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Abstract

Let G be the finite special linear group SL(Z, Zzp). In this work we determined
the order of this group, exponent of G, number of conjugacy classes and Artin
exponent A(G) .
For p = 5,7 and 11, We found that the order of G is [6p. (p? — 1)], exponent of G is

[%p(p2 — 1)], the number of conjugacy classes is (3p + 12) and A(G) =p? —1.

Introduction

Let f be an integral valued class function on a finite group G , Artin induction
Theorem[8] states that |G|f is an integral linear combination of characters of G
induced from characters of linear representations of cyclic subgroups of G.
In (1968), Lam [8] proved a sharp form of Artins Theorem, he determined the least
positive integer, A(G), such that A(G)y is an integral linear combination of induced
principal characters of cyclic subgroups for all rational valued characters y of G.

This is a continuation of the papers [1] and [2]. In [1], the authors found that
A(SL(Z,ZZk))=23("‘1) for k=234,5 and in [2], the authors found that

A (SL (2, Z3.2k)) = 3.23% for k = 1,2,3, where SL(2,Z,) is the special linear group
over thering Z,, .

In this work, the group G under consideration is SL(2,Z,,), where p =
5,7 and 11 The main results will be stated in section 2, as follows : in Theorem(2.5) we
found that
A(G) = p? — 1, in Theorem(2.6) we found that |G| = 6p(p? — 1), in Theorem(2.7) we
found that exp(G) = %p(pz — 1) and in Theorem(2.8) we found that the number of
conjugacy classes is (3p + 12).

8.1 Basic Definitions and Examples
In this section we shall set up the basic notations and definitions for later work.

Definition(1.1), [9]: The set of all nxn non-singular matrices over a ring R ,which
form a group under the set operation of matrix multiplication. This group is called The
General Linear Group of degree n over R, and denoted by GL(n,R).
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Definition(1.2), [7]: Let V be a vector space over any field F, GL(V) denotes the group
of all linear isomorphism of V onto itself.

Definition(1.3), [3]: A representation of a group G is a homomorphism T : G
—GL(V).

Definition(1.4), [3]: A matrix representation of a group G is a homomorphism
T : G —GL(n,F), where n is called the degree of the matrix representation.

Definition(1.5), [3]: A representation T: G — GL(1,C) suchthat T(X)=1 ,V x € G, it
is called the linear representation or principle representation of G.

Definition(1.6), [4]: A class function on a group G is a function f:G— C which is
constant on conjugacy classes ,thatis, f(x lyx) = f(y) V x,y€G .

If all value of f are in Z ,thenitis called Z — valued class function.

Definition(1.7), [5]: Let T be a matrix representation of a finite group G over a field F,
the character y of T isthe mapping y :G — F defined by
x(g) =tr(T(g)) ,¥ g € G, where tr(T(g)) refers to the trace of the matrix T(g) .

Clearly, y(1) = n, which is called the degree of y ,also character of degree 1 is called
linear character.

Definition(1.8), [5]: The function 1¢ with constant value 1 on G, is a linear character,
it is called the principle or unit or trivial character of G.

Lemma(1.9), [5]: Characters of a group G are class functions on G.

Definition(1.10), [5]: Let H be a subgroup of a group G and ¢ be a class function of H,
then ¢ 1¢, the induced class function on G is given by :

$ 16 (9) = 1 Vrec ¢ (xgx™)

¢’ (W =¢(h) if heH

Where{ o .
¢ (h)=0 ifhe H

Clearly ¢ 1¢ isaclass functionon Gand ¢ 1¢ (1) = [G: H]¢(1) .

Another useful formula for computing ¢ 1¢ (y) explicitly is to choose
representatives x;, x5, ..., x,, forthe m classes of H contained in the conjugacy class

C(y) inGwhichisgivenby ¢ 16 (y) = L2 sm g0y . (1-1)

[Ch (x)]

Where ¢ 1¢ (y) =0 if Hn C(y) = @ . This formula is immediate from the definition
of ¢ 1¢ since as x runsover G, xyx~! = x; forexactly |C;(y)| values of x .
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Proposition(1.11), [5]: Let H be a subgroup of G, and ¢ to be a character of H, then
¢ 1¢ is acharacter.

Definition(1.12), [8]: The character induced from the unit character of a cyclic
subgroups of G is called Artin character, and denoted by ¢ (x) .

Example(1.13): The three conjugacy classes of the symmetric group S; are

C() = (1), C(12) ={(12),(13),(23)} and C(123) = {(123),(132)}, We
calculate the Artin characters (induced characters) of S5 from the unit characters of the
cyclic subgroups H; , i=1,2,3 by using formula (1-1)

The orders of the three classesare  |C(1)| =1,|C(12)| =3,|C(123)| =2

and the orders of the centralizers are |Cs,(1)| =6 ,|Cs,(12)| =2 ,|Cs,(123)| =3

Thus
1) (1%:1y, 15 (1) = %2 1=6 , 1y, 1™ (12) =0 and 1, 1% (123) =0
p1(x)=(6 0 0) Since, (1) € €(12) and (1) & C(123) .

2) (12): 14, 1% (1) = 221 =3, 1, 1% (12) = %21 =1, and
1y, 155 (123) = 0

p,(x)=3 1 0) Since, (12)) N C(123) =0 .
3) (123):1y, 15 (1) = gz 1=2 , 15 1 (12)=0 and 1, 1% (123) =
SX1+1=2
ps(x)=(2 0 2) Since, ((123)) N C(12) = @ .
co | @ | 1@ [ a2
1C(0)] 1 3 2
|Cs, ()] 6 2 3
1 6 0 0
0B} 3 1 0
¢3 2 0 2

Table(1-1) Artin characters of S5 .
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Lemma(1.14), [5]: Let y be arational valued character of G , then, Vg € G, x(g) €
Z .

Lemma(1.15), [5]: Let y be arational valued character of G, and let x,y € G with
(x) = (y), Then x(x) = x() .

Definition(1.16), [8]: The Artin exponent, A(G), of a group G is the smallest positive
integer A(G) such that A(G) ¢ is an integer linear combination of the induced principle
characters of the cyclic subgroups of G, for all rational valued characters ¢ of G.

Remark(1.17), [8]: Let H; = {1}, H,,..., H, be the full set of nonconjugate cyclic
subgroups of G. We write 1;, for the principle character on H; and denote the Artin
character (induced character) on G by ¢; , which is the character afforded by the
rational representation of G and it is clearly depends only on the conjugacy class of the
cyclic subgroup H;.

Definition(1.18), [8]: Let G be a finite group, an integer m € Z is said to be an Artin
exponent for G if, given any rational character y on G such that :

q
my = Z Py
k=1

is solvable for integer unknowns a;, € Z and for any given rational character y on G.

Remark(1.19), [8]: All Artin exponents form an ideal in the integers and [G:1] is in this
ideal.We pick the (unique) positive generator A(G) for this ideal and we shall call it the
Artin exponent of G, A(G) divides |G| .

Proposition(1.20), [8]: Let 1 denote the principal character of Gand d € Z , then d is
an Artin exponent of G if it has the following property:

There exist (unique) integers a;, € Z suchthat d.1,; = Zzzl apdy

Where ¢4, ¢, ..., ¢, are the Artin characters.

If, a;, ay, ... ,ag have no common factor, then d = A(G) and conversely.

Proposition(1.21), [8]: Let G be an arbitrary finite group, and H = {Hy, H,, ..., H,} be
a full set of non conjugate cyclic subgroups of G, then A(G) is the smallest positive
integer m such that:

m. 1G = ZerH ak . 1Hk TG .............................. (1'2)
With each a; € Z .

Remark(1.22), [8]:

1) If m isa positive integer , and (1-2) holds for some set of integers {a;} with
greatest common divisor=1, then necessarily m = A(G) .
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2) Given a group G, We can compute the characters {1Hk TG} explicitly, and then use
proposition(1.21) to determine A(G).

Theorem(1.23), [8]: A(G) =1 iff G iscyclic.

Remark(1.24), [8]: A(G) gives an interesting numerical measure of the deviation of G
from being a cyclic group. The invariant A(G) is, therefore, merely a measure of
noncyclicity.

Example(1.25): Consider G=S;3 ,Let H = {H,, H,, H3} with H; cyclic subgroups of
order i.

According to example(1.13) and its table, if we multiply ¢, by -1, ¢, by 2, and ¢4
by 1,

then we have : 2.1 = —(1y, 152) + 2(1y, 15) + (1y, 1%2)
and therefore  A(S3)=2.

Definition(1.26), [4]: Let G be a group, then the exponent of G is the least common
multiple of the orders of its elements, and denoted by exp(G) .

§.2 Artin Exponent of SL(2,Z,,)

In this section we will find the order of the group SL(Z, Zzp), exponent, Artin
characters and Artin exponent for this group when p=5,7 and 11 ..

(2.1) The Special Linear Group [9]: Let R be commutative ring with 1, GL(n, R) has
a very important subgroup
SL(n,R) ={x € M(n,R)|det(x) =1}

Consisting of matrices with determinant 1. The group SL(n, R) is called the special
linear group of degree n over R.

In this work, we interested in the finite special linear groups SL(2,R) in case of
R = Z,,, the ring of integers modulo (2p) where p =5,7 and 11 .

To find Artin exponent of SL(Z, Zzp), We construct a powerful programs to
compute the elements of SL(Z, Zzp), its order, all conjugacy classes, cyclic subgroups,

Artin characters, and then Artin exponent A(G), All programs have been written in
Mathcad Professional 2001i .
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Let C; be the classes of the group SL(Z,ZZP) , |C;| be the number of elements in C;,
x; be a representative of a class C; (we take the first element in a class C; as a
representative ), o(x) be the order of the element x in a group G, Since the elements in
the same class have the same order. Thus, We denote o(x;) to be the order of the
elements in a class C;, H; be the cyclic subgroup generated by x; ,i.e, H; = (x;) ,
Ce(x;) Dbe the centralizer of x; in G, and ¢; be the Artin character (induced
character) of G from the unit characters of the cyclic subgroup H; .

(2.2) Artin Exponent of SL(2,Z,5) : Let G = SL(2,Z55) , by using our programs,
we

found that |G| = 720, This group has 27 conjugacy classes: C; , i =0,1,...,26.

We write the representative x; for each class C; :

w=ly iha=lo o m=ls ol x=ls a=ls o m=lg 3

w=ly ol x=ly ol m=ly ol x=lp i ==l i ==

1 2 __[0 N, [0 1], __[0 1 __[1 2
“lg 1 "™ T 19 4l 5T lg el 6T g 7l

o=} t0=l Dol I o=l Y xa=ld )

wa=ly olrma=ly Jlr=ly Jlu=ly o) me=[y

The order of the elements in the group G = SL(2,Z,5) are:

Xi Xo | X1 | X2 | X3 | X4 | X5 | Xg | X7 | Xg | X9 | X10 | X11 | X12 | X13 | X14 | X15

ox)| 12|22 |3|3|3|4|4|5|5|6|6|6/|6]686

X X16 | X17 X18 X19 X20 X21 X22 X23 X24 X25 X26

o(x;) | 10 10 10 10 10 10 12 15 15 30 30

Then exp(G) = 60 .

Since, conjugate cyclic subgroups give the same Artin characters, thus we need to find
the intersection of the non conjugate cyclic subgroups with conjugacy classes of the
group G = SL(2,Z,5)
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In other words,

24 .15 =3¢o+ (-=5)p1 + (=3)d, + (=3) ¢p3 + (—6) s + 6 Pg + (—6) Pg +
() P11 +2¢12+ 4P13+6P14+6P15+6P13+6P19+ 6P +6dys

Therefore, from this equations we get, the Artin exponent of G = SL(2,Z,5) isequal

to 24,

A(SL(2,Z,5)) =24=5%-1

(2.3) Artin Exponent of SL(2,Z,) : Let G = SL(2,Z,7) , by using our programs,

we found

that |G| = 2016, This group has 33 conjugacy classes : C; ,i =0,1,...,32.

The representatives for each class are :
10) (30 (67

(o) (o) G G o) )
o) (o) (o) G2 62) G
fea) (2] (2

01

)
)
)

10
71
10
21
01
132

17
78

Set_of_Representative

03
99

) 3] el ) o) o)

41) (92) 91 1B312) 139
The order of the elements in the group G = SL(2,Z,-) are:

12
6 13
01
134
01
33

|
|
|

01
130
01
13 10
01
B

|
|
|

I

6 7
713
01
37
01
135

)
)
)

)
)

12

107
12
21

03
95

Then exp(G) = 168 .
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From The Artin characters table, We find that :

48 .1, =5¢y—7¢, — 5¢, — 5¢5 —

+12¢4, +12¢45
+ 8¢34

12¢5 —

6¢; + 6¢g

Therefore, from this equation we get, the Artin exponent of G = SL(2,Z, ) isequal

to 48,

A(SL(2,Z,7))=48=7*—-1.

—4¢g +4¢d19 + 8Py,
— 814+ 12¢p15 + 823 + 84 + 12¢h29

(2.4) Artin Exponent of SL(2,Z544) : Let G = SL(2,Z4441) , by using our programs,

we find

that |G| = 7920, This group has (45 ) conjugacy classes :

The representatives for all classes are :

03 (o)
a) (o) (i
il laa) (o
(201 slsj (;.1 111) [21 16

o o
[N

Set of Representative = (

1

1

(o
(0
(0

21 8

21 6

[2 270j (201 iJ (21 20) 21 15] 21 19J (21 13] [3 13]

y

1

)
)

(o
E
(1
(

21
0

J () G
J o) (a2

21 3

The order of the elements in the group G = SL(2,Z544) are:

CL' ,i:

2 (o) (aa)
3) (a3) (o) a

01, ..

21
12)
1

1
[
1
12

(
(o
(o
(o

,44.

a)
)
)
)

y

(21
’

o)

:
:

)
3

!
J)

Xi | Xo |xq |Xg |X3 |X4 |X5 |X6 |X7 |Xg

X9

X10

X11

X12

X13

X14

X15

X16

X17

X18

X19

X20

X21

X22

o(x)| 1 |2 ]2 (23|33 |4 |4

5

5

6

6

6

6

10

10

10

10

10

10

11

X32

X33

X34

X35

X36

X37

X3g

X39

X40

X41

X42

X43

X44

o

(x)| 11 |12 |12 12 |12 |12 |12 |12 |15

15

22

22

22

22

22

22

30

30

33

33

66

66

Then exp(G) = 660

By using formula (1.1), the Artin characters table for G = SL(2,Z314) IS
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From the values of Artin characters, ¢;'s, We get :

120 .1 = 12y — 12¢, — 12¢ps — 15¢ — 106p, — 30¢hg — 12¢p1; — 15¢15
+ 15¢14 + 15¢15 + 3015 + 30¢29 — 12¢2; + 10¢,4 + 20¢,¢
+10¢25 + 3029 + 12¢55 + 12¢h36 + 30z + 126043

Therefore, from this equation we get, the Artin exponent of G = SL(2,7Z511) isequal
to 120,

A(SL(2,7544)) =120 =112 -1.

From sections (2.2),(2.3) and (2.4) ,We deduce the following propositions:

Proposition (2.5): For p = 5,7 and 11; The Artin exponent of the group SL(Z, Zzp)
is

A(SL(2,Zy,)) =p> - 1.

Proposition (2.6): For p = 5,7 and 11; The order of the group SL(2, Z,) is equal to
|SL(2,Z,,)| = 6p(p* — 1) .

Proposition (2.7): For p = 5,7 and 11; The exponent of the group SL(2,Z,,,) is equal
to

exp (SL(Z, Zzp)) = %p(p2 -1).

Proposition (2.8): For p = 5,7 and 11; The number of conjugacy classes of the group
SL(2,Z,,) isequal to (3p + 12) .

42



Artin Exponent of SL(2,Z,,) Ahmed Bager & Ali Kareem & Alla Tareq

References:

[1]. Ahmed.B.H, Awss.J.M and Eman.F.M. " Exponent and Artin Exponent of
SL(2,Z,k) ", Al-mustansiriyah University, College of Basic Education, Journal of the
College of Basic Education, Vol.15, No.59, pp(25-44), 2009.

[2]. Ahmed.B.H, and Awss.J.M. " Induced Characters of SL(2,Z, ,k) ", Al-
mustansiriyah University, Journal of Conference the College of Basic Education, No.12,
pp(445-470), 2010.

[3]. Burrow ,M. " Representation Theory of Finite Group ", Academic Press, New
York, 1965 .

[4]. Feit, W. " Characters of Finite Groups ", W.A.Benjan, Inc, New York, 1967.

[5]. Isaacs,I.M. " Character Theory of Finite Groups ", Academic Press, New York,
1976 .

[6]. J.L.Alperin with Rowen B.Bell, " Groups and Representations ", Spring-Verlag,
New York,
Inc,1995 .

[7]. Keown, R. " An Introduction To Group Representation Theory ", Academic Press,
New
York, 1976 .

[8]. Lam, T. " Artin Exponent of Finite Groups ", Colombia University, New York,
Journal of
Algebra, Vol.9 ,pp(94-119), 1968.

[9]. Vavilov, Nikolai ; " Linear Groups Over Rings ", Department of Algebra,
Vestnik Saint-Petersburg State University, 2008.

43



2013 oAl 5 aobudl ) daalal) LalaBY) a slall dlazy A4S dlaa

44



