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Multidimensional integro-differential equations (MDIDEs) involve equations 

where an unknown function, depending on multiple variables, is subjected to 

both differentiation and integration operations. These equations combine 

integral and differential operators within a multidimensional framework. The 

integral equation is referred to as a multidimensional fractional integro-

differential equations (MDFIDEs) when the differentiation or integration are 

of fractional order. Since it is challenging to calculate these problems 

analytically, the major goal of this study is to use the Variational Iteration 

Method (VIM) to solve such equations by conformable fractional order 

integrals and derivatives (CFOID). Beginning, A suggested method of an 

iterative sequence of approximate solutions was driven, and then verify its 

convergence to the exact solution in the middle of the kernel of the integro-

differential equations (IDE) under specified conditions. Two illustrated 

examples, linear and nonlinear, are provided. 

 

 

1. Introduction 

Fractional calculus has arisen as a powerful mathematical tool which describing and modeling various 

complex phenomena in engineering and science [10]. The concept of fractional derivatives has found 

applications in various fields, inclusive biology, physics, finance, and engineering, because of its ability 

to long-range interactions, capture memory effects, and irregular diffusion. Fractional (IDE), that 

involving both fractional derivatives and integrals, have become a prominent mathematical framework 

for representing complex dynamics and behaviors beyond the scope of classical integer order differential 

equations [9], [12]. 

Solving (IDE) by order fractional can be quite challenging, because of their nonlocal and nonlinear 

characteristics. Numerical methods and traditional analytical may fail to provide effective solutions. 

Many researchers have been dedicated to creating and developing strategies to tackle these challenges 

and overcome the limitations of conventional approaches , - ,  -. (VIM) is an approach that has gained 

attention in solving (IDE). (VIM) initially introduced by Nayfeh and Mook and it has been further 

Refined by researchers in the field [1], [5]. (VIM) is working by utilizing the concept of iteration, where 

an auxiliary parameter known as the Lagrange multiplier is introduced to transform the equation into a 

series of simpler sub problems. This method allows for a solution that gradually improves in accuracy 

towards approximating the exact solution of the equation under study. Additionally recent advancements 

in calculus have introduced a concept called conformable differointegration [3], [9]. This novel 

fractional operator presents an alternative, to the Riemann Liouville fractional derivative offering an 

advantage of preserving derivative order in resulting equations. [4], [7]. 
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In this context, this paper explores the application of (VIM) combined with conformable 

differointegration to solve a variety of challenging fractional (IDE). Through a series of numerical 

experiments and comparative analyses with other traditional techniques, the effectiveness and efficiency 

of the proposed method are verified. The results presented herein participate to growing body of 

knowledge in the field of fractional calculus and showcase the potential of (VIM) with conformable 

differointegration for solving complex problems in engineering and science [6]. 

We will introduce (VIM) in this study for solving (IDE) with (CFOID) of the form: 

  
 
 (   )   (   )  ∫  

 

 
∫  
 

 
 (         (   ))         (1) 

  represent a continuous function,            , and     ,   -  ,   -. Here,    denotes 

the conformable fractional derivative of order   (CFOD), while    and    represent the conformable 

fractional integrals of orders   and   (CFOI), respectively. 

 

2. Fractional Calculus Fundamentals 

The conformable type is one of the most straightforward and significant definitions of fractional order 

derivatives or integrals that will be utilized in the following sections of this work. 

Definition 2.1 ((CFOD) [14]) 

 Assume a function   ,   )   , then the left (CFOD) of order   is defined by: 

  
 ( )( )     

   
 
 (   (   )   )  ( )

 
     (2) 

for all     and   (   -. When    , we write   . If   
 ( )( ) exists on the interval (   ), then 

we define: 

  
 ( )( )     

    
  ( )( ) 

The right (CFOD) of order   (   -, ending at  , is defined as: 

  
  ( )( )     

   
 
 (   (   )   )  ( )

 
     (3) 

If   
  ( )( ) exists on the interval (   ), then we define: 

  
  ( )( )         

    ( )( ) 

 

Definition 2.2 ((CFOI) [15])  

Let   ,   )    be a continuous function. The left (CFOI) of order   of   is: 

  
 ( )( )  ∫  

 

 
 ( )  (   )  ∫  

 

 

 ( )

(   )   
      (4) 

where the given integration is understood as a standard Riemann improper integral and    . 

and the right (CFOI) of order   of  , is given by: 

  
   ( )( )  ∫  

 

 
 ( )  (   )  ∫  

 

 

 ( )

(   )   
       (5) 
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The following are some important properties that related fractional derivative and integrals which are 

extremely beneficial in applied examples, where    and    refers to conformable fractional order and 

integral correspondingly: 

   (         )     
 (  )     

 (  ), for all        . 

   (  )       , for all    . 

   ( )   , for any constant function  ( )   . 

   (    )     
 (  )     

 (  ). 

   .
  

  
/  

   
 (  )    

 (  )

  
       . 

 If   is differentiable, then   ( )( )      
  

  
( ). 

   
   

 ( )( )   ( ), for    , where  ( ) is continuous for all    domain(  
 ). 

   
   

   ( )( )   ( ), for    , where  ( ) is continuous for all    domain(  
 ). 

 

3. Variational Iteration Method 

As mentioned earlier in the literature, the important component of the (VIM) is finding the exact 

solution to a mathematical problem, based on the hypothesis of the linearization, serves as a trial 

function or an initial approximation to determine the following subsequent approximate solution to the 

issue along with specific conditions [16]. To exemplify the core concept of the (VIM), consider the 

following general nonlinear equation in operator form [17]: 

  ( )   ( )      (6) 

and assume that equation (1.1) can be decomposed as: 

 ( ( ))   ( ( ))   ( )    ,   -    (7) 

where   is a general operative that can be divided into linear ( ) and non-linear ( ) components, and 

 ( ) is a function representing the non-homogeneous term. 

Equation (7) can be solved iteratively by (VIM) along with the following associated correction 

functional: 

    ( )    ( )  ∫  
 

 
 (   )* (  ( ))   ( ̃ ( ))   ( )+              (8) 

where   represent the Lagrange multiplier, determined using variational theory. The subscript   

represents the iteration number,    is the  -th approximated solution, and  ̃  represented a restricted 

variation, i.e.,   ̃   , where   denotes the first variation [17]. 

 

4. The General Form of the (MDIDEs) with Fractional Derivative 

The formulation of (VIM) will be presented to used later in evaluation of the approximate solution of 

(MDIDE) with conformable integrals and the Lagrange multiplier [18]. The state of the derivation and 

prove are present in the following theorem: 
 

Theorem1 

Assuming      the exact and approximate solutions respectively of the equation: 
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 (   )   (   )  ∫  

 

 
∫  
 

 
 (         (   ))        ,   -   ,   -  (9) 

Where        
 (,   -  ,   -) and   

 
 denotes the conformable fractional derivative. 

If   (   )    (   )   (   ) and the kernel   satisfies the Lipschitz condition with a constant   

such that: 

  [
(   )(   )(    )(    ) ((   )   )(    )

(   ) (   )    
]
   

 

then the approximate solutions    generated for        , gradually converges to the exact solution  . 

Proof: 

Recall the multidimensional fractional partial (IDE) (9): 

  
 
 (   )   (   )  ∫  

 

 

∫  
 

 

 (         (   ))      

Multiplying both sides by the Lagrange multiplier  , we get: 

 (   ){  
 
 (   )   (   )  ∫  

 

 
 ∫  
 

 
  (         (   ))    }     (10) 

where   is to be determined. 

Applying   
 

 (the conformable fractional integral) to both sides of Equation (4.2), we obtain: 

  
 
* (   ) ,  

 
 (   )   (   )  ∫  

 

 

 ∫  
 

 

  (         (   ))    -+     

The correction functional related to   can now be formulated as: 

    (   )    (   )    
 
[ (   ){  

 
 (   )   (   )  ∫  

 

 
 ∫  
 

 
  (         ̃ (   ))    }]   (11) 

where  ̃  is a restricted variation. 

Since determining   directly is challenging due to the fractional derivative and integral, we approximate 

  
 

 and   
 

 for       using first-order derivatives and integrals. Thus, the correction functional 

becomes: 

    (   )    (   )  ∫  
 

 
[ (   ) {

 

  
 (   )   (   )

 ∫  
 

 
 ∫  
 

 
  (         ̃ (   ))    

}]     (12) 

By applying the first variation of Equation (4.4) with respect to    gives: 

     (   )     (   )   ∫  
 

 

[
 
 
 

 (   )

{
 

 
 

  
 (   )   (   )

 ∫  
 

 

 ∫  
 

 

  (         ̃ (   ))    
}
 

 

]
 
 
 

   

Using integration by parts, we find: 

     (   )     (   )  ,(   )   (   )-    ∫  
 

 

  (   )

  
   (   )   
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This leads to the following necessary conditions with the initial condition: 

 

  
 (   )|

   
      n      |          (13) 

Solving these equations gives  (   )    . Substituting this value into Equation (12) yields: 

    (   )    (   )    
 
*  

 
 (   )   (   )  ∫  

 

 

 ∫  
 

 

  (         (   ))    + 

 

5. Convergence Analysis of (MDIDEs) with Fractional Derivative: 

After (VIM) derived and studying the existence and uniqueness, it’s essential to study the problem 

convergence including approximation with presence of the exact solution and using Lagrange multiplier 

to get more than one iteration [2]. 

This section will used the constructed (VIM) to embed and prove a theorem on the convergence of the 

approximated solution achieved. 

Theorem 2 

Let        
 (,   -  ,   -) be the exact and approximate solutions of Equation (1). If   (   )  

  (   )   (   ), and the kernel   satisfies the Lipschitz condition with a constant   such that: 

  [
(   )(   )(    )(    ) ((   )   )(    )

(   ) (   )    
]
   

  

then the approximate solutions    generated for        , gradually converges to the exact solution  . 

Proof: 

Recall the multidimensional fractional partial (IDE) (9): 

  
 
 (   )   (   )  ∫  

 

 

∫  
 

 

 (         (   ))      

with the initial condition  (   )    ( ). 
The approximate solution using (VIM) for Equation (1) is given by: 

    (   )    (   )    
 
*

  
 
  (   )   (   )

 ∫  
 

 
 ∫  
 

 
  (          (   ))    

+  (14) 

Since  (   ) is the exact solution, it satisfies: 

 (   )   (   )    
 
[  

 
 (   )   (   )  ∫  

 

 
 ∫  
 

 
  (         (   ))    ] (15) 

Subtracting the exact solution from the approximate solution gives: 
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    (   )   (   )

   (   )    
 
*  

 
  (   )   (   )  ∫  

 

 

 ∫  
 

 

  (          (   ))    +

 0 (   )    
 
[  

 
 (   )   (   )  ∫

 

 
 ∫
 

 
  (         (   ))    ]1 

Let   (   )    (   )   (   ). Then: 

    (   )    (   )    
 
*  

 
  (   )  ∫  

 

 
 ∫  
 

 
 (
 (          (   ))

  (         (   ))
)    + (16) 

Since   
 
  
 
  (   )    (   )    (   ), we have: 

    (   )    
 
∫  
 

 
∫  
 

 
( (          (   ))   (         (   )))     (17) 

Taking the supremum norm, we get: 

∥∥    (   )∥∥  ∫  
 

 

 

(   )   
*∫  

 

 

 ∫  
 

 

 
∥
∥
∥ (          (   ))

  (         (   ))∥
∥
∥
    +    

Using the Lipschitz condition, this becomes: 

∥∥    (   )∥∥   ∫  
 

 

 

(   )   
[∫  
 

 
 ∫  
 

 
 ∥∥  (   )∥∥    ]      (18) 

For    , it follows that: 

∥∥  (   )∥∥   (   )
(   )   

   
∥∥  (   )∥∥     (19) 

Similarly, for     : 

∥∥  (   )∥∥   
 (   )

 

 

(   )    

(   )(   )(    )
∥∥  (   )∥∥    (20) 

By induction: 

∥∥  (   )∥∥   
 
(   ) 

  

(   )    

(   )(   ) ((   )   )(    )
∥∥  (   )∥∥ 

Taking the supremum norm over all   and  , we have: 

∥∥  (   )∥∥   
 
(   ) 

  

(   )    

(   )(   ) ((   )   )(    )
∥∥  (   )∥∥ 

Since   0
(   )(   ) ((   )   )(    )

(   ) (   )   
1
   

, it follows that: 

Therefore,    
   

 ∥∥  ∥∥      i        (   )   (   )  
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6. Illustrative Examples: 

Two illustrative examples are presented to demonstrate the utilization of the (VIM) in addressing both 

linear and nonlinear fractional order (IDE) with conformable fractional derivatives. 

 

Example 1 

Consider the linear (IDE) of fractional order problem and trying to find the solution: 

  
 
 (   )   (   )  ∫  

 

 

∫  
 

 

(   )  (   )     

where  (   )         
    

  
 
    

  
. 

The exact solution for comparison purposes is  (   )      . 

we begin with the initial approximation guess for the (VIM): 

  (   )   (   )    
     

    

  
 
    

  
 

Using the following iterative formula of (VIM) to find   (   )   (   ) and   (   ) 

    (   )    (   )    
 
*  

 
 (   )   (   )  ∫  

 

 

 ∫  
 

 

 (   )   (   )    +  

We get: 

  (   )      
                                          

  (   )      
                                                       

                

  (   )      
                                                         

                                               
 

(Table 1) below show the numerical exact solution   and approximate solutions          and   : 

 

          

         

 (   ) 

            

            

  (   ) 

            

            

  (   ) 

            

            

  (   ) 

            

            

  (   ) 
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      0         

                                                                         

                                                                             

                                                                             

                                                                             

                                                                             

                

                                                                              

                                                                             

                                                                             

                                                                            

                                                                             

                

                                                                

        4                                                          

                                                                  

                                                                  

                                                                        

 

Table 1: The exact and the approximate solutions,      . 

 

    |      | |      | |      | |      | 
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Table 2: The absolute errors for the approach solutions proportional to the exact solution 

 

 

Fig. 1 Exact and approach solutions 
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Example 2 

Consider the nonlinear (IDE) of fractional order: 

  
 
 (   )   (   )  ∫  

 

 

∫  
 

 

 (     )(     (   ))      

when: 

 (   )      
    

 
 
    

 
 

and the exact solution is: 

 (   )            
Using (VIM), the iterations are given by: 

    (   )    (   )    
 
*  

 
 (   )   (   )  ∫  

 

 

 ∫  
 

 

 (     )(     (   ))    +  

The initial approximate solution which will be used in the VIM is assumed to be: 

  (   )   (   )   
   

    

 
 
    

 
 

Now, using the (VIM), the first few iterations are found to be: 

First Iteration   (   ) : 

  (   )   
   

    

 
 
    

 
 
    

 
  

Second Iteration   (   ) : 

  (   )   
   

    

 
 
    

 
 
    

 
 
    

 
  

Third Iteration   (   ) : 

  (   )   
   

    

 
 
    

 
 
    

 
 
    

 
 
    

 
  

 

(Table 3) below show the numerical exact solution   and approximate solutions          and   : 

 

    
Exact solutions 

 (   ) 

Approximate 

solutions 

  (   ) 

Approximate 

solutions 

  (   ) 

Approximate 

solutions 

  (   ) 

Approximate 

solutions 

  (   ) 
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Table 3: The exact and the approximate solutions,       

 

    |     | |     | |     | |     | 
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Table 4: The absolute errors for the approach solutions proportional to the exact solution 
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Fig. 2 Exact and approach solutions 

 

7. Conclusions 

The approximate solutions in the results tables, which obtained by using (VIM) on solving the 

(FOIDEs), the error tables and illustrative charts of the two given examples (linear and nonlinear) 

confirm the following fact: 

 The iterative solutions   (   ),   (   ),   (   ) and   (   ) progressively converge to the exact 

solution  (   )      . 

 The numerical results confirm that the absolute errors decrease with each iteration, demonstrating 

the efficiency of (VIM). 

 The approximate solution is close to the exact solution with reduce the errors to negligible levels for 

most points, showing the high precision achievable using VIM. 

 For all tested values of p and q, the (VIM) method accurately approximates the solution with 

maintaining small absolute errors. The only note on the larger values of p and q is the slightly higher 

errors, but the iterative process effectively minimizes these discrepancies. 

 The current work demonstrates that (VIM) is a precise, powerful and efficient method that provides 

the precise solve in a minimal number of iterations and proving the ability to handle fractional-order 

problems effectively and its potential as a reliable and robust tool for solving complex integral-

differential equations. 
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However, a few circumstances, it necessitates extra computations, that will make the situation at hand 

more challenging. For future work, by considering fractional-order derivatives exceeding 1, this study 

could be enhanced in the time ahead integrating (IDEs) using kernels' that take into account fractional 

order derivatives of the unknown function. 
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