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Abstract

The best proximity point generalization of fixed point that is beneficial when the
contraction map is not a self-map. The aim of this paper is to introduce new types of
proximal contraction for cyclic mapping in strong b-metric space that. Let (V, p) be
complete strong b-metric space and let I', A be two nonempty closed subsets of V.
Take the cyclic mapping A:T'UA - T U A. If A is satisfies following condition
p(Ac,Ae) < k(p(c,Ac) + p(e,Ae)) + (1 — 2k)p(I",A) for all c e rand e € A,
where k € (0,%) then A is Kannan cyclic, if A is satisfies following condition

p(Ac, Ae) < kmax{p(c,e), p(Ac, c’),p(Ae, e)}+ (A —k)p(l,A) forall cer and
e € A, where k € (0,1) then A is Ciri¢ cyclic, if A is satisfies following condition

p(Ac, Ae) — p(I', A) < PEALLLADNEANVEAD _ (1, 1)) for all ¢ € T and

e € A, where @ Meir-Keeler mapping then A is Meir-Keeler -Kannan-Ghatterjee.
The existeness and uniqueness of the best proximity point for thes types of mapping
are proven, furthermore, some examples are offered to show the results usefulness.

Keywods: Strong b-metric space, best Proximity Point, Kennan mapping, Ciri¢
mapping, Meir-Keeler-Kannan-Ghatterjee mapping Contraction.
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1.Introduction

As we all know that the fixed point theory in metric space is a significant branch of
nonlinear analysis. And it is a simplified method to consider the existence and uniqueness of
solution of the operator equations Ac = c. In addition, it provides an approach for
researching the solutions of some integral and differential equations in fields of mathematics
and physics [1]. In order to solve the more complex nonlinear analysis problems, the concept
of metric space has been extended in many aspects. In particular, the concept of b-metric
space was reported by Bakhtin 1989, [2]. In 1993, Gzerwik [3] extended the results of b-
metric space. It is clear that every metric space is b-metric space, but convers not true for
example p(c,e) = (c — e)?, let c,e € V where V is non-empty sets [3,4]. Note that b-metric
may not continuous [5]. To remedy this deficiency kirik and Shahazad [5] introduced a strong
b-metric space. On other hand, in 2003, Kirik et al. [6] introduced the cyclic contraction as a
generalization of the usual contraction, which did not have to be continuous as Banach type
contractions. In [7] Eldered and Veeramani are concerned with the case when 'nA =@
where I', A are nonempty subsets of strong b-metric space and in this case they did not seek
for the existence of fixed point of A:I" U A — I" U A but for the existence of a best proximity
point that is point defined by letting (V,p) be strong b-metric space and let I', A be two
nonempty subsets of V, as well as by letting A:'uA —->TUA. When cel'n A is said a
best proximity point if (c, Ac) = p(I', A) , where p(I", A) = inf{p(c,e):c € I',e € A}. In [8]
Thagafi and Shahazad introduced a new class of mappings know as cyclic @ —contraction
and they proved some convergence and existence results for best proximity points in
2011,Sadiq Basha [9] stated the best proximity point results, see [10-25]. We are concerned
with the existence of best proximity points for cyclic Kannan and Ciri¢, Meir-Keeler —
Kannan-Ghatterjee contractions in the class of strong b-metric space. In what follows, one
recall some notation and definitions that we will need in the sequel.

Definition 1.1: [4] Suppose that VV #= @ and A be given real number. A function p:V XV —
(0,%) is called a strong b-metric if and only if for any c,e,z € V and A > 1 the following
conditions are satisfied:

W1) p(c,e) = 0ifandonly if c = e,

W2) p(c,e) = p(e,c),

W3) p(c,z) < p(c,e) + Ap(e, 2),

The pair (V, p) is said strong b-metric space (SbM-S).

Definition 1.2:[5] Suppose that (V, p) be an SbM-S. A sequence {c,} inV convergesto c €
V if and only if rlll_r)rolo p(cn, c) = p(c, o).

Definition 1.3:[5] Suppose that (V,p) be an SbM-S. A sequence {c,} inV is said to be
Cauchy if and only if nlr;lriloop( Cno Cm) €Xists and is finite.

Definition 1.4:[26] Let(V, p) be an SbM-S and let I", A be two non-empty subsets of V and
let :TUA->TUA.c €I nAissaid a best proximity point (bpp) if p(c,Ac) = p(I", A) ,
where p(I', A) = inf{p(c,e):c € I',e € A}.
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Definition 1.5:[6] Let (V,p) be a complete SbM-S and let I', A be two non-empty closed
subsets of V. and A: "' U A — I" U A is called cyclic mapping (c.m) if A(I") € A and A(A) <
r.
Theorem 1.6:[12] Let (V,p) be a complete SbM-S and I', A be two non-empty closed and
convex subsets of V and let A: " U A = I' U A be (c.m) suppose that forany c € I' and e € 4,
p(Ac,Ae) < ap(c,e) + (1 — a)p(T, A), where
a € (1,0) and for ¢y € I' define c¢,,,; = Ac, for all n = 0. Then, there exists a unique c € I
such that ¢,,, = c and

p(c,Ac) = p(I', 4).
Here c is called bpp of A.
Definition 1.7:[27] Let (V,p) be a complete SbM-S and let I", A be two non-empty closed
subsets of V. Take the c.m A:T"U A - I' U A. A is said a cyclic Kannan type contraction if
p(Ac,Ae) < k(p(c,Ac) + p(e, Ae)) + (1 — 2k)p(I', A) for all c € 'and e € A, where k €
(0,9).
Definition 1.8:[27] Let (V, p) be an SbM-S and I', A be two non-empty closed subsets of V.
Take the c.m A:TUA - I' U A. A is said be a cyclic Ciri¢ type contraction if p(Ac, Ae) <
kmax{p(c,e),p(Ac,c),p(Ade,e)} + (1 —k)p(I',A) for all ceT and e € A, where k €
(0,1).
Definition 1.9:[27] Let (V,p) be a complete SbM-S and I', A be two non-empty closed
subsets of V. Take the cm A:T"uA - I'U A. A is called a Ghatterjee type contraction if
p(Ac,Ae) < k(p(Ac, e) + p(4Ae, c)) + (1 —4k)p(I',A).forall ce I and e € A, where k €
(0,9).
Definition 1.10:[28] A function @: (0, 0*) — (0, %) is said to be a Meir-Keeler mapping, if
@ is satisfies the following requirement:
vn>038>0VteR*(n < t<n+6=0(t) <n).
Definition 1.11:[28] Let (V,p) be complete SbM-S, let I'.A be two nonempty sets and
@: (0,00") - (0,0%) be Meir-Keeler. A mapping A:I'UA - I' U A is said Meir-Keeler -
Kannan-Ghatterjee contraction if the following conditions hold:
W1)A:T' U A - I' U A is cyclic mapping.
W2) for any cerl and €A p(Ac,Ae) —p(I,A) < @(
p(I’, A)).
Lamme 1.12:[28] Let (V.p) be a complete SbM-S and let I'. A be two non-empty closed
subsets of VV and @: (0, %) — (0, ™) be an increasing Meir-Keeler, and let A:'u A —» ' U
A Meir-Keeler-Kannan-Ghatterjee contraction. For ¢, € I' U A, define ¢,,,, = Ac, for each
n € N U {0}. Then p(cp, cpy1) = p(I, A)n — oo.
2. Main results
In the following theorem we prove the existence and uniqueness of bpp for Cyclic Kannan
Mapping in an SbM-S.
Theorem2.1. Let (V, p) be a complete SbM-S and I". A be two non-empty closed subsets of
Vsuch that ' n A = @ .Suppose A:T"UA - T U A is a cyclic Kannan mapping then A has
unique bpp.

p(c,Ac)+p(e,Ae)+p(c,Ae)+p(e,Ac)
4

Proof : Suppose that ¢, € I' U A. Define c,,.; = Ac,, for any n > 0. By Definition 1.7, we
have

p(Cniz, Cn1) = p(Acny1, Acy)
< k(p(cn+1»ACn+1) + p(Cn,Cn+1)) + (1 - Zk)p(F; A)
< k(p(cnt1 Cnv2) + plcns Cnin)) + (1 = 2K)p (T, 4)
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< kp((cn+1, Cns2) + P(Cn’cn+1)) + (1 = 2k)p(cn, cns1)

< kp(cns1,Cns2) + (L= K)p(cp, Cny)-

Thus,

p(cn+2: Cn+1) = p(cn+1r Cn) forall n = 0.

That is, {p(c,+1, cn)} IS non-increasing and is bounded below, so there exists t > 0 such that
lim p(cy41,¢n) = t. We know that

n—-oo

p(I',A) < p(cpi1,Cny2) < k(P(Cn+2» Cnt1) T p(cp, Cn+1)) + (1 =2k)p(I, 1),
So, letting n —» oo, we conclude that t = p(I', A), i.e., lim p(c,4q1,¢) = p(T, A).
n—-oo

Suppose that ¢, € I'. Since A is cyclic, so {c,,} € I' and {c,,41}€A for any n = 0. Now, if
{c,n} has a subsequence {c,,;} converging to u € I with p(u.u) = 0 then
lim p(cani,u) = p(u.u) = 0.

We have

p(I,A) < p(u, Au) < Ap(w, c2ni) + p(C2ni, AU)

= Ap(u, coni) + p(Acapi-1, Au)

< Ap(u, Con0) + k(p(Canis Coni—1) + p(Au, 1)) + (1 = 2k)p(T, A).
Letting — o ,p(c,,, Cpe1) = p(I", A) We obtain

p(l,A) < p(u,Au) < kp(u, Au) + (1 — k)p(T, A).

We have, p(u, Au) = p(I', A), that is, u is bpp of A.

O

The Second main result is proving a mapping A has bpp when A is cyclic Ciri¢ type
mapping in a SbM-S.
Theorem?2.2. Let (V, p)be a complete SbM-S and I',A be two non-empty closed subsets of IV
such that I' N A = @. Suppose that A:T"'U A — I' U A is cyclic Ciri¢ type mapping. Then A
has bpp.
Proof: Suppose that ¢, € I' U A. Define ¢,,1 = Ac, foralln > 0. Since I' n A = @, we have
p(T,A) > 0. Then p(cp42,Cneq) > 0 forany n > 0.
By Definition 1.8 we have

p(Cni2 Cny1) = p(Acnyy, Acy)
= kmax{p(cn+1, Cn)' p(ACn+1' Cn+1)' p(ACnﬂ Cn)} + (1 - k)p(F, A)

= kmax{p(cn+1, cn), P(Cns2) Cns1), P(Cnrr, )} + (1 = K)p(T, A)
= kmax{p(cn+1' Cn)' p(cn+2' Cn+1)'p(cn+1' Cn)} + (1 - k)p(cn' Cn+1)-
If for some n, we have max{p(c,.+1, cn), P(Cn+2, Cns1)} = P(Cna2, Cnt1)- Then,
0< ,D(Cn+2, Cn+1) < kp(cn+2: Cn+1) + (1 - Zk)p(r' A) < (1 - k)p(cn+2' Cn+1)-
It is contradiction. Thus p(cp42, Cny1) < p(cpy1,¢n) forany n=>0.
So, there exist t > 0 such that Tlll_r)glo (cp+1,Cn) = t. We know that

,D(F, A) < ,D(Cn+2, Cn+1) < kp(cn+1' Cn) + (1 - k)p(F,/l).
So, letting n — oo, we conclude that t = p(I", A), i.e., 151_@0 p(Cerr,Cn) = p(I, A).
Suppose that ¢y € T'. Again, T is cyclic, so {c,,} € I and {c;,+1} € A for any n = 0. Now, if
{cyn} has subsequence {c,,;} converging to u € I with p(u.u) = 0 then
lim p(caniyu) = p(w,u) = 0.
We have
p(I,A) < p(u, Au) < Ap(u, c2n;) + p(Coni Au)
= Ap(u, can;) + p(Acopi—1, Au)
< Ap(u, ezn) + kmax{p(ezn,—1,1), p(ezny ), p(Au,w)} + (1 = K)p(T, A)
Letting i — oo, p(cp, cpe1) = p(I7, A), we obtain
p(r,A) < p(u, Au) < kp(u, Au) + (1 — k)p(I', A).
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We have, p(u, Au) = p(I', A), thus, u is bpp of A.
O

The next theorem shows that a mapping A has bpp when A is a cyclic Meir-Keeler-
Kannan-Ghatterjee.

Theorem 2.3. Let (V.p) be a complete SbM-S and let I'". A be two non-empty closed subsets
of V and @:(0,0%) - (0,0%) be an increasing Meir-Keeler, and let A:f'uA —->TU
A Meir-Keeler-Kannan-Ghatterjee. Then A has bpp.
Proof: Suppose that ¢, € I' since A is cyclic ¢,, € I' and c,,,+1 € A for all n € N.Now, if
{c,n} has subsequence {c,,i} converge to u € I" with p(u, u) = 0, then
lim p(czp, u) = p(u,u) = 0.
Since A is cyclic Meir-Keeler-Kannan-Ghatterjee contraction and @ is increasing Meir-Keeler
mapping. We have
p(ur Au) - P(F;A) < Ap(u» CZTLk) + p(CZTLkl Au) - P(F' A)

< Ap(w, coni) + p(Acan-1, Au) — p(I', A)
P(C2nk—1) C2ni) + p(u, Au) + p(cank-1, Au) + p(u, Aconr—1) B

4

(Conk—1,Cank) + p(u, Au) + p(conk—1, Au) + p(U, Conk)
< Ap(u, Campe) +®<p 2nk—1 Conk) T P 4P 2nk—1 p 2nk

2p(Cank-1) Coni) + 2p(w, Au) + 2p(u, Copi)
< A, Cne) + (—————— ——pI, )

Conk—1,C + p(u,Au) + p(u, c
<MMQM+GUM1HM Pl Au) + o mxmmm>

Letting k —» oo, by Lammel.12. we obtain
P(F'A)+P(uﬂ4u) P(u,Au)_P(r,A)
P(U—'Au)_P(r'A)< 2 _P(F,A): 2 ’
Thus, we conclude that p(u, u) = p(I', A) that is, u is bpp of A.
O

< Ap(u' C2nk) + ®< P(r:/l)>

3. Applications
The example below satisfies the Theorems 2.1
Example 3.1. Let V = {0,1,2,3} be an endowed with the SbM-S p
p(0,0) =p(1,1) =p(22) =p33) =0 and p(1,2) =p(21) =2p(13)=p31) =
6,p(2,3) =p(3,2) = 1,p(2,0) = p(0,2) = 2,p(3,0) = p(0,3) = 6,0(1,0) = p(0,1) = 1.
(V, p) is complete SbM-S. Take I' = {0} and A = {1,2}, we have p(I",A) = 1 choose A:T" U
A—-TUA since A(0) =1.A(1) =A(2) =0. We have A(I') = {1} c A with A(A) =
{0} =TI'. Assume that ke (0, %), and cel’ and eeA then ¢ = 0 and ee{1,2} in this case

p(Ac,Ae) —p(1,0) —1 -2k +1 -2k

<k(e+1)+(1-2k)=k(0+1+e+0)+ (1 —2k)p(,A)
= k(p(c, Ac) + p(e, Ae)) + (1 — 2k)p(T, A).
Thus by Definition 1.7 the result hold for any ¢ € I and e € A. Now, choose cyel” then ¢y, =
0 and ¢y, 41=1 for any n > 0. While if ¢, € A then ¢,,, =1 foranyn > 1. And c3,41 =0
for any n > 0. We conclude that forany n > 1
p(Cn Cnyr) = p(1,0) =1 = p(I', 4),

2000



Ali and Ahmad Iragi Journal of Science, 2025, Vol. 66, No. 5, pp: 1996-2002

That is Theorem 2.1 is verified. In the case c, € I', we have c,, = 0 so it has a subsequence
{coni} convergeto u = 0 € I'. Here p(0,4y) =1 = p(I',A) infact forc =0 and e = 2 .On

other hand, we have p(Ac,Ae) =1 > 3a = a(p(Ac,c) + p(Ae,e)) forany a € (0, %).
O
The next example fulfills the condition of Theorems 2.2.
Example 3.2. Let V = [0, o0) X [0, ) endowed with the SbM-S p: V X V — [0, o) given as
p((cy,c2), (e,e2)) = ley — eyl + |cz — ez if (cy,c2), (e, €2) ER
It is easy to prove that (V,p) is a complete SbM-S. Take I' = {0} X [0,1] and A =
{1} x [0,1]. Remark that
p(I', A) = inf{(p(cy, c3), pler, €3)): (c1,¢2) €T, (ey, ;) € A.
Defined by
Ao = ¢

%), (c,e)er;
%), (c,e)ea,

In this case, we have

c e
p(A(OI C),A(]., e)) =1+ |Z — Z ,

Moreover,
kmax{p((0,¢c), (1,€)),p((0,¢),(0,0)),p((1,e),(1,€))} + (1 — k)p(T, A)

=kmax{1+|c—e|,1+|c—%|,1+|e—%}+(1—k)
= 1+kmax{|c—e|,34—c,%e},

3c 3e 3c 3e . .. 3¢ 3e
If we have max{lc — el'?'_} = Or — contradiction. Then max{lc —e|,= —} =

4 4 4’ 4
|c —e|. Itis clear that Definition 1.8 is A cyclic Ciri¢ type contraction. By theorem 2.2 A
has unique bpp .
O
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