and then compared it with standard Bayes estimator
and maximum likelihood estimator to find the best (less MSE and MPE). Simulation
study was used to compare between estimators and Mean Square Error (MSE) and
Mean Percentage Error (MPE) of estimators are computed. In (2010) Tahir and Aslam

% compared Bayesian and classical analysis for parameter of the exponential model for
time-to-failure data. Their comparison is based upon the posterior variance, the
Bayesian point and interval estimates, the coefficients of skewness of the posterior
distribution and the posterior predictive distribution. In (2013) Yang and Zhou and Yuan
Y studied the bayes estimation of parameter of exponential distribution under a
bounded loss function, named reflected gamma loss function, which proposed by
Towhidi and Behboodian (1999). They used the inverse Gamma prior distribution as the
prior distribution of the parameter of exponential distribution. Bayesian estimators are
obtained under squared error loss and the reflected gamma loss functions.

So in this paper, we try to find best method to estimate parameter of exponential
distribution. According to the smallest value of Mean Square Errors (MSE) were
calculated to compare the methods of estimation. We used the maximum likelihood
estimator, the moment estimator and the bayes estimator in six types of priors, and then
get bayes estimation: Levy distribution, Gumbel type-I1 distribution, Inverse Chi-square
distribution, Inverted Gamma distribution, Improper distribution, Non-informative
distribution when the Bayesian estimation based on El-Sayyad's loss function. Several
cases from exponential distribution for data generating , for different samples sizes
(small, medium, and large) .The results were obtained by using simulation technique,
Programs written using MATLAB-R2008a program were used.
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2. Exponential Distribution
We consider X1, Xo, ..., Xy IS @ random sample of n independent observations from
an Exponential distribution having the probability density function (pdf) define as ! °!:

f(x:0)= 01 exp(-% . x>0 - (1)

where 6 > 0 is mean, standard deviation, and scale parameter of the distribution, 6
is a survival parameter in the sense that if a random variable x is the duration of time
that a given biological or mechanical system manages to survive and x ~ Exp(6) then
E[x] = 6. That is to say, the expected duration of survival of the system is 6 units of
time.

3. Parameter Estimation Methods
In this section, we used several methods to estimation parameter6 .
3.1 Maximum likelihood Estimation
From the Exponential pdf given in (1) the likelihood function will be as follows !;

n -n X X,
L(x\0)=[1f(x;0)=0" exp(- ;9 ) ..(2)
i=1
By taking the log and differentiating partially with respect to b, we get:
Z.n: X .
9 ogLx\oy=- My TEr T (3)
00 0 02

Then the MLE of 6 is the solution of equation (2) after equating the first derivative to
zero, Hence:

n
" il X
Ome =

=X .. (4)
n

3.2. Moments estimation (ME)
The method of moments is another technique commonly used in the field of

estimation of parameters. If X=(X;,X,,...,X,)be a random sample of size (n)
represent a set of data, then an unbiased estimator for the r™ origin moment is “':

z.“_ xr
e . (5)

n
Where m, stands for the ' sample moment. The first moment of the Exponential

distribution as:

1
M, =E(X) =———=6 .. (6
1 =EX) o) (6)
Therefore by equating sample and population moments we get
1
m — M — E X e S e e 7
;=M =E() /6) (7)
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From (7)weget x =0 = Omm =X .. (8)

3.3 Bayes Estimation Method
Let X=(X;,X,,...,X,)be a random sample of size n with probability density

function given in equation (1) and likelihood function given in equation (2).In this paper
the posterior distributions for the unknown parameter 0 are derived using the following
six types of priors ,and then get bayes estimation !:

Levy distribution.

Gumbel type-11 distribution .

Inverse Chi-square distribution 3],

Inverted Gamma distribution 2.

Improper distribution.

Non-informative distribution.

SR WNE

3.3.1_The posterior distribution using different Priors
It is assumed that 6 follows six types of prior distributions with pdf as given in table
below:

Table -1: The six types of prior distributions (P(6) ) with pdf for6 .

Prior distribution P(6)
b = b
0 ~Levy(b,) P()a /-2 02 exp(-—2) for b,, 6>0
2 20
0 ~Gumbel type-i(b) P(0)a b 02 exp(-gb) for b, 6>0
1 1
0 ~Inverse Chi-square(v) | P(0)a — 02 exp(-—) for v,0>0
3 20
0 ~Inverted Gamma( a, a
(@B | paye P2 g-(@+D) exp(—g) for P, 0>0
0 ~Improper(a,b) P(0)a p-(@+1) exp(-gb) for b, 0>0
and -o<a<ow
1
0 ~Non-informative(¢) P(0) a O_C for 6,c >0

Then the posterior distribution of given the data X = (X;,X,,...,Xp )is L4
L(x\6) P(6)

| L(x\6) P(6)do

0

P(0\X) = -(9)
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Substituting the equation (2) and for each P(6) as shown in table -1 in equation (9),

we get the posterior distributions for the unknown parameter 6 are derived using the
following six types of priors ( for more details see Appendix-A).

Table -2: The posterior distributions (P(6\X) ) for the unknown parameter

(0) are derived using the following six types of priors.

Prior dist” The posterior distribution (P(0\ X))
P (6'x) ~Inverted Gamma ( Gz = (n+% ).Pmer = (T, %, + %) ) with pdf
1
PRI S
Le - e 4 1y41
" PO\ =t 1 2 oM op L, x, 4 B2y
F(n+1) 0 2
2
n, b,, 6>0
P, (6 x) ~Inverted Gamma ( o) = (n+1), Peewy = (T, x. + b)) with pdf
Gumbel (=N, x, +b) "D g D gy Lsn b))
type-II i=1"7i o T
P,(0\Xx) =
I'(n+1)
n, b, 6>0
P,(6'x)) ~Inverted Gamma ( 0w = (n+ % ). Preesy = (35, X, + %j ) with pdf
Inverse Chi- &P ox e ™D
square Py(0\x) = — 1 12 o "2 M oLz, x, + 1y
n,v,0>0
P,(6'x)~Inverted Gamma ( 0w = (0+ 00), Paswy = (T1, x, +p)) with pdf
Inverted n (n+a) o-[(N+a)+1] Lisn
Gamma (Zi=1 X +B) 0 exp( e(Zi=1 X +B)
P,(0\X) =
I'h+o)
np,a,6>0
P.(8'\x) ~Inverted Gamma ( agew = (0 + 2), Peewy = (T, X. + b)) with pdf
n+a) ,-[(n+a)+1 1
Improper (Z, x, +p)(1#8) g [0+ +1] eXp(-é(Zin:l X; +D))
P.(6\X) =
I'(n+a)
n,b,6>0 and -w<a<w
P,(8'x) ~Inverted Gamma ( gy = (n+c-1). e =( T}, x,)) with pdf
informative =11 p—1=1 "1
Ps(0\X) =
I'n+c-1)
n,c,0>0
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3.3.2 Bayes' Estimators

Bayes' estimators for the scale parametere was considered with six different priors and
under El- Sayyad 's loss  function®’The  El-Sayyad's loss  function is
L( 6 0)= 0 ( Or Br)z. Where 0 is an estimator for is 0, was considered with six

different priors, and under EI-Sayyad's loss function. Following is the derivation of these
estimators:

3.3.2.1 The El-Sayyad’s loss function
To obtain the Bayes' estimator, we minimize the posterior expected loss given by:

L( e 0)=0"( 6"- 0")? .. (10)

n

After simplified steps, we get Bayes estimator of 6 denoted by 0 for the above prior as
follows
0" P(6\x) do
. E(6"\ %) ! (0190 4
0 [W]r =[ 1" ... (1)
j 0’ P(0\x) do
So, the following results are the derivations of these estimators under the El-Sayyad's loss
function with six prior distributions (more details see Appendix-B).

n

Table -3: The estimators (05 ) under the El-Fayyad's loss function with six different priors.

T 0" P(O\>) do
Prior distribution 5  _rE(O"\» ¢ o r
© _[E(e’\x)] _[]'i B 1
0’ P(O\x) do
. F(n+1—r) 1 b, L
Levy 0y, =[—2—1" (T X, F) T Lnn&b; >0
Fn+=-1/)
2
Gumbel type-II A I(n+1- r) 1
SEZ—[F )] QL xi+b) ' £,nn&b>0
. R F(n+x—l‘) 1 1 1-L
Inverse Chi-square QSEgz[—V]f(z{‘zl X;+=) " £,rrn&v>0
I'n+—-1Y)
2
N
Inverted Gamma 6ES4:[M] (S, X, +[3) *¢,r,npB,a>0
I'n+o-1/)
Improper OEs :[—r(n+a g] 02 x,+b) r o frna,b>0
+a-—
Non-informative Oess _[ (H+C . g] ", x) r ¢.r.nc>0
+C—
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4. Simulation Study

In this study, we have generated random samples from Exponential distribution and
compared the performance of MLE and MME and Bayes estimator based on them. So
we have considered several steps to perform simulation study as follow, for the first
stage:

1. We have chosen sample size n = 10, 25, 50 and 100 to represent small, moderate
and large sample size.

2. We generated data from Exponential distribution for the scale parameter; we have
considered the value for the parameter of Exponential distribution is6 =0.5.

3. We used three values (b, =0.2,0.5,1) for the parameters of the Levy distribution

as prior distribution for6 .
4. We used three values (b = 0.04,0.08, 0.1) for the parameters of the Gumbel type-

Il distribution as prior distribution for9 .
5. We used three values (v =12,14,16 ) for the parameters of the Inverse Chi-

square distribution as prior distribution for9 .
6. We used the values (a=8,10 &pB=0.5,1) for the parameters of the Inverted

Gamma distribution as prior distribution for9 .
7. We used the values (a=7,9 &b=1,1.5) for the parameters of the Improper

distribution as prior distribution for6 .
8. We used three valuesc=6,8,10 for the function of the non-informative prior
distribution.

Then we have considered several steps to perform simulation study as follow, for
the second stage:
1. We have chosen sample size n = 10, 25, 50 and 100 to represent small, moderate
and large sample size.
2. We generated data from Exponential distribution for the scale parameter; we have
considered randomly two values for the parameter of exponential
distribution6 =1 ,1.5.

3. We used the value (b, = 0.2) for the parameters of the Levy distribution as prior

distribution for9 .

4. We used the value (b=0.04) for the parameters of the Gumbel type-II
distribution as prior distribution for6 .

5. We used the value (v=16) for the parameters of the Inverse Chi-square
distribution as prior distribution for6.

6. We used the value (o =10 & =0.5) for the parameters of the Inverted Gamma
distribution as prior distribution for6 .

7. We used the value (a=9 &b =1) for the parameters of the Improper distribution
as prior distribution for6 .

8. We used the value (c=8) for the function of the non-informative prior
distribution.
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We have considered the two steps to perform simulation study for the first and the
second stage as follow:

1. We used the values (¢=0.5,1&r =5,7,9) for the parameters of these estimators
under the EI-Sayyad's loss function with six prior distributions, which are listed in
table -3.

2. The number of replication used was (r =1000) for each sample size (n).

We obtained estimators for scale parameter from equations (4), (8) and also the

estimators in table -3; it means the estimators (0es)under the El-Sayyad's loss

function with six different priors. The simulation program was written by using
MATLAB-R2008a program. After the parameter 6 was estimated, Mean Square
Errors (MSE) was calculated to compare the methods of estimation, where:

1 .
MSE:Fz}Ojg (0es(r)-0)%] ..(12)

See appendix-C, for the programs algorithm. The results of the simulation study are
summarized and tabulated in tables (4.1) for the first stage. In each row of table (4.1) ,we have

four estimated values for 6 (6) with MSE for all samples sizes (n) and values (b, b v

o,B,a,b,c)respectively as considered in first stage. Also the results of the simulation study
are summarized tabulated in tables (4.2-4.3) for the second stage .In each row of tables (4.2-4.3)

n

,we have four estimated values for 6 (0) with MSE for all samples sizes (n) and values
(bs,bv a,B, a, b, c,) respectively as considered in second stage.

By using different estimation methods that is maximum likelihood estimator and the
moment estimator .And the Bayes estimators in six types of prior distribution .So our

criteria is the best method that gives the smallest value of (MSE). We list the results in
the following tables (4.1 -4.3).

Table 4.1: Shows the values for 6 under El-Sayyad's loss function with MSE.

Method parameéeters MSE

Estimate for 8 ( 8)
Sample Size(n) Sample Size(n)
- - - - 10 25 S0 100 10 25 S0 100
0.4918 | 0.5030 | 0.5016 | 0.5000 | 0.0224 | 0.0102 | 0.0051 | 0.0026
0.4918 | 0.5030 | 0.5016 | 0.5000 | 0.0224 | 0.0102 | 0.0051 | 0.0026
Levy distribution (P,(6".x) )
0.7254 0.6024 0.5672 0.5503 0.0859 0.0222 0.0098 0.0051
0.5501 | 0.6203 | 0.5687 | 0.5453 | 01782 | 0.0277 | 0.0103 | 0.0047
1.089 0.6462 | 0.5754 | 0.5451 | 0.4413 | 0.0362 | 0.0116 | 0.0048
0.7687 | 0.6419 | 0.6061 | 0.5890 | 0.1062 | 0.0306 | 0.0160 | 0.0102
0.5858 | 0.6490 | 0.5962 | 0.5724 | 0.2005 | 0.0345 | 0.0145 | 0.0077
1.1244 | 0.6693 | 0.597 0.5661 | 0.4791 | 0.0428 | 0.0151 | 0.0070
0.7450 0.6089 0.5703 0.5518 0.0979 0.0235 0.0102 0.0052
0.5738 | 0.6271 | 0.571§ | 0.5468 | 01951 | 0.0293 | 0.0108 | 0.0048
1.1199 | 0.6535 | 0.5786 | 0.5467 | 0.4783 | 0.0384 | 0.0121 | 0.0049
0.7874 | 0.6481 | 0.6090 | 0.5904 | 0.1161 | 0.0324 | 0.0166 | 0.0105
0.2088 | 0.6556 | 0.5993 | 0.5732 | 0.2183 | 0.0365 | 0.0151 | 0.0079
11545 | 0.6764 | 0.6001 | 0.5676 | 0.5171 | 0.0452 | 0.0157 | 0.0072
0.7776 0.6196 0.5753 0.5543 0.1146 0.0259 0.0109 0.0055
0.2132 | 0.6385 | 0.5771 | 0.5494 | 02258 | 0.0323 | 0.0115 | 0.0051
1.1712 | 0.6655 | 0.5840 | 0.5493 | 0.5441 | 0.0422 | 0.0130 | 0.0052
0.8182 | 0.6582 | 0.6139 | 0.5928 | 0.1342 | 0.0354 | 0.0177 | 0.0109
0.2468 | 0.6666 | 0.6044 | 0.5763 | 0.2501 | 0.0400 | 0.0161 | 0.0083
12045 | 0.6882 | 0.6054 | 0.5701 | 0.5840 | 0.0494 | 0.0168 | 0.0075

MLE

ME

Baves

Sl PP
tn(th

th

bs - i
0.2 - 0

@ (-a|n (- |e|-a|nle|-a|n [ef-a|mne|-afm ™
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Continue for table 4.1: Shows the values for 6 under El-Sayyad's loss function

with MSE.
Method parameters MSE
Estimate for 6 (8)
Sample Size(n) Sample Size(n)
10 | 25 | s0o | 100 1w [ 25 | s0 | 100
Baves ] b - I r | Gumbel type-Il distribution (P, (6" x) )
0.5 | 0.04 - 0.5 s 0.6745 | 0.58792 | 0.5606 | 0.5472 | 0.0642 | 0.0190 | 0.0088 | 0.0047
7 0.7773 | 0.6043 | 0.5617 | 0.5421 | 00245 | 0.0235 | 0.0093 | 0.0044
9 0.9615 | 0.6285 | 0.568]1 | 0.5418 | 028583 | 0.0307 | 0.0105 | 0.0045
1 s 0.7193 | 0.6281 | 0.5999 | 0.5860 | 0.0786 | 0.0265 | 0.0146 | 0.0097
7 0.8137 | 0.6333 | 0.5895 | 0.5693 | 0.1430 | 0.0296 | 0.0132 | 0.0073
9 0.9962 | 0.6518 | 0.5898 | 05629 | 03181 | 0.0366 | 0.0136 | 0.0065
0.08 - 0.5 5 0.6794 | 0.5896 | 0.5615 | 0.5476 | 0.0659 | 0.0193 | 0.0089 | 0.0048
7 0.7832 | 0.6060 | 0.5626 | 0.5425 | 0.0659 | 0.0239 | 0.0094 | 0.0044
9 09688 | 0.6304 | 0.5690 | 0.5423 [ 02951 |0.0311 | 0.0106 | 0.0045
1 5 0.7241 | 0.6297 | 0.6006 | 0.5864 | 0.0806 | 0.0269 | 0.0148 | 0.0097
7 08194 | 0.6351 | 0.5903 | 0.5697 | 01465 | 0.0301 | 0.0133 | 0.0073
9 10034 | 0.6537 | 0.5907 | 0.5633 [ 03252 | 0.0371 | 0.0138 | 0.0066
0.1 - 0.5 5 0.6819 | 0.5905 | 0.5619 | 0.5478 | 0.0667 | 0.0194 | 0.0090 | 0.0048
7 0.7861 | 0.6062 | 0.5630 | 05427 | 0.1294 | 0.0241 | 0.0095 | 0.0044
9 09725 | 0.6313 | 0.5694 | 0.5425 | 02985 | 0.0314 | 0.0107 | 0.0045
1 5 0.7264 | 0.6305 | 0.6010 | 0.5866 | 0.0816 |0.0271 | 0.0149 | 0.009%
7 0.8222 | 0.6359 | 0.5907 | 05699 | 0.1483 | 0.0303 |0.0134 |0.0073
9 1.007 0.6546 | 05911 | 0.5635 | 0.3287 | 0.0374 | 0.01392 | 0.0066

Continue for table 4.1: Shows the values for 6 under El-Sayyad’s loss function

with MSE.
Method parameters MSE
Estimate for § ( 8)
Sample Size(n) Sample Size(n)
10 [ 25 | s0 [ 100 10 [ 25 [ so [ 100
Baves ) v - I r | Inverse Chi-square distribution (P, (6'x) )
0.5 12 - 0.5 5 0.4634 | 0.5076 [ 05210 | 05275 [0.0146 | 0.0078 | 0.0047 | 0.0030
7 0.4919 | 05149 [0.519% | 05217 [0.0160 | 0.008% | 0.0049 | 0.0028
9 0.536 0.5290 | 05239 | 05209 |0.0208 | 0.0102 [0.0053 |0.0029
1 5 0.5108 | 0.5504 [0.561% | 05672 [0.0129 |0.0098 | 0.0078 | 0.0066
7 0.5272 | 0.5455 [ 0.5485 | 05495 [ 0.0164 | 0.0102 | 0.0067 | 0.0047
9 0.5656 | 0.5532 [0.5463 | 05423 [ 0.0236 |0.0119 | 0.0067 | 0.0041
14 - 0.5 5 0.4327 | 04917 (05123 | 05229 [0.0161 |0.0074 | 00043 |0.0041
7 0.4551 | 0.4976 [0.5106 | 05170 | 0.0156 | 0.0080 | 0.0045 | 0.0026
92 0.4906 | 05101 [0.5143 | 05160 | 0.0165 | 0.008% | 0.0048 | 0.0027
1 5 0.4801 | 0.5349 [0.5534 | 05628 |[0.0117 | 0.0080 | 0.0067 | 0.0060
7 0.4901 | 0.5284 [0.5395 | 05449 [ 0.0136 | 0.0085 | 0.0057 | 0.0042
92 0.5197 | 0.5345 [ 05368 | 05375 [ 0.0167 | 0.0096 | 0.0058 | 0.0037
16 - 0.5 5 0.406 0.4767 | 05038 | 0.5184 | 0.0190 | 0.0074 [0.0040 | 0.0025
7 0.4237 | 04814 [0.501% | 05124 [0.0176 | 0.0078 | 0.0042 | 00024
9 0.4527 | 04926 [0.5051 | 05113 [ 0.0162 | 0.0081 | 0.0045 | 0.0025
1 5 0.4532 | 0.5203 [ 05453 | 05585 [ 0.0122 | 0.0069 | 0.0057 | 0.0054
7 0.4583 | 0.5124 [ 05309 | 05403 [ 0.0135 | 0.0073 | 00050 | 0.0038
9 0.4812 | 05170 [ 05277 | 05329 [ 0.0143 |0.0082 | 00051 |0.0034

21



Journal of Baghdad College of Economic Sciences Issue No. 55

Continue for table 4.1: Shows the values for 6 under El-Sayyad's loss function

with MSE.
Estimate for 8 ( 8) MSE

Method parameters Sample Size(n) Sample Size(n)

1w [ 25 [ s0 [ 100 1w [ 25 [ s0 [ 100
Baves 3] o B £ Inverted Gamma distribution (P,( 6 'x) )

0.5 8 05 | 05 0.406 | 0.4767 | 0.5038 | 0.5184 | 0.0190 | 0.0074 | 0.0040 | 0.0025
0.4237 | 0.4814 | 0.5018 | 0.5124 | 0.0176 | 0.0078 | 0.0042 | 0.0024
0.4527 | 0.4926 | 0.5051 | 0.5113 | 0.0162 | 0.0081 | 0.0045 | 0.0025
1 0.4532 | 0.5203 | 0.5453 | 0.5585 | 0.0122 | 0.0069 | 0.0057 | 0.0054
0.4583 | 0.5124 | 0.5309 | 0.5403 | 0.0135 | 0.0073 | 0.0050 | 0.0038
0.4812 | 0.5170 | 0.5277 | 0.5329 | 0.0143 | 0.0082 | 0.0051 | 0.0034
8 1 0.5 0.4398 |0.4932 | 0.5127 |0.5230 | 0.0136 | 0.0068 | 0.0041 | 0.0027
0.4601 | 0.4986 | 0.5109 | 0.5171 | 0.0132 | 0.0074 | 0.0043 | 0.0026
0.4922 | 0.5104 | 0.5144 | 0.5161 | 0.0139 | 0.0081 | 0.0046 | 0.0026
1 0.4869 | 0.5363 | 0.5538 | 0.5629 | 0.0099 | 0.0077 | 0.0066 | 0.0060

0.4947 | 05202 | 0.5398 |[0.5449 | 0.0115 0.0080 | 0.0056 | 0.0042
0.5208 | 0.5347 | 0.53692 |[0.5376 | 0.0141 0.0020 | 0.0056 [ 0.0037
03618 | 0.4496 | 04878 | 0.5097 | 0.0272 0.0086 | 0.0039 | 0.0022
03727 [0.4522 | 0.4850 [ 0.5034 | 0.0253 0.0088 | 0.0042 [ 0.0022
03927 | 0.4610 | 0.4876 | 0.5021 | 0.0220 0.0086 | 0.0043 | 0.0023
04085 | 0.4936 | 0.5297 [ 0.5501 | 0.0165 0.0058 | 0.0044 | 0.0045
04064 |0.4834 | 05144 |[0.5315 | 0.0180 0.0067 | 0.0040 [ 0.0031
04200 |0.4856 | 0.5104 |[0.5238 | 0.0170 0.0071 | 0.0041 | 0.0028
039219 | 04651 | 0.4964 |[0.5142 | 0.01926 0.0073 | 0.0037 | 0.0023
0.4047 | 0.4683 | 0.4938 | 0.5080 | 0.0181 0.0075 | 0.0040 [ 0.0023
0.4270 [ 0.4777 | 0.4966 [ 0.5068 | 0.0157 0.0075 | 0.0041 [ 0.0023
04388 | 0.508% | 0.5380 [ 0.5544 | 0.0116 0.0058 | 0.0049 | 0.0049
0.4387 | 0.4993 | 0.5231 |[0.5361 | 0.0128 0.0063 | 0.0043 | 0.0034
0.4546 | 0.5021 | 0.5193 | 0.5284 | 0.0125 0.0069 | 0.0044 [ 0.0030

10 0.5 0.5

10 1 0.5
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Continue for table 4.1: Shows the values for 6 under El-Sayyad’s loss function

with MSE.
Estimate for g ( 8) MSE
Method parameters Sample Sizefn) Sample Sizefn)
10 [ 25 [ s0 | 100 10 | 25 | s0 [ 100
Baves 8] a £ Improper distribution (P,(6'x) )
0.5 7 1 0.5 0.4687 | 0.5086 | 0.5213 | 0.5276 | 0.0123 [ 0.0073 [ 0.0046 | 0.0030
0.4942 | 0.5153 | 0.5199 | 0.5217 | 0.0135 | 0.0082 | 0.0048 | 0.0028§
0.5335 | 0.5286 | 0.5235 | 0.5209 | 0.0173 | 0.0094 | 0.0052 | 0.0028§
1 0.5157 | 0.5513 | 0.5621 | 0.5673 | 0.0111 | 0.0093 | 0.0076 | 0.0066

0.5290 | 0.5458 | 0.54856 | 0.5495 | 0.0140 | 0.0097 [ 0.0065 | 0.0046

0.5625 | 0.5527 | 0.5462 | 0.5423 | 0.0199 | 0.0111 | 0.0065 | 0.0041

0.5044 | 0.5255 | 0.5303 | 0.5322 | 0.0112 | 0.0078 [ 0.0050 | 0.0033

0.5330 | 0.5329 | 0.5292 | 0.5265 | 0.0144 | 0.0090 [ 0.0052 | 0.0030

0.5761 | 0.5470 | 0.5333 | 0.5257 | 0.0219 | 0.0108 [ 0.0057 | 0.0031

1 0.5507 | 0.5676 | 0.5707 | 0.5717 | 0.0131 | 0.0112 | 0.0088 | 0.0072

0.5674 | 0.5630 | 0.5576 | 0.5541 | 0.0174 | 0.0115 [ 0.0074 | 0.0051

0.6048 | 0.5708 | 0.5555 | 0.5470 | 0.0267 | 0.0133 [ 0.0075 | 0.0045

9 1 0.5 0.4144 | 04787 | 0.5044 | 0.5186 | 0.0162 | 0.0069 [ 0.0039 | 0.0025
0.4305 | 0.4829 | 0.5022 | 0.5125 | 0.0150 | 0.0072 | 0.0041 | 0.0024

0.4572 | 0.4935 | 0.5053 | 0.5114 | 0.0137 | 0.0076 [ 0.0043 | 0.0024

1 0.4615 | 0.5221 | 0.5458 | 0.5586 | 0.0102 | 0.0065 [ 0.0057 | 0.0054

0.4648 | 0.5138 | 0.5313 | 0.5405 | 0.0114 | 0.0069 [ 0.0049 | 0.0038

0.4852 | 0.5178 | 0.5279 | 0.5329 | 0.0121 | 0.0076 [ 0.0049 | 0.0033

0.446 0.4946 | 0.5131 | 0.5232 | 0.0116 | 0.0064 | 0.0040 | 0.0027

0.4644 | 0.4995 | 0.5112 | 0.5172 | 0.0113 | 0.0069 [ 0.0042 | 0.0025

0.4937 | 0.5107 | 0.5145 | 0.5161 | 0.0118 | 0.0076 [ 0.0045 | 0.0026

0.4928 | 0.5376 | 0.5542 | 0.5630 | 0.0085 | 0.0073 [ 0.0065 | 0.0059

0.4986 | 0.5300 | 0.5400 | 0.5450 | 0.0099 | 0.0075 [0.0055 | 0.0041

D |t | [\ | =t [t [ [t |t [ [t |t | ||t | [ A o e | [ | Y

0.5218 | 0.5348 | 0.5369 | 0.5376 | 0.0121 | 0.0085 [ 0.0055 | 0.0036
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Continue for table 4.1: Shows the values for 6 under El-Sayyad's loss function

with MSE.
Method parameters MSE
Estimate for 6 ( 8)
Sample Size(n) Sample Size(n)
w [ 25 | s0 [ 100 w [ 25 | s0 | 100
Bayes ] c - ¢ r | Non-informative distribution (P, (8'x) )
0.5 ] - 0.5 5 04571 | 0.5065 | 0.5207 | 05274 | 0.0175 [ 0.0084 |0.0049 | 0.0031
7 0.4892 [ 05146 | 05197 | 05217 | 0.0193 [0.0094 |0.0051 | 0.0029
9 05393 [0.5294 | 05240 | 05209 | 0.0256 | 0.0110 | 0.0055 | 0.0029
1 5 0.5050 | 0.5494 | 05616 | 0.5671 | 0.0153 [0.0102 | 0.0079 | 0.0066
7 0.5251 [0.5452 | 05484 | 0.5494 | 0.0195 | 0.0109 | 0.0068 [ 0.0047
9 0.5697 | 0.5538 | 0.5464 | 0.5423 | 0.0287 [0.0127 |[0.0069 | 0.0042
8 - 0.5 5 03962 [0.4746 | 05032 | 05182 | 0.0226 | 0.0080 | 0.0042 [ 0D.0026
7 0.4157 [0.4799 | 05013 | 0.5122 | 0.0209 | 0.0084 | 0.0044 [ 0.0025
9 0.4476 [0.4916 | 05048 | 0.5112 | 0.0193 | 0.0088 | 0.0046 [ 0.0025
1 5 0.4437 [05183 | 05447 | 05583 | 0.0149 | 0.0073 |0.0058 [ 0.0055
7 0.4506 [ 05109 | 05305 | 0.5402 | 0.0163 | 0.0078 | 0.0051 [ 0.0038
9 04764 [05162 | 05275 | 05328 | 0.0172 | 0.0088 | 0.0052 [ 0.0034
10 - 0.5 5 03503 [ 0.4467 | 04869 | 05094 | 0.0316 [0.0093 [0.0041 | 0.0023
7 03622 [ 0.4497 | 04843 | 05031 | 0.0295 [ 0.0095 |0.0043 | 0.0023
9 03836 [ 0.4590 | 04870 | 0.5019 | 0.0257 [0.0093 |0.0045 | 0.0023
1 5 03970 | 0.4909 | 05289 | 0.5499 | 0.0200 [ 0.0063 |0.0045 | 0.0045
7 03959 | 0.4810 | 05137 | 05313 | 0.0215 [0.0072 [0.0041 | 0.0031
9 04110 [0.4836 | 0.5099 | 0.5236 | 0.0203 [0.0077 [0.0043 | 0.002%

Table 4.2: Shows the values for 6 under El-Sayyad's loss function with MSE.

Method parameters MSE
Estimate for g ( 8)
Sample Size(n) Sample Size(n)
MLE i) - - - - 10 25 50 100 10 25 50 100
1 1.0073 | 1.0074 | 0.9950 | 0.9984 | 0.1019 | 0.0400 | 0.0207 | 0.0100
ME 1 1.0073 | 1.0074 | 0.9950 | 0.9984 | 0.1019 | 0.0400 | 0.0207 | 0.0100
Baves | A b - I3 r | Levy distribution (P,(8"x) )
1 0.2 - 0.5 5 13698 | 1.1216 | 1.0485 | 1.0245 | 0.2857 | 0.0547 | 0.0209 | 0.0091
7 1.6383 | 1.1779 |1.0722 |[1.0354 | 0.6344 |0.0784 | 0.0258 | 0.0105
9 20224 [1.2406 | 1.0967 | 1.0465 | 1.6542 [0.1116 | 0.0317 | 0.0120
1 5 13524 [ 1.1154 | 1.0468 |1.0235 | 0.23584 | 0.0446 | 0.0167 | 0.0072
7 1.6228 | 1.1731 | 1.0706 |1.0346 | 0.5772 | 0.0696 | 0.0225 | 0.0091
9 21066 [1.2366 | 1.0954 | 1.0459 | 1.5679 | 0.1033 | 0.0188 | 0.0108
Baves | A b - I3 T Gumbel type-TI distribution (P, (8 'x) )
1 |004] - 0.5 5 |1.2808 |1.097 1.0378 |1.0193 | 0.2106 | 0.0478 | 0.0196 | 0.0088
7 1.5065 | 1.15 1.0603 |1.0299 | 0.4509 | 0.0673 |0.0238 | 0.0101
9 18848 | 12092 |1.0841 [1.0408 [ 1.0977 |0.0951 | 0.0289 |0.0114
1 5 |12718 |1.0934 |1.0369 |1.0188 | 0.1762 |0.0389 |0.0157 | 0.0070
7 1.4986 | 1.1471 | 1.0597 |1.0295 | 0.4119 | 0.0597 | 0.0207 | 0.0087
9 1.8768 | 1.2069 | 1.0836 |1.0405 | 1.0446 |0.0881 | 0.0263 | 0.0102
Baves | @ v - I3 r | Inverse Chi-square distribution (P, (0 'x) )
1 16 - 0.5 5 0.7406 | 0.8753 | 0.9251 | 0.9617 | 0.1075 | 0.0391 | 0.0198 | 0.0089
7 0.7879 | 0.9012 | 0.9393 |0.9693 | 0.0935 | 0.0363 | 0.0192 | 0.0090
9 0.8510 | 0.9320 | 0.9556 | 0.9778 | 0.0808 | 0.0340 | 0.0186 | 0.0090
1 5 0.7731 | 0.8929 | 0.9357 |0.9673 | 0.0860 | 0.0308 | 0.0156 | 0.0070
7 0.8122 | 0.914 0.9469 | 0.9733 | 0.0791 | 0.0307 | 0.0163 | 0.0076
9 0.8713 | 0.9422 | 0.9617 | 0.9810 | 0.0709 | 0.0299 | 0.0164 | 0.0079
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Continue for table 4.2: Shows the values for 6 under El-Sayyad's loss function

with MSE.
Method parameters MES
Estimate for g ( 8)
Sample Size(n) Sample Size(n)
0| 25 [ 50 | 100 10| 25 | 50 | 100
Baves | A o B £ r | Inverted Gamma distribution (P,(8'x) )
1 |10 [ 05|05 5 |0.6600 |0.8254 |0.8957 |0.9454 |0.1475 |0.0514 |0.0242 |0.0102
7 |0.6931 [0.8464 | 0.9079 |0.9522 | 0.1317 | 0.0470 | 0.0230 | 0.0100
) 0.7382 | 0.83723 | 09226 | 09602 | 0.1127 | 0.0420 | 0.0215 | 0.0097
1 5 0.6968 | 0.8472 | 0.9091 | 0.9527 | 0.1199 | 0.0408 | 0.0190 [ 0.0080
7 0.7203 | 0.86212 | 09176 | 0.9575 | 0.1127 | 0.0397 | 0.0194 | 0.0085
2 0.7605 | 0.8849 | 09302 | 0.9643 | 0.0987 | 0.0367 | 0.0188 | 0.0086
Baves | 0 a £ r | Improperdistribution (P.(0'x) )
1T | o [ 1 |05 5 07277 08645 |0.9183 [0.9578 | 0.1095 |0.0404 |0.0204 [0.0081
7 07699 [0.8887 | 0.9319 |0.9651 | 0.0952 | 0.0372 | 0.0196 | 0.0091
9 05258 [0.9177 |0.9476 [0.9735 | 0.0807 | 0.0341 | 0.0188 | 0.0090
1 5 0.7607 | 0.8830 | 09294 | 0.9638 | 0.0876 | 0.0312 | 0.0160 | 0.0071
7 0.7945 | 09021 | 0.9400 | 0.926924 | 0.0804 | 0.0314 | 0.0166 | 0.0077
9 0.8462 | 0.9284 | 0.9302 | 0.9769 | 0.0703 | 0.0300 | 0.0165 [ 0.0079
Bayes | 6 c - r | Non-informative distribution (P,(6 'x) )
1 8 - 0.5 5 0.7553 | 0.8868 | 0.932]1 | 0.9656 | 0.1060 | 0.0379 | 0.0193 | 0.0087
7 0.5089 | 0.9145 | 0.9470 | 09735 | 0.0929 | 0.0357 | 0.0182 [ 0.0089
2 0.8508 | 0.9474 | 0.964 09823 | 0.0835 | 0.0343 | 0.0186 | 0.0089
1 5 0.7871 | 0.9035 | 0.9421 | 0.9709 | 0.0848 | 0.0300 | 0.0152 | 0.0069
7 0.8328 | 0.9266 | 0.9541 | 0.92772 | 0.0788 | 0.0303 | 0.0160 | 0.0075
2 0.2009 | 09571 | 09696 | 0.9851 | 0.0739 | 0.0304 | 0.0164 | 0.0079

Table 4.3: Shows the values for 6 under El-Sayyad's loss function with MSE.

1.129 1.2851 | 13445 |1.3738 | 02239 | 0.0940 | 00501 | 0.0298

Method parameters MSE
Estimate for 6 ( 8)
Sample Size(n) Sample Size(n)
MLE g - - - - 10 25 S0 100 10 25 50 100
1.5 - - - - 1.5027 | 1.5091 | 1.5028 | 1.4951 | 0.2229 | 0.0925 | 0.0448 | 0.0227
ME 15 - - - - 1.5027 | 1.5091 | 1.5028 | 1.4951 | 0.2229 | 0.0925 | 0.0448 | 0.0227
Baves | 6 b: - I3 r | Levy distribution (P,(8'x) )
1.5 0.2 - 0.5 5 19577 | 1.6117 | 1.5191 |1.473 0.5111 | 0.0973 [0.0373 | 0.0185
7 2368 1.7121 | 1571 15059 | 12236 | 0.1469 | 0.0472 | 0.0198
9 30871 | 15149 | 1.6178 |1.5318 | 3.3459 | 02177 | 0.0600 | 0.0222
1 5 | 18575 [1.5395 [ 1.4551 |1.4132 | 03421 | 0.0627 | 0.0288 | 0.0204
7 22801 | 1.6567 | 1.5237 | 1.462 09796 | 0.1059 [0.0343 | 0.0173
9 29973 | 1.769 15794 | 1.497 29317 | 01721 [0.0453 | 0.0179
Baves | 0 b - £ r Gumbel type-II distribution (P, (6 'x) )
1.5 | 0.04 - 0.5 5 1.8337 | 1.5774 | 1.5037 | 1.4657 | 03781 | 0.0875 |[0.0363 | 0.018§
7 21815 | 1.6728 | 1.5546 | 1.498]1 | 0.8667 | 0.1275 | 0.0442 | 0.0194
9 2.7465 | 1.7704 | 1.599§8 | 1.5237 | 2.213§8 | 0.1862 | 0.0552 | 0.0215
1 5 117497 |1.51 1.4419 |1.407 02540 | 0.0591 | 0.0297 | 0.0214
7 21091 | 1.6212 | 1.5085 | 1.45% 0.6909 | 0.0928 |[0.0332 | 0.0177
9 2675 1.7277 | 1.5628 | 1.4895 | 1.9345 | 0.1472 | 0.04221 | 0.0178
Baves 2] v - £ T Inverse Chi-square distribution (P, (6 x) )
15 16 - 0.5 5 1.0465 | 1.252 13367 | 1.381 0.2874 | 01116 [ 0.0550 | 0.0297
7 1.1257 | 1.3037 | 1.3732 | 1.408 0.2409 | 0.0964 [ 0.0479 | 0.0256
9 12233 | 1.3569 | 1.4062 | 1.4296 | 0.1997 | 0.0853 [ 0.0433 | 0.0233
1 5 1.0512 |1.2273 | 1.298 13343 | 02665 | 01124 | 0.0619 | 0.0359
7
9

12259 [1.3417 [ 1.3833 [1.4025 | 0.1846 | 0.0812 | 0.0432 | 0.0251
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Continue for table 4.3: Shows the values for 6 under El-Sayyad's loss function

with MSE.
Method parameters MES
Estimate for 6 ( 8)
Sample Size(n) Sample Size(n)
1w [ 25 [ s0 | 100 1w [ 25 | s0 | 100

Inverted Gamma distribution (P, (8 'x) )

0.9326 |[1.1806 | 1.2942 |1.3577 | 03868 | 0.1465 [ 0.0689 [ 0.0352
0.9903 [1.2245 | 13273 |[1.3833 | 03378 | 01269 [0.0595 [0.0302
1.0611 |[1.2699 | 13575 |1.4038 | 0.2853 | 0.1097 [0.0524 [0.0269
0.9474 [1.1644 | 12611 |[1.3143 | 03582 | 0.1468 [ 0.0770 [ 0.0456
1.0012 [1.2123 | 13029 |1.3515 | 03166 | 01254 [ 0.0632 [ 0.0355
1.0701 | 1.26 1.338 13786 | 0.2682 | 0.1071 [ 0.053% [0.0298
Improper distribution (P,(6'x) )
1.0149 [1.2296 | 1323 13734 | 03074 | 0.1202 [0.0587 [0.0313
1.0852 [1.2782 | 13581 |1.3999 | 0.2600 | 0.1034 [ 0.0508 [ 0.0269
1.1709 |[1.3282 | 1.39 1421 0.2142 [0.0900 | 0.0453 |0.0242
1.0223 [1.2075 | 1.286 13278 | 0.2859 | 0.1214 [ 0.0662 [ 0.0409
1.0905 [1.2616 | 13309 |1.3664 | 02431 |0.1018 [ 0.0537 [ 0.0315
1.1752 [ 13147 | 1.3682 | 1.3945 | 0.1998 | 0.0868 | 0.0459 | 0.0265
Non-informative distribution (P, (6 'x) )

1.0827 |1.2759 | 1.351 13888 | 0.2677 | 0.1037 | 0.0515 | 0.0282
11728 [1.3311 | 1.3888 [1.4163 | 0.2239 [ 0.0905 | 0.0453 | 0.0245
12852 |[1.3877 | 1.4229 [1.4383 | 0.1914 [0.0822 | 0.0417 | 0.0225
1.0841 |[1.2483 | 1.3104 [1.3411 | 0.2469 [0.1037 | 0.0577 | 0.0369
11736 |[1.3103 | 1.3587 [1.3813 | 0.2061 | 0.0871 |1.3587 | 0.0282
12857 [1.3708 | 1.3989 (14106 | 0.1745 [ 0.0769 | 0.0409 | 0.0239
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5. Discussion

In general, as we see in the tables (4.1-4.3) by using different estimation methods, we
find the Mean Square Errors (MSE) decreased when sample size increased in all cases.
And we obtained the same results for 6 & MSE by using maximum likelihood
estimation (MLE) and the moment estimation(ME) for all sample sizes (n), because
they have the same formula see formula from equations (4), (8).

For the first stage in table (4.1), when the true value of 6 (6 =0.5):

When the prior distribution for 6 is Levy distribution with bs.

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values by using the prior
distribution for 0 is Levy distribution with b3=0.2 and for the values for the parameters
of the El-Sayyad 's loss function is (/=0.5&r =5).

When the prior distribution for 6 is the Gumbel type-I11 distribution with b.

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values by using the prior
distribution for 6 is Gumbel type-I1 distribution with b=0.04 and for the values for the
parameters of the El-Sayyad 's loss functionis (/=0.5&r=7).

When the prior distribution for 0 is the Inverse Chi-square distribution with v.

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values by using the prior
distribution for 0 is Inverse Chi-square distribution with v=16 and for the values for
the parameters of the El-Sayyad 's loss function is (/=0.5&r=7), which is best
estimation ,the according to the smallest values of MSE for all samples sizes (n)
comparative to the estimated values by using MLE and ME.

25



Journal of Baghdad College of Economic Sciences Issue No. 55

When the prior distribution for 6 is the Inverted Gamma distribution with (a, ).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values by using the prior
distribution for 6 is Inverted Gamma distribution with (a=10,3=0.5) and for the
values for the parameters of the El-Sayyad 's loss function is (£/=0.5&r =5), which is
best estimation ,the according to the smallest values of MSE for the samples sizes

n > 25comparative to the estimated values by using MLE and ME.
When the prior distribution for 6 is the Improper distribution with (a, b).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values by using the prior
distribution for 6 is Improper distribution with (a=9, b=1) and for the values for the
parameters of the EI-Sayyad's loss function is (¢/=05&r=7), which is best
estimation, the according to the smallest values of MSE for all samples sizes (n)
comparative to the estimated values by using MLE and ME.

When the prior distribution for 6 is the Non-informative distribution with c.

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values by using the prior
distribution for 6 is Non-informative distribution with c=8 and for the values for the
parameters of the El-Sayyad 's loss function is (¢ =0.5&r =5), which is best
estimation ,the according to the smallest values of MSE for the samples sizes

n <50 comparative to the estimated values by using MLE and ME.

For the second stage in table (4.2), when the true value of 6 (06 =1):

When the prior distribution for 6 is Levy distribution with (b3=0.2).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values, with the values for the
parameters of the El-Sayyad's loss function is (/=1&r =5), which is best estimation,
the according to the smallest values of MSE for the samples sizes n >50 comparative
to the estimated values by using MLE and ME.

When the prior distribution for 6 is the Gumbel type-11 distribution with (b=0.04).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values, with and the values for the
parameters of the El-Sayyad 's loss function is (¢/=1&r =5),which is best estimation
,the according to the smallest values of MSE for the samples sizes n > 25comparative
to the estimated values by using MLE and ME.

When the prior distribution for 6 is the Inverse Chi-square distribution with (v=16).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values, with the values for the
parameters of the El-Sayyad's loss function is (/=1&r =5), which is best estimation,
the according to the smallest values of MSE for all samples sizes (n) comparative to the
estimated values by using MLE and ME.

When the prior distribution for 0 is the Inverted Gamma distribution with
(a=10,B=0.5).

We obtained a good estimation according to the smallest values of MSE for all

samples sizes (n) comparative to the other estimated values, with the values for the
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parameters of the El-Sayyad's loss function is (/=1&r =5), which is best estimation,
the according to the smallest values of MSE for the samples sizes n >50 comparative
to the estimated values by using MLE and ME.

When the prior distribution for 0 is the Improper distribution with (a=9, b=1).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values, with the values for the
parameters of the El-Sayyad's loss function is (/=1&r =5), which is best estimation,
the according to the smallest values of MSE for all samples sizes (n) comparative to the
estimated values by using MLE and ME.

When the prior distribution for 6 is the Non-informative distribution with (c=8).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values, with the values for the
parameters of the El-Sayyad's loss function is (¢ =1&r =5), which is best estimation,
the according to the smallest values of MSE for all samples sizes (n) comparative to the
estimated values by using MLE and ME.

For the second stage in table (4.3), when the true value of 6 (6 =1.5):

When the prior distribution for 6 is Levy distribution with (b3=0.2).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values, with the values for the
parameters of the El-Sayyad's loss function is (¢/=1&r =7), which is best estimation,
the according to the smallest values of MSE for the samples sizes n >50 comparative
to the estimated values by using MLE and ME.

When the prior distribution for 6 is the Gumbel type-11 distribution with (b=0.04).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values, with and the values for the
parameters of the El-Sayyad 's loss function is (/=1&r =7),which is best estimation
,the according to the smallest values of MSE for the samples sizes n >50 comparative
to the estimated values by using MLE and ME.

When the prior distribution for 6 is the Inverse Chi-square distribution with (v=16).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values, with the values for the
parameters of the El-Sayyad's loss function is (¢/=0.5&r=9), which is best
estimation, the according to the smallest values of MSE for all samples sizes (n)
comparative to the estimated values by using MLE and ME.

When the prior distribution for 6 is the Inverted Gamma distribution with
(a=10,B=05).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values ,with the values for the
parameters of the EI-Sayyad 's loss function is (/=0.5&r=9).

When the prior distribution for 0 is the Improper distribution with (a=9, b=1).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values, with the values for the
parameters of the EI-Sayyad's loss function is (/=0.5&r=9), which is best
estimation, the according to the smallest values of MSE for the samples sizes n <25
comparative to the estimated values by using MLE and ME.
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When the prior distribution for 6 is the Non-informative distribution with (c=8).

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values, with the values for the
parameters of the El-Sayyad's loss function is (¢/=0.5&r=9), which is best
estimation, the according to the smallest values of MSE for all samples sizes (n)
comparative to the estimated values by using MLE and ME.

6. Conclusion

When we compared the estimated values for 6 (6) for the scale parameter of the
Exponential distribution by using the methods in this study .We find that Mean Square
Errors (MSE) was decreased when sample size increased in all cases. And the MSE
increased in all samples sizes (n) when the true value of 0 increased. The best method is
the bayes estimation according to the smallest values of MSE for all sample sizes (n)
when the prior distribution is
e Improper distribution with (a=9, b=1) and for the values for the parameters of the

El-Sayyad 's loss function is (¢/=0.5&r=7), which is best estimation ,the
according to the smallest values of MSE for all samples sizes (n) comparative to the
estimated values by using MLE and ME, when the true value of 6 (6 =0.5) see table
4.2).

e Non-informative distribution with ( c=8) and for the values for the parameters of
the El-Sayyad 's loss function is (/=1&r=5), which is best estimation ,the
according to the smallest values of MSE for all samples sizes (n) comparative to the
estimated values by using MLE and ME, when the true value of 6 (6 =1) see table
(4.2).

¢ Non-informative distribution with ( ¢c=8) and for the values for the parameters of the
El-Sayyad 's loss function is (/=0.5&r=9), which is best estimation ,the
according to the smallest values of MSE for all samples sizes (n) comparative to the
estimated values by using MLE and ME, when the true value of 6 (6=1.5) see table
(4.3).
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Appendix-A: The
distribution using different Priors

1. The posterior distribufion wsing Levy distribution 84 prior:

It is womad that 8 fllows the Loy disdbution with pff & ziva below:
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Whara B(xf) aquals to
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J. The posterior distribufion using Inverse Chi-square distribution as prior:
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Appendix-B: The following is the
derivation of these estimators under
the El-Sayyad's loss_function.
The El-Sayvad'sloss function
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by multiplving the inteeral in equation (B.28) by the quantity which equals
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Ceix)= ‘1‘—2_3'[‘“".‘"' 3“14 Y46 21, Bethe
2 r(n_;;.

intagral of the pdf of the Invarted Gamma distibution. Then we gat the Bayes
astimator of & as the following formmula:

1"(11—;-:} 1
E(8 \x) (1 %43 J o, a&va0 .. (B.3D)
1"(11—%}
Also, w=]:|,a'-=
—J b (8 x)dd ..([B32)
1 5"'*
< (@ 1% T el AR
6 12)= gt i1 el ARy g
g r(n-l]:-
By the sama way wa can gat
F(n A 1,
(g %)= (z x——-  n&vs0 (B34
T(n+=)
Substituting T.h= =quations (B.31) and (B.34 ) in 2quation (B.3), we gat:
. (n—— -1} (T8, x.—; ¥
- =[%]’ Lra&vs .. (B.33)
Ma+z-HEL x+5)
. Tati-91 i
b = t T, x—— T fradvsl .. (B.38)
v
Ta+<-4)

&

4, Baves estimation using Inverted gamma distribution as prior:
To obtain the Bavas' estimator underthe invertad zamma distribution a5 prior .
Substituting the equation (A.21) in the integral in squation (B.3), ws gat:

E(E""x}=j & B(8\x)d L(B3T)
Q
1 1y
5z <B) () [+ o)+ 1] =1 %7
H 1=1 g
B \x)=] ¢ K e @ .. (B38
: )
1 o2
] T ]_— 1= 1- !
" @?th'ﬂ,’“ﬁ[(ﬂ ik, .
(@ 'x)= 3‘| Tata) ..(B.39)

For the squation (B.39), we can write -[(n+g)+1]+r=-[(n*0-1)+ 1] .And by
multiplying the intsgral in aquation (B.39) by the quantity which squals to

Di=( Mota-s) ), where T( )is & gzmma function.
[ln+a-1)
Then, wahava
1 LB
s, Br—un-:rfa[(ﬂ'n-r—l] ﬁfzi 1% B
1=1 "
E(f 'x)= D]J L
: Tn+o)
.. (B40)
Then wahava
E(F x)= F(rn(_f ;\"'(z;-_ %, +B) (Dalxf)) _.(B4D
Where Di(x;8) equalsto
l 1 )
T B e 1] =147
. f‘=]xi B) 8
ll[x'ﬁ"-J é=1 B

Tn+o-1)
1]1=1.11t=eral of the pdf of the Inverted Gamma distribution. Then we g2t the Bavas
astimator of § as the following formula:

B 9= 0 i raas .Y
[(n+o)

Also, wa have

E(s" 2)= 8 B, (6 %) ..(B43)
L)
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b LBy
g 5 +pe gllrall, a@u P
€ 1=1"
® \x)=[ o' &
: [a+a)
.. (B44)
By the sama way wa can gat
B 0e U n s L -(849)
Tin+a)
Substituting the aquations (B.41) and (B.43) in equation (B.3), we gat:
M] f 0P a0 ..(B4§)
Tn=+o-0)(T, x. <)
Iote- ‘]@ X+ s £rap0n0 .(BAT)

£, Baves estimation wsing improper distribution as prior:
To obtain the Bayes' estimator undarimproper distribution as prier, Substituting

tha squation (A.28) in the intzgral in 2quation (B.3), we gat:

TIRSPEXIRP »
[}
len
(TR x.—b‘.(""a'a[(ﬂ ) 1] et 157
= 1=] )]
E(a'“x::jﬁ.- i — .
¢ 2
.1 1
. G, xi—b;.("-'a'a[(ﬂ ke 615 =157
E(F )= J — s oo

[}

Forthe squation (B.30), we can write -[(n+2)+ 1]+ r=-[(n+2-1)+1] And by
multiplving the integral i squation (B.30) by the quantity which squals to

Fi= (l"(n 271 ), whers T()is 2 zamma function. Then, we have
Tla=-z-1)
1 5 1h)
g8 spftbeglasa-al, ok
H Tt
B \x)=E #
: T(n=a)
..(B3D)
Then wahave
BE 0=, 4ty (Bi) ~(B3)
Tla+z)

Where Ex(x:f) equals to

1 n
. T] h{r—a 1na[(n—1 r—l] =R

Exx;6) -J df=1. Be

[n+a-1)
the 1.ut=Efal ofthe pdf of the Inverted Gamma distribution. Then wa gat the Bayes
astimator of § as the following formula:

E(ﬁr'x:-=r5_f;_a_‘ﬂ[2"_: £2bf  enbax . (B53)
nra)
Also, wehave
EE ) Je B(8x)d (B34
[]
dgn
oo b{r 1) [(rL-a}-l]= gei=1 T
€ 1= ] -
B 1x)=8 8..(B.55
¢ e] o &..(6
Bvthe sama way wa can gat
1o Tata-4d W .
EF \x)= s (TF, x +b) Aabaxl ... (B.38)
nra)

Substituting the squations (B.33) and (B.56) in squation (B.3), wa gat:
Ta+a-r)(Th =, +b) !

I " F  firaabsl (BST)
[n4a-0(FT, x. +b)

. !

frxr = [rIl i ’](z x+ b frnz b0 . (B38)

6. Bayes estimation nsine non-informative distribution as prior:
To obtain the Bayes' astimator undar non informative distribution as prioer.
Subsututme the aquation (A.32) in the integral in aquation (B.3), we g2t:

E(8 'x)= Jﬁl B0 x)db .. (B.53%)
L)
lvﬂ
o oD gllare ] BT
= 1=1 *qf
Eff x)=| & dé B.60
@ ) Tecl (
den o
@ (e gllate-ly<ll+r 8 1=17
1=1 ;
B %) —J v Crn 4 .. (B.6T)
" )
For tha zquation ([B.61), wa can writ

-[(n+e-1y+1* r=-[(n+c-1-1)+1] .And by multiplying the intzerel in equation
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(B1) by the quantity which equals Fi=( ;(ﬂ‘“ 1

T — Appendix-C:  The following is the
(a+e-1-1) programs algorithm.
Algorithm (1): To compute MLE for

function is. Then, wa have
.l B x
) (\;P:] xi:,(f.--:-l}'i-f a'[[ﬂ-c-l-r}-ll : gt
B x:-=FJj ) & ...(B62)

Thenwahava m
oo el " .
E(§ \x)= (&, x. ) (Falx6) ..(B.63)

Where 1:~(¥§\._;-ul:1m Given value for the parameter 8 and sample
T size=n, and the number of replication (r=1000)

byl

scale parameter (0) with MSE.

1, .
) a_[(n_c}_” n'éa,'_] 3 for each sample size (m).
T =ty N
Rixf)<] : =1 Bethe it '
' [ln+c)
of the pdf of the Invartad Ganmma distrbution. Than wa et the Baves estimator of § * ForFltor
a5 the following formula: *
s el .
B m) e & X tae>0 -(B8) Generated data from Exponential distribution
Also, wahave using Maflab
E(d* x:-=j'a‘ (5% . (B.&) I
log .
oa o glesed] T Compute (8.c: 1) using formnla (4), slso compute
H 1=1% - .
B6 1n)= o ) #.(B.66) M3E(B(0)) using formmla (12) for =1
By tha same way wacan gat
R et 1050 .(B57)
[{n+e-1)
Substituting the equations (B.63) and (B.67) in 2quation (B.3), we gat: No
Tlte-l-o)(g: ) | ] -
Hﬁmﬁ frnes0 .. (B63) y Y&
Tl+e-1-)(Th &) .
. 1 1 Compute the mean for (#.q;(i))for all =100, also
b = Tte-1-thyem 1y ; ) :
i =) JELE) T L ..(B.69) .
Tnse-1-4) compute the mean for ME(RD) for all =1000.
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Given walue for the paramefer # and sample
size=n, and the number of replication (r=10NK)
for each sample size (n).

'
-

Fori=ltor
Cenerated data from Exponential distribution

!
usimg Matlab
I

Compute {i;_-_;-_.{i:-}nsj.ng formmla (§), also

compute MEE{H(i)) wsing formmla (12) for r=1.

§ #Yﬂ

Compute the mean for { 8.0, (1)) for all =10, also
compute the mean for ME(S() for all =1000.
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Algorithm (3): To compute Bayes

estimators (6es1 ) using Levy
distribution

as prior distribution for6 with MSE.

Given walwes for the parameter § and sample size = m,
and bi is the parameter for Levy distribution and the
nmumber of replication (r=1MM) for each sample size {(m).

4!' Fori=l tor
Generated data from Exponential distribw tion

nsimg Matab

l

Compute &=ui)msing formmla im table {3), also

compute AEE{S=:(i)) wsing formmla (14) for r=1.

+ Yes

Compute the mean for &=:i) for all r=1000,

also compute the mean for MMSE({8=:{i))} for
all =10

Note (1): we can reformulate the
Algorithm (3) to compute
Bayes estimators

Oesk ,k =2,3,4,5,6 under using

other distributions as prior
distribution for 6 with MSE.

Algorithm (2): To compute MM for
scale parameter (0 ) with MSE.
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