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Abstract: This paper discusses the efficiency of 

using the Pattern Search (PS) tool to optimize the 

design of RC beams strengthened with externally 

bonded (EB) fiber-reinforced polymer (FRP) 

materials. The study considers shear strengthening 

(three-sided or two-sided configurations), flexure 

strengthening, and coupled shear-flexure 

strengthening. The design process involved an 

objective function that represents the cost function 

of the optimum solution and design variables that 

define the optimum dimensions of the beam and 

FRP material, such as beam width, effective beam 

depth, FRP strip thickness, FRP strips spacing, and 

FRP strip width, according to the design constraints 

of the ACI 440-2R-17 code. To achieve the goal of 

this paper, different examples were conducted 

under shear, flexure, and coupled shear-flexure 

strengthening. In each case, the PS technique 

resulted in more compact designs with a faster 

convergence rate, reducing costs compared to the 

original dimensions of the design variables. In this 

context, an extensive parametric study was 

conducted to determine the ability to redesign the 

FRP material dimensions compared to previously 

published data. The results showed that the pattern 

search technique could save costs in designing RC 

beams strengthened with externally bonded FRP 

under similar loading conditions. 
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التصميم الامثل للعتبات الخرسانية المسلحة المقواة خارجياً بالياف الكاربون باستخدام  
 طريقة البحث عن الانماط

 براء جبار محمود، ربيع مؤيد نجم ، نور محمد شيت
 . العراق  – الموصل/ جامعة الموصل /كلية الهندسة /المدنيةهندسة قسم ال

 الخلاصة 
اهتمت الدراسة    يناقش هذا البحث كفاءة تقنية البحث عن الانماط لتحقيق التصميم الامثل للعتبات الخرسانية المسلحة المقواة خارجياً بالياف الكاربون.

صميم دالة الهدف والتي  القص المقترن. تضمنت عملية الت -في تقوية القص )تقوية ثلاثية الجوانب أو ثنائية الجوانب(، وتقوية الانثناء، وتقوية انحناء
)مثل عرض الحزمة وعمق الحزمة الفعال وسماكة    FRPتمثل دالة التكلفة للحل الأمثل ومتغيرات التصميم التي تحدد الأبعاد المثلى للحزمة ومادة  

الهدف بحل  . تم تحقيق هذا  ACI 440-2R-17عرض الشريط( وفقاً لقيود التصميم الخاصة برمز    FRPو   FRPوتباعد شرائح    FRPشريط  
تصميمات أكثر إحكامًا مع معدل   PSأمثلة مختلفة تحت تقوية القص، وتقوية الانثناء، وتقوية القص والانثناء المقترنة في كل حالة، ينتج عن تقنية  

لقدرة على  تقارب أسرع يقلل التكاليف مقارنة بالأبعاد الأصلية لمتغيرات التصميم. في هذا السياق، أجريت دراسة بارامترية واسعة النطاق لتحديد ا
مقارنة بالبيانات المنشورة سابقاً. تظهر النتائج أن تقنية البحث عن الأنماط يمكن أن توفر التكاليف في تصميم حزم    FRPإعادة تصميم أبعاد مادة  

RC  .المعززة خارجياً بالياف الكاربون في ظل ظروف تحميل مماثلة 

الدالة:ال القص كلمات  تقوية  تقوية  -الكلفة،  المسلحة،  الخرسانية  العتبات  الانماط،  البحث عن  تقنية  الامثلية،  الكاربون،  الياف  المقترن،  الانحناء 
 الانحناء، تقوية القص. 

 

1.INTRODUCTION
Fiber Reinforced Polymer (FRP) materials have 
recently become popular building materials for 
strengthening and repairing structures [1-5]. 
FRP composites possess numerous advantages, 
such as high strength, lightweight, highly 
corrosion resistant, considerable creep strain, 
superior fatigue resistance, and easy 
installation. These characteristics have 
effectively resolved the challenges associated 
with traditional retrofitting and strengthening 
methods, like concrete and steel jacketing [6-9]. 
FRPs are commonly used as "externally bonded 
(EB)" systems to enhance the capacities of RC 
structural components, such as flexural, shear, 
torsional, and axial capacity. Additionally, 
these materials provide extra confinement, 
improving the stability and serviceability of 
structural sections [10, 11]. FRP materials are a 
commonly used method for increasing the 
shear strength of beams. These materials are 
applied to the tension side of structural 
members, such as slabs and beams, to provide 
additional reinforcement and enhance their 
flexural strength. Furthermore, columns can 
benefit from using FRP materials as they 
improve ductility, energy dissipation, and shear 
and axial strength [10, 12, 13]. Most studies 
have concentrated on flexural or shear failure 
[2, 14-18]. However, some research has shown 
that using FRP materials in a combined flexural 
and shear strengthening configuration can 
significantly enhance the strength and ductility 
of the RC beams [13, 19-22]. Studies on RC 
structures enhanced with EB-FRP have 
released numerous codes and design guides, 
e.g., ACI-440.2R-17 [23]. Some equations used 
for designing with ACI-440.2R-17 [23] give 
conservative results and lead to using more FRP 
material than needed. Therefore, more precise 
and effective design equations for FRP 
strengthening should be developed to improve 
the economic aspects of FRP strengthening 
projects [24, 25]. Cost and safety are important 
considerations in the design process of any 

structural engineering project, especially when 
using strengthening and retrofitting methods. 
So, the optimization technique is a fantastic tool 
for achieving this objective [26-28]. Currently, 
the conceptual and thorough design of 
structural systems is aided using advanced 
computer-aided tools and optimization 
techniques, where optimization achieves the 
best possible outcome under the given 
conditions. This work introduces an 
optimization approach for strengthening RC 
beams using externally bonded (EB) FRP 
composites. The optimization process aims to 
define the design parameters that can lead to 
the most cost-effective structural strengthening 
system using FRP fabrics within the restrictions 
set by ACI-440.2R-17 [23]. The Pattern Search 
Technique (PS) is used to complete the 
optimization function. It is a stochastic direct 
search optimization method that utilizes 
artificial intelligence methodology and 
nonlinear design constraints [28]. The 
objective function formulation includes the cost 
of all parts of the RC beams, i.e., concrete, steel 
bars reinforcement, and FRP material. To 
achieve optimum cost, various optimization 
techniques, such as genetic algorithms, have 
been used in previous studies to design RC 
beams strengthened for flexure and shear with 
FRP composites [26-28]. The present research 
aims to find the optimum design for RC beams 
strengthened with EB-FRP composite to 
maximize performance, maintain dimensional 
accuracy, and minimize costs using the PS 
technique under flexure and shear 
considerations under restrictions of the ACI-
440.2R-17 code [23]. 
2.SOLUTION METHODOLOGY 
This study calculated the minimum cost of an 
RC beam strengthened with EB-FRP materials. 
This cost includes the cost of the concrete, the 
steel reinforcing rebars, and the FRP materials, 
depending on their volume and the local market 
price. An objective function will represent 

https://tj-es.com/
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different parameters using the pattern search 
technique to achieve this goal, depending on the 
following steps: 

1- Building a group of points termed a 
mesh around the specific point can be 
calculated from a previous iteration step 
or the user-supplied initial point to start. 

2- A multiple scalar group of vectors 
known as a pattern is added to the 
present point to create the mesh, which 
is then created by looking through a 
collection of points (the mesh) around 
the current point of parameters for a 
point with a lower objective function 
value. 

3- Once a point with a lower objective 
function value is found, the algorithm 
labels it as the current point. The next 
iteration will use a larger mesh size due 
to the expansion factor. 

4- The iteration is considered unsuccessful 
if the algorithm does not identify a point 
that enhances the objective function. 

5- In the subsequent iteration, the present 
points remain unchanged; however, the 
mesh size decreases because of the 
contraction factor. 

In this regard, the PS method determines which 
places to seek at each iteration by examining a 
set of vectors called a pattern. The pattern is 
specified by the objective function's number of 
independent variables, N, and the positive basis 
set. The maximum basis contains 2N vectors; 
𝑣1 = [1 0 0], 𝑣2 = [0 1 0], 𝑣3 =
[0 0 1], 𝑣4 = [−1 0 0], 𝑣5 = [0 −1 0], 
and 𝑣6 = [0 0 1], and the minimum basis 
contains 𝑁 + 1 vectors 𝑣1 = [1 0 0], 𝑣2 =
[0 1 0], 𝑣3 = [0 0 1]. At each iteration, 
the PS method scans a collection of points 
called a mesh surrounding the present point 
(the point computed in the prior step) for a 
point that enhances the objective function value 
[29-31]. The mesh is formed as follows [32, 33]: 

1- Generate a group of vectors {𝑑𝑖} by 
multiplying each pattern vector 𝑣𝑖 by a 
scalar m, denoted by the mesh size. 

2- Adding the current position to the {𝑑𝑖}. 
The PS algorithm terminates when any of the 
following cases happen [32]: 

1- The size of the mesh is less than the 
tolerance. 

2- Iterations have reached the maximum 
allowed number. 

3- The overall number of estimations of 
objective functions has been reached. 

4- The time restriction has elapsed. 
5- The point identified and the mesh size 

must be within a specified tolerance for 
the two successive iterations to be 
considered close enough. 

6- The changes in the objective function 
and the mesh size after two consecutive 

iterations are smaller than the function 
tolerance. 

2.1.Objective Function 
An objective function is a mathematical 
expression that defines one or more quantities 
that should be minimized or maximized. 
Optimization problems can be classified as 
having a single or several objective functions. 
Generally, distinct aims are incompatible. 
Variables that maximize one objective may be 
suboptimal for another [34]. Multi-objective 
problems could be reduced to single-objective 
problems by constructing a weighted mixture of 
different priorities or considering the objectives 
as constraints [34]. In the present research, the 
PS technique was used to find the optimal 
dimensions for FRP-reinforced beams in the 
cases of shear and bending, aiming to reduce 
the cost without exceeding the restrictions 
imposed by the ACI-440.2R-17 [23]. The 
objective function 𝑓(𝑥) for cost optimization 
(minimization) of a strengthened beam with 
FRP is [20, 28]: 

𝒇(𝒙) = 𝑽𝒄 𝑪𝒄 + 𝑽𝒔𝑪𝒔 + 𝑽𝒇 𝑪𝒇 (1) 

subjected to: 
𝑮𝒊(𝒙) ≤ 𝟎,   𝒊 = 𝟏, 𝟐, 𝟑, … , 𝒑 (2) 

𝑯𝒋(𝒙) ,   𝒋 = 𝟏, 𝟐, 𝟑, … , 𝒎 (3) 

where: 
𝑓(𝑥) is the objective function. 
𝐺𝑖(𝑥) and 𝐻𝑗(𝑥) are the set of inequality and 

inequality constraints, respectively. 
𝑝 and 𝑚 are the number of inequality and 
inequality constraints, respectively. 
𝐶𝑐, 𝐶𝑠, and 𝐶𝑓 are the unit costs of concrete, steel 

rebar reinforcement, and FRP sheets, 
respectively. 
𝑉𝑐 , 𝑉𝑠 , and 𝑉𝑓 are the concrete volume (m3), steel 

rebar reinforcement volume (m3), and FRP 
volume (m3), respectively. 
𝐶𝑐 , 𝐶𝑠, and 𝐶𝑓 are the cost of concrete, steel 

rebar reinforcement, and FRP in dollars, 
respectively. 
2.2.Design Variables 
A study will be conducted to find the minimum 
cost of EB-FRP strengthening of RC beams in 
flexure and shear by examining multiple design 
variables. The design variables include: 
A. For flexural strength, Fig. 1: 

1- 𝑏𝑤 and 𝑑 are the beam cross-section’s 
width and the effective depth, 
respectively. 

2- The reinforcement ratio of the 
conventional steel bar reinforcement 

(𝜌), (𝜌 =
𝐴𝑠

𝑏𝑤 𝑑
). 

3- The width (𝑤𝑓𝑓) and the flexure 

thickness (𝑡𝑓𝑓) represent the cross-

sectional dimensions of FRP 
composites. 

https://tj-es.com/
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Fig. 1 Flexural Design Variables for FRP 

Strengthening System 
B. Shear design variables, Fig. 2: 

1- The spacing between FRP laminates 
(𝑆𝑓𝑠). 

2- The thickness of the FRP laminates 
(𝑡𝑓𝑠). 

 
(a) U-Configuration Wrapping (Three-sided). 

(b) Two-Sided Wrapping. 
Fig. 2 Design Variables for Shear in the FRP 

Strengthening System. 

The objective function volumes can be 
normalized based on design variables: 

𝑽𝒄,𝒇𝒍𝒆𝒙.  = 𝒃𝒘𝒉(𝒅 + 𝒅−) × 𝟏 (4) 

𝑽𝒔,𝒇𝒍𝒆𝒙. = 𝛒𝒃𝒘𝒅 (5) 

𝑽𝒇,𝒇𝒍𝒆𝒙. = 𝑾𝒇𝒇𝒕𝒇𝒇 (6) 

𝑽𝒇,𝒔𝒉𝒆𝒂𝒓 = 𝑾𝒇𝒔𝒕𝒇𝒔 𝑺𝒇𝒔 (7) 

where: 
ℎ is the total depth (𝑚𝑚). 
𝑑 is the total effective depth (𝑚𝑚). 
𝑑−is the concrete cover (𝑚𝑚). 
2.3.Design Constraints 
A set of constraints, such as stress on the 
member, imposes specific values on the 
unknown while eliminating others. Some 
conditions must be met for the plan to be 
practical. For this case, the design constraints is 
based on the ACI-440.2R-17 [23] to ensure that 
the design variables are limited within a robust 
solution while being cost-effective and able to 
withstand applied loads like moments and 
shear forces. 
2.3.1.Design Constraints in Flexure 
The flexural strengthening design constraints 
of an RC beam with FRP laminates are divided 
into geometrical and material properties 
constraints, defined as lower and upper limits 
for each one: 

1- Beam width, 𝑏𝑤. 
2- Effective depth, 𝑑. 
3- Steel reinforcement ratio, 𝜌.  

The limits are represented by 𝜌𝑚𝑖𝑛. and 𝜌𝑚𝑎𝑥. 
according to ACI-318-19 [35]; 

𝝆𝒎𝒊𝒏. = 𝒎𝒂𝒙𝒊𝒎𝒖𝒎 [
𝟏. 𝟒 𝒇𝒚⁄

√𝒇𝒄
′ 𝟒⁄ 𝒇𝒚

 
(8) 

𝝆𝒎𝒂𝒙. = 𝟎. 𝟖𝟓𝒇𝒄
′ 𝜷𝟏(𝟑 𝒇𝒚⁄ ) (9) 

where: 
𝑓𝑐

′ is the concrete compressive strength of a 
standard cylinder at 28 days, MPa. 𝑓𝑦 is the steel 

rebar reinforcement yield strength, MPa. 𝛽1 is 
the ratio of the depth of an equivalent 
rectangular stress block to the depth of the 
neutral axis of the RC beam and can be 
calculated as follows [35]: 

𝜷𝟏 = [
𝟎. 𝟖𝟓 𝒇𝒐𝒓 𝒇𝒄

′ ≤ 𝟐𝟖 𝑴𝑷𝒂

𝟎. 𝟖𝟓 −   𝟎. 𝟎𝟓 𝟕⁄ (𝒇𝒄
′ −  𝟐𝟖)𝒇𝒐𝒓 𝒇𝒄

′ > 𝟐𝟖 𝑴𝑷𝒂
  (10) 

FRP laminates limitations, width, 𝑊𝑓𝑓 and 

thickness, 𝑡𝑓𝑓, follow the manufacturer’s 

worksheet. The upper width of the FRP 
laminate is equal to the beam width 𝑏𝑤. While 
the upper limit of the thickness takes four layers 
of FRP laminates [20, 21, 36]. 
2.3.2.Flexure Strength Considerations 
In the strength design approach, the design 
flexural strength 𝜑𝑀𝑛 of a member exceeds its 
required moment strength 𝑀𝑢, which is 
indicated as: 

𝝋𝑴𝒏 ≥ 𝑴𝒖 (11) 
The flexural strength is reported based on the 
classical design principles for reinforced 
concrete as indicated in the specifications of 
ACI-440.2R-17 [23] and ACI-318-19 [35], as 
well as the contribution of the FRP 
strengthening [37]. Then, the design strength 
will be as follows: 

𝝋𝑴𝒏 = 𝝋[𝑴𝒏𝒔 + 𝝍𝒇𝑴𝒏𝒇] (12) 

𝑴𝒏𝒔 = 𝑨𝒔𝒇𝒔[𝒅 − 𝜷𝟏𝒄 𝟐⁄ ] (13) 

𝑴𝒏𝒇 = 𝑨𝒇𝒇𝒇𝒆[𝒅𝒇 − 𝜷𝟏𝒄 𝟐⁄ ] (14) 

where 
𝜑 is the reduction factor of strength, 0.9. The 
ACI-318-19 [35] Code defines members that 
meet tensile strain (𝜀𝑡) > 0.5 as tension-
controlled. The corresponding strength 
reduction factor is ϕ = 0.9. 
𝑀𝑛is the nominal moment strength (N.mm). 
𝑀𝑢 is the factored moment (N.mm). 
𝜓𝑓 is the reduction factor of FRP strength, 0.85. 

𝑀𝑛𝑠 is the conventional steel reinforcement 
impact on the nominal flexural strength 
(N.mm). 
𝑀𝑛𝑓 is FRP laminates’ impact on the nominal 

flexural strength (N.mm). 
𝐴𝑠 is the conventional steel reinforcement 
area, 𝐴𝑠 = 𝜌 𝑏𝑤  𝑑, mm2. 
𝑓𝑠 is the conventional steel reinforcement 
strength (MPa), where 𝑓𝑠 = 𝑓𝑦 (steel yielding is 

followed by concrete crushing). 
𝑓𝑦 is the conventional steel reinforcement 

yielding strength, MPa. 
𝒄 = (𝑨𝒔𝒇𝒔 + 𝑨𝒇𝒇𝒇𝒆) (𝟎. 𝟖𝟓𝒇𝒄

′ 𝜷𝟏𝒃𝒘)⁄  (15) 

𝑨𝒇 = 𝒏𝒕𝒇𝒇𝑾𝒇𝒇 (16) 

https://tj-es.com/
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𝒇𝒇𝒆 = 𝑬𝒇𝜺𝒇𝒅 (17) 

where 
𝑛 is the number of FRP plies in flexure. 
𝐸𝑓  is the tensile elastic modulus of FRP (MPa). 

𝑑𝑓 is the effective depth of FRP of flexural 

reinforcement (𝑚𝑚). 

𝜺𝒇𝒅 = 𝟎. 𝟒𝟏√𝒇𝒄
′ 𝒏𝑬𝒇𝒕𝒇𝒇⁄ ≤ 𝟎. 𝟗𝜺𝒇𝒖 (18) 

where 𝜀𝑓𝑑 is the debonding strain of EB-FRP 

laminates (mm mm⁄ ). 
𝜺𝒇𝒖 = 𝑪𝑬𝜺𝒇𝒖

∗   (19) 

where 𝜀𝑓𝑢 is the mean rupture strain of EB-FRP 

laminates (mm mm⁄ ). 
𝐶𝐸 is the environmental reduction factor, 0.95. 
𝜀𝑓𝑢

∗  is the ultimate rupture strength of FRP 

laminates (mm mm⁄ ). 
2.3.3.Design Constraints in Shear 
The shear strengthening design constraints of 
an RC beam with FRP laminates are defined as: 

1- Lower and upper limits of FRP laminate 
thickness, 𝑡𝑓 (Fig. 2). 

2- Lower and upper limits of FRP 
laminates spacing, 𝑆𝑓  (Fig. 2). 

3- FRP effective strain, 𝜀𝑓𝑒. 

4- Steel reinforcement limit, 𝜌. 
The effective strain, 𝜀𝑓𝑒, in the FRP material is 

the maximum value that can be developed and 
is governed by the failure mode of the FRP 
fabrics and the strengthened RC section [23]. In 
U-shape and two-sided shape configurations, 
the FRP system is de-laminated from the 
surface of the concrete before the aggregate 
interlock loss of the section, eliminating any 
concrete impact on the shear strength. 
Therefore, the bond stress becomes critical in 
locating the FRP laminate effective strain, 𝜀𝑓𝑒 

[23, 37, 38]. The effective stain, 𝜀𝑓𝑒, is computed 

using a bond-reduction coefficient 𝑘𝑣, as given 
by Eq. (20): 

𝜺𝒇𝒆 = 𝒌𝒗𝜺𝒇𝒖 ≤ 𝟎. 𝟎𝟎𝟒 (20) 

𝒌𝒗 =
𝒌𝟏𝒌𝟐𝑳𝒆

𝟏𝟏𝟗𝟎𝟎𝜺𝒇𝒖
≤ 𝟎. 𝟕𝟓  (21) 

𝒌𝟏 = (
𝒇𝒄

′

𝟐𝟕
)

𝟐 𝟑⁄

  (22) 

𝒌𝟐 = [

𝒅𝒇𝒗−𝑳𝒆

𝒅𝒇𝒗
  𝐟𝐨𝐫 𝐔 − 𝐰𝐚𝐫𝐩𝐬 𝐭𝐲𝐩𝐞

𝒅𝒇𝒗−𝟐𝑳𝒆

𝒅𝒇𝒗
  𝐟𝐨𝐫 𝟐 − 𝐬𝐢𝐝𝐞𝐬 𝐰𝐚𝐫𝐩𝐬 𝐭𝐲𝐩𝐞

  
(23) 

𝑳𝒆 =
𝟐𝟑𝟑𝟎𝟎

(𝒏𝒇𝒕𝒇𝑬𝒇)
𝟎.𝟓𝟖  (24) 

where, 
𝜀𝑓𝑢 is the design rupture strain of FRP 

laminates (mm mm⁄ ) according to ACI-440.2R-
17 [23], 
𝑛𝑓 is the number of FRP plies for shear 

strengthening, 
𝑡𝑓 is the thickness of FRP laminate for shear 

strengthening (mm) 
𝐸𝑓  is FRP modulus of elasticity (MPa) 

𝑑𝑓𝑣 is the FRP effective depth for shear 

strengthening (mm) 

𝐿𝑒 is the FRP laminates’ active bond length 
(mm). 
The reinforcement limit is determined by the 
contribution of steel reinforcement stirrups and 
FRP laminates. This contribution is always 
constrained by diagonal compression shear 
failure in the beam web, regardless of the 
quantity of shear reinforcement supplied [38]. 
The limits for total shear reinforcement are 
prescribed by Eq. (25) [23, 37, 39]: 

𝑽𝒔 + 𝑽𝒇 ≤ 𝟎. 𝟔𝟔√𝒇𝒄
′ 𝒃𝒘𝒅  (25) 

where 𝑉𝑠 is the nominal shear strength provided 
by conventional steel bar reinforcement (N). 
𝑉𝑓 is the nominal shear strength provided by 

EB-FRP fabrics (N). 
2.3.4.Shear Strength Considerations 
The shear strength of an RC beam is increased 
by applying FRP laminates on the external side 
surfaces of the beam to be strengthened with 
different configurations, including completely 
warped, U-warp, and two-sided warp [36, 37]. 
In the present study, the U-shape and two-side 
shape were used as the warping configuration 
(Fig. 2). The design shear strength of an RC 
concrete beam should exceed the required 
shear strength [35]: 

𝝋𝑽𝒏 ≥ 𝑽𝒖 (26) 
The nominal shear strength of an RC beam 
strengthened with EB-FRP laminates is a 
summation of the contribution of EB-FRP 
laminates, the reinforcing steel stirrups, and 
concrete: 

𝝋𝑽𝒏 = 𝝋(𝑽𝒄 + 𝑽𝒔 + 𝝍𝒇𝑽𝒇) (27) 

where 
𝜑 is the strength reduction factor and is 
considered to be 0.85 [35]  
𝑉𝑢 is the required shear strength (N). 
𝑉𝑐, 𝑉𝑠, and 𝑉𝑓 are the nominal shear strength of 

concrete, conventional steel bar reinforcement, 
and EB-FRP laminates, respectively (N). 
𝜓𝑓 is the reduction factor applied to the shear 

contribution of the FRP reinforcement, 0.85 for 
U-warp and two-opposite-sides configurations 
[23]. 

𝑽𝒇 = 𝑨𝒇𝒗𝒇𝒇𝒆(𝐜𝐨𝐬 𝜶 + 𝐬𝐢𝐧 𝜶)𝒅𝒇 𝒔𝒇⁄  (28) 

𝑨𝒇𝒗 = 𝟐𝒏𝒇𝒕𝒇𝒘𝒇 (29) 

𝒇𝒇𝒆 = 𝜺𝒇𝒆𝑬𝒇 (30) 

where 
𝐴𝑓𝑣 is the FRP shear reinforcement area with 

spacing 𝑠, (mm2). 
𝑓𝑓𝑒 is the FRP effective stress at section failure 

(MPa). 
𝛼 is the FRP reinforcement application 
direction relative to the longitudinal axis of the 
beam; in this study, it is 90𝑜. 
𝑑𝑓𝑣 is the effective depth of FRP reinforcement 

(mm). 
𝑠𝑓  is the FRP reinforcement spacing, center-to-

center (mm). 
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3.APPLICATIONS OF PATTERN 
SEARCH (PS) TECHNIQUE 
Two examples, the first for flexural and the 
second for shear separately, have been provided 
to verify Pattern Search (PS) processing on the 
RC beams strengthened with EB-FRP 
laminates. Due to the newness of the 
technology and limited manufacturers, 
estimating the costs is not easy. Prices depend 
on the markets and how things are developed, 
which differ from one location to another [36]. 
Table 1 shows the cost of each item. According 
to the manufacturer datasheet, Table 2 displays 
the mechanical characteristics of the FRP 
laminates. 
Table 1 Cost of Beam Items. 

Item Cost in dollars 
($/m³) 

𝐶𝑐, Concrete 40 
𝐶𝑠, Conventional Steel bar 
reinforcement 

5887.5 

𝐶𝑓, 𝐸𝑓 = 170000 𝑀𝑃𝑎, FRP 29166.67 

Table 2 FRP Mechanical Characteristics. 
Properties Value 

𝑡𝑓𝑓, Ply thickness 1.2mm – 2.64mm 

𝑓𝑓𝑢
∗ , Ultimate tensile strength 3100MPa 

𝜀𝑓𝑢
∗ , Rupture strain 0.019 mm mm⁄  

𝐸𝑓, Elastic modulus 170000MPa 

3.1.Example of Flexure 
Figure 1 shows that a simply supported beam 
was chosen to check the validation of the PS 
approach modeling to seek the optimum 
(minimum) cost of using the FRP laminates to 
strengthen the beam in flexure. Table 3 
summarizes the material properties and 
applied loading. 
Table 3 Material Characteristics and Applied 
Loading. 

Properties Value 

𝑓𝑐
′, Compressive strength of concrete 

at 28 days 
34.5MPa 

𝑓𝑦, Yield strength of conventional 

steel bar reinforcement 

414MPa 

𝑀𝑢, Ultimate moment capacity 304kN.m 

Table 4 illustrates the lower and upper bounds 
for the design restrictions. 
Table 4 Design Restriction in Flexure. 

Properties Lower 
limit 

Upper limit 

𝑡𝑓𝑓, FRP laminate 

thickness 

1.2 mm 10.4𝑚𝑚
=  2.64 × 4 

𝑤𝑓𝑓, FRP laminate 

width 

50 mm 300 mm (𝑏𝑤) 

𝑏𝑤, Beam width 200 mm 300 mm 

𝑑, Beam effective 
depth 

250 mm 450 mm 

𝜌, Conventional Steel 
bar reinforcement 
ratio 

𝜌𝑚𝑖𝑛. 𝜌𝑚𝑎𝑥. 

Figure 3 clarifies that the solution needs four 
iterations to achieve the optimum design, 
where, after the third iteration, the solution 
remains mostly unchanged until it reaches the 
fourth iteration. In Fig. 4, it can be seen that the 
constraint violations reached zero by the 

second iteration, and the optimal solution is 
confirmed by the fourth iteration. 

Fig. 3 Iteration Number Versus Cost Function 
in Flexural Design. 

 
Fig. 4 Iterations Numbers Versus Max 

Constraints Violation in Flexural Design. 

The same example has been solved according to 
the ACI 318-19 code to find the design cost and 
compare it to the results of the PS algorithm. 
The design variables were the effective section 
depth and the conventional steel reinforcement 
ratio. As shown in Table 5 and Fig. 5, the PS 
solution illustrated the best solution, giving the 
minimum FRP laminate thickness, 𝑡𝑓𝑓, of 1.2 

mm. The cost of the ACI solution procedures for 
design was considerably higher than the PS 
cost, even when beam dimensions were close to 
optimal values, as shown in Fig. 5. For instance, 
the ACI (1) solution resulted in a cost function 
of 42.55 ($/m3), which was 2.35 times higher 
than the PS cost, highlighting the effectiveness 
of the PS method in achieving the best design 
for FRP materials. It is worth noting that the 
optimum values that depend on the discrete 
values of the design variables that the local 
market can supply will not achieve an optimum 
solution or nearly one. So, choosing the 
continuous solution to represent these design 
variables will be preferred over the discrete 
solution since it can represent the exact 
optimum value or the one nearest to it. 
Therefore, after getting the optimum solution, 
the values were rounded to the closest practical 
values available in the local market. 
3.2.Example of Shear 
A T-section beam was selected to verify the 
validation of the PS simulation to seek the 
optimum design of using the FRP laminates to 
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strengthen the beam in shear. The present 
example was adopted in [23, 37]. The live load 
of a building has been increased abruptly; 
therefore, the shear strength of a T-beam within 
this building was inadequate to resist the 
increased load, while the flexural strength was 
adequate. Table 6 summarizes the material 
properties and applied loading contributions. 
Table 7 defines the design constraints 
depending on shear simulation. The PS 
approach simulated U-wrapping and two-sided 
techniques to investigate the optimum solution 

of RC beam for shear design. The three-sided 
and two-sided techniques have been solved; see 
Fig. 6. A pattern search algorithm achieved the 
optimum design through five iterations for U-
wrapping and two-sided techniques. The 
objective function was converged to the 
minimum value as indicated in Fig. 7. Figure 8 
depicts the constraint violations through 
iteration number approach zero at the second 
iteration and confirms the optimum solution at 
the fifth iteration for both cases. 

Table 5 Optimum Design in Flexure. 

Solution Procedure 𝒃𝒘 (𝐦𝐦) 𝒅 (𝐦𝐦) 𝝆 𝒘𝒇𝒇 (𝐦𝐦) 𝒕𝒇𝒇 (𝐦𝐦) Cost Function 

ACI(1) 200 400 0.024 90.49 10.37 42.55 
ACI(2) 275 350 0.024 138.29 3.75 33.23 
ACI(3) 300 390 0.021 50.00 1.20 21.62 
PS 205.42 449.98 0.022 54.65 1.23 18.11 
ACI(4) 250 440 0.020 50.00 1.20 19.43 
ACI(5) 275 380 0.024 50.00 1.20 21.60 
ACI(6) 200 340 0.024 274.13 9.73 90.76 

 
Fig. 5 Solution Procedures Versus Cost Function – Flexural Design. 

Table 6 Data of Shear Example. 

Properties Value 

𝑓𝑐
′, Compressive strength of concrete at 28 days 21MPa 

𝑉𝑢𝑑, Ultimate required shear load 253.3kN 
𝑉𝑐, Nominal shear strength of concrete 196.6kN 
𝑉𝑠, Nominal shear strength of steel reinforcement 87.2kN 
𝑑, Beam effective depth 559mm 

𝑑𝑓𝑣, FRP effective depth 406mm 
Length of the FRP strip 1778mm 
𝑤𝑓, Width of the FRP strip 254mm 

Table 7 Design Constraints for Shear. 

Properties Lower limit Upper limit 

𝑡𝑓, Thickness of FRP laminate  0.1mm 2.64 × 4 = 10.4𝑚𝑚 
𝑆𝑓, Spacing of FRP laminates  10mm 1220mm 

 

  
(a) Three-Sided Configuration. (b) Two-Sided Configuration. 

Fig. 6 Wrapping Configurations for Shear Example. 
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(a) U-Wrapping Technique. (b) Two-Sided Technique. 

Fig. 7 Cost Function Scaling Through Iterations for Shear Design. 

  
(a) U-Wrapping Technique. (b) Two-Sided Technique. 

Fig. 8 Max. Constraints Violation Through Iterations for Shear Design. 

Again, the PS technique presented the least cost 
compared to ACI 318-19 code solutions for both 
cases. Table 8 and Fig. 9 demonstrate 
significant differences in the total design 
section costs. The cost function of the two-sided 
technique was about 12% lower than the three-

sided technique due to the difference in the 
setup of the FRP sheets (as shown in Fig. 6). In 
turn, the U-wrapping shape provided a 
thickness of 0.137 mm, while the two-sided 
technique provided 0.191 mm to compensate 
for the difference in wrapping layout. 

Table 8 Optimum Solution for RC Beam in Shear Design. 
Solution 
procedure 

𝒕𝒇 (𝐦𝐦) 𝑺𝒇 (𝐦𝐦) Cost Function 

U-wrap. two-sided U-wrap. two-sided U-wrap. two-sided 
ACI(1) 0.137 0.200 100 250 12.94 4.812 
ACI(2) 0.237 0.100 400 150 5.6 4.01 
ACI(3) 0.137 0.211 250 320 5.176 4 
PS 0.137 0.191 301.268 300.808 4.3 3.818 
ACI(4) 0.154 0.244 320 350 4.532 4.2 
ACI(5) 0.182 0.306 350 400 5 4.6 
ACI(6) 0.137 0.100 150 100 8.63 6 

 
Fig. 9 Cost Function Versus Different Solution Procedures – Shear Design. 
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Figure 9 indicates that the PS technique 
provided the optimum design compared to the 
results of the ACI solution procedures for both 
shear configurations. In practice, the two-sided 
wrapping arrangement was less efficient than 
completely wrapping and U-wrapping in 
enhancing the shear strength of a beam due to 
the weakness of end anchoring in compression 
and tension zones [14]. 
3.3.RC Beam Strengthened with FRP 
Sheets under Coupled Shear and 
Flexure Considerations 
The design approach of FRP materials for the 
flexural and shear strengthening of RC beams 
can be achieved by an optimization strategy of 
the FRP material sizes that must satisfy the 
restrictions recommended by the guidelines, 
such as ACI-440.2R-17 [23], to ensure the 
efficiency and safety of the method [20]. 
However, the following examples highlight the 
optimum design of the flexural or shear 
strengthening techniques together. However, 
the failure mode of the beam will change due to 
shear and flexural performance. So, coupled 
shear-flexural strengthening may resist the 
precocious failure mode due to the FRP strips. 
Also, in shear or flexure phases, it will be 
handled in addition to improving the strength 
capacity and ductility of the beam [12, 13]. 
Therefore, this section presents the PS 
technique for the combined flexural-shear 
strengthening of RC beams with FRP materials. 
3.3.1.Example of Coupled Shear-
Flexural 
The previous examples have been combined to 
seek the optimum solution using the pattern 
search (PS) optimization procedure, 
considering all the previous constraints for the 
same RC beam under shear and flexure loads. 
Table 9 illustrates the material properties and 
applied loads. 
Table 9 Data of Coupled Shear-Flexural 
Example 

Properties Value 

𝑓𝑐
′, Compressive strength of concrete at 28 

days 
21MPa 

𝑓𝑦, Yield strength of conventional steel bar 

reinforcement 

414MPa 

𝑀𝑢, Ultimate required moment 304kN.m 
𝑉𝑢𝑑, Ultimate required shear load 253.3kN 
𝑉𝑐, Nominal shear strength of concrete 196.6kN 
𝑉𝑠, Nominal shear strength of steel 
reinforcement  

87.2kN 

For shear, U-wrapping and two-sided 
configurations were considered independently 
and coupled with flexure to investigate the 
optimum designs and compare the outcomes. 
The optimum design was achieved through four 
iterations for both cases, Fig. 10, where the 
objective function converged to the minimum 
value, and the maximum constraints were close 
to zero, as shown in Fig. 11. The PS technique 
also provided a minimum cost function 
compared to the ACI 318-19 solution procedure 

for combined cases for both cases of 
combination, as shown in Fig. 12, Tables 10 and 
11. 

 
Fig. 10 Cost Function Versus Iterations for 

Coupled Case. 

 
Fig. 11 Iterations Number Versus Max. 
Constraints Violation for Coupled Case. 

 
Fig. 12 Cost Function Versus Different 
Solution Procedures – Combined Case. 

Tables 10 and 11 depict that the PS provided the 
minimum cost. However, the beam cross-
section dimensions were not the minimum 
values (260.746 𝑚𝑚 × 449.844 𝑚𝑚), meaning 
the main factors affecting the cost were the FRP 
properties, 𝑾𝒇𝒇, 𝒕𝒇𝒇, and 𝒕𝒇, which are directly 

proportional to the cost. In turn, the cost 
increased when the spacing between FRP 
strips, 𝑺𝒇, decreased (Fig. 13). The U-wrapping 

technique provided a higher cost than two-
sided bonding; however, it is preferred from the 
structural point of view [14], where the U-
wrapping required more thickness in flexure 
compared to two-sided bonding (Fig. 13). 
Besides, U-wrapping needed lower thickness in 
shear strengthening than two-sided bonding. 
On the other hand, other FRP properties 
recorded unnoticeable differences (𝑊𝑓𝑓 and 𝑆𝑓) 

(Fig. 13). 

https://tj-es.com/


 

 

Noor Mohammed Sheet, Baraa J. M. AL-Eliwi, Rabi M. Najem / Tikrit Journal of Engineering Sciences 2025; 32(1): 1406. 

Tikrit Journal of Engineering Sciences │Volume 32│No. 1│2025  10 Page 

Table 10 Optimum Design for Coupled Case – U-wrapping. 

Solution 
procedure 

Flexure Shear 
Cost 
function 

𝒃𝒘 
(mm) 

𝒅  
(mm) 

𝝆 
𝑾𝒇𝒇  

(mm) 

𝒕𝒇𝒇 

(mm) 

𝑺𝒇 

(mm) 

𝒕𝒇 

(mm) 
ACI(1) 275 350 0.024 85.761 8.681 103.818 2.276 83.02 
ACI(2) 200 400 0.024 98.625 8.745 102.864 1.639 72.69 
ACI(3) 250 440 0.0181 50.152 1.201 127.048 1.225 41.823 
PS 260.746 449.844 0.0161 50.089 1.659 137.315 1.200 40.827 
ACI(4) 200 440 0.0225 50.578 1.200 114.815 1.200 42.183 
ACI(5) 300 400 0.0184 51.420 1.200 115.184 1.201 44.622 
ACI(6) 250 315 0.0175 298.00 9.847 100.007 4.116 167 

Table 11 Optimum Design for Coupled Case – Two-Sided. 

Solution 
procedure 

Flexure Shear 
Cost 
function 

𝒃𝒘 
(mm) 

𝒅  
(mm) 

𝝆 
𝑾𝒇𝒇  

(mm) 

𝒕𝒇𝒇 

(mm) 

𝑺𝒇 

(mm) 

𝒕𝒇 

(mm) 
ACI(1) 275 350 0.024 85.152 8.805 100.027 2.449 68.57 
ACI(2) 200 400 0.024 170.851 2.940 100.467 1.804 55.82 
ACI(3) 250 440 0.0181 50.007 1.201 116.850 1.200 35.862 
PS 294.775 435.643 0.0153 50.475 1.201 139.333 1.348 35.275 
ACI(4) 300 400 0.0184 51.410 1.202 105.590 1.203 37 
ACI(5) 200 440 0.0239 50.055 1.200 101.561 1.200 38.137 
ACI(6) 250 315 0.024 249.723 9.001 100.518 4.727 125.72 

 
Fig. 13 Solution Procedures Versus FRP Properties. 

4.A PARAMETRIC STUDY USING THE 
PS TECHNIQUE 
In earlier sections, different samples were 
solved to calibrate the adequacy of the PS 
technique under considerations of shear and 
flexure separately and with the combined case. 
However, a parametric study could be 
conducted to apply the PS technique to 
optimize the cost of the experimental results. 
This parametric study seeks to check if it is 
possible to minimize the cost of the 
strengthening work using FRP plates with 
fewer quantities under the same loading 
conditions. This goal could be achieved by 

increasing the spacing between FRP plates and 
reducing the thickness of the used FRP plates. 
4.1.Parametric Study Constraints 
For this parametric study, only the FRP 
constraints were considered to meet the 
boundary conditions of the experimental data. 
The cost of the tested specimens was computed 
using the objective function (Eq. (1)) and 
compared to the PS results. Table 12 displays 
the database of previous works. The database of 
the parametric study included RC beams of 
various dimensions, reinforcement ratios, and 
FRP configurations. The beam specimens of the 
database failed in shear or flexure, as reported 
in Table 12.  
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Table 12 Database Details of the Parametric Study. 

Symbol 

Experimental PS technique 

𝑪𝒐𝒔𝒕𝑷𝑺

𝑪𝒐𝒔𝒕𝑬𝒙𝒑.
  Flexure Shear 

𝒄𝒐𝒔𝒕𝒆𝒙𝒑. 

$ 𝒎⁄ /𝒎³ 

Flexure Shear 
𝑪𝒐𝒔𝒕𝑷𝑺 

$ 𝒎⁄ /𝒎³ 𝑾𝒇𝒇 

(mm) 

𝒕𝒇𝒇 

(mm) 
Warp 

   𝒕𝒇  

(mm) 

    𝑺𝒇 

(mm) 

  𝑾𝒇𝒇 

(mm) 

   𝒕𝒇𝒇 

(mm) 

    𝒕𝒇  

(mm) 

   𝑺𝒇  

(mm) 

Mofidi and Chaallal [24] 

S00.12R \ \ U 0.11 115 0.848 \ \ 0.1633 216 0.67 0.79 
S0-0.17R1 \ \ U 0.22 175 2.438 \ \ 0.2233 241 1.8 0.74 
S0-0.20R2 \ \ U 0.11 50 1.46 \ \ 0.1597 82 1.285 0.88 

Abdel Hafez [40] 

B-2 \ \ U 0.12 120 0.63 \ \ 0.1 120 0.525 0.83 
B-5 \ \ U 0.12 60 1.05 \ \ 0.1617 83 1.021 0.97 
B-8 \ \ U 0.12 180 0.7 \ \ 0.1456 265 0.57 0.83 

Belarbi et al. [41] 

RC-8-S90-NA \ \ U 0.16 381 3.178 \ \ 0.1234 411 2.2 0.69 
RC-8-S90-DMA \ \ U 0.165 381 3.178 \ \ 0.1459 394 2.72 0.85 
RC-12-S90-HS-PC \ \ U 0.165 381 3.178 \ \ 0.1015 293 2.541 0.8 

Alzate et al. [42] 

U90S5-a (L) \ \ U 0.293 500 4.56 \ \ 0.1421 254 4.354 0.95 
U90S5-b (L) \ \ U 0.293 500 4.56 \ \ 0.1456 308 3.68 0.81 

Bae S-WS-W and Belarbi A (2013) [34] 

S-Str \ \ U 0.165 229 1.5 \ \ 0.1002 163 1.27 0.85 
L-Str \ \ U 0.165 381 5.742 \ \ 0.144 404 4.72 0.82 

Triantafillou and Plevris [43] 

B4 63.2 0.65 \ \ \ 1.78 144.090 0.167 \ \ 1.287 0.72 
B5 63.2 0.65 \ \ \ 1.78 117.681 0.250 \ \ 1.445 0.81 
B6 63.3 0.9 \ \ \ 2.25 165.217 0.210 \ \ 1.6 0.71 
B7 63.3 0.9 \ \ \ 2.25 135.689 0.312 \ \ 1.82 0.81 

Altin et al. [44] 

Specimen 2 \ \ U 0.12 125 0.966 \ \ 0.1116 129 0.867 0.9 
Specimen 3 \ \ U 0.12 150 0.81 \ \ 0.1097 166 0.66 0.83 

Rahimi and Hutchinson [45] 

A6 150 7.2 \ \ \ 33.62 104.755 8.736 \ \ 28.8 0.85 
A8 150 3.2 \ \ \ 16.12 160.037 2.368 \ \ 13.17 0.82 
A10 150 3.2 \ \ \ 16.12 134.696 3.342 \ \ 15.25 0.94 
A11 150 3.2 \ \ \ 16.12 166.630 2.184 \ \ 12.7 0.79 
B3 150 0.8 \ \ \ 5.62 289.786 0.288 \ \ 4.55 0.81 
B4 150 0.8 \ \ \ 5.62 282.618 0.303 \ \ 4.6 0.82 

Quantrill et al. [46] 

B2 80 1.2 \ \ \ 3.7 125.312 0.694 \ \ 3.4 0.93 
B3 30 1.2 \ \ \ 2 50 0.689 \ \ 1.9 0.98 
B4 60 1.6 \ \ \ 3.7 126.478 0.689 \ \ 3.44 0.93 
B6 80 1.2 \ \ \ 3.7 256.354 0.289 \ \ 3.06 0.83 
A1b 80 1.2 \ \ \ 3.7 92.657 0.910 \ \ 3.35 0.91 
A1c 80 1.2 \ \ \ 3.7 92.607 0.911 \ \ 3.36 0.91 
A2b 80 1.2 \ \ \ 3.7 157.872 0.546 \ \ 3.41 0.93 
A2c 80 1.2 \ \ \ 3.7 156.73 0.554 \ \ 3.43 0.93 

4.2.Parametric Study Outcomes 
The main goal of this parametric study is to 
apply the PS approach to check if the cost of 
strengthening configurations made of FRP 
materials may be reduced. Equation (1) was 
used to determine the cost of each specimen 
and compared it to that calculated using the PS 
method. According to the study, adjusting the 
thicknesses of the strips, spacing between 
strips, and width of the strips for shear and 
flexure failure modes in tested beam conditions 
could reduce the cost of the strengthening, as 
demonstrated in Table 12. For instance, Mofidi 
and Chaallal [24] tested specimen S00.12R 
under shear consideration using an FRP strip 
that had a thickness (tf) of 0.11 mm and a 
spacing (Sf) between strips of 115 mm. The 
original cost function was 0.848 $/m/m3. 

However, after applying the PS technique to 
optimize the specimen, the cost of the strips 
decreased to 0.67 $/m/m3, resulting in an 18% 
cost savings. They accomplished this reduction 
by increasing the thickness to 0.163 mm and the 
distance between strips to 216 mm. As a result, 
the PS results demonstrated that changing the 
thickness, width, and spacing between the FRP 
elements effectively reduced costs. 
5.SUMMARY AND CONCLUSIONS 
EB-FRP composites were used to reinforce or 
retrofit beams, which enhanced shear and 
flexure strengths. The optimization strategy is 
to minimize the costs of strengthening, which 
can be high due to the expensive FRP material. 
The effectiveness of the PS technique was 
demonstrated by the simulation of several RC 
beams that failed under shear, flexure, and 
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coupled shear-flexure. Additionally, a 
parametric study was conducted to compare the 
cost of the tested beams and check the 
possibility of minimizing the costs of the 
strengthening process using the PS technique. 
The following conclusions can be drawn: 

1- The PS technique yielded better 
outcomes (lower costs) than the costs of 
the specimens solved according to the 
ACI 318-19 code for the same 
conditions. 

2- The strengthening in shear was 
accomplished using U-wrapping (three-
sided) and two-sided wrapping 
configurations. Because of the 
differences in the FRP sheet 
arrangement, the two-sided approach 
had a cost function approximately 12% 
lower than the three-sided technique. 
However, in practice, U-warping proved 
superior to two-sided design 
configuration due to the weakness of 
end anchoring in compression and 
tension zones for two-sided 
configuration. 

3- The coupled shear-flexural case was also 
solved. Based on the results, it was 
found that using the PS approach was 
more effective in achieving the optimum 
cost for the beams compared to those 
designed in accordance with the ACI 
318-19 code and under identical 
conditions. 

4- A parametric study was performed 
based on a database of beams compiled 
from previous works. The results 
indicated the ability to reduce the costs 
of these beams under identical 
conditions using the PS approach by 
calibrating the dimensions of the FRP 
composites. 

ACKNOWLEDGEMENTS 
The authors express gratitude to the 
Department of Civil Engineering – College of 
Engineering – University of Mosul for 
unlimited support during this research project. 

REFERENCES 
[1] Godat A, Chaallal O. Strut-and-Tie 

Method for Externally Bonded FRP 
Shear-Strengthened Large-Scale RC 
Beams. Composite Structures 2013; 
99:327-338. 

[2] Al-Zaid RZ, Al-Negheimish AI, Al-
Saawani MA, El-Sayed AK. Analytical 
Study on RC Beams Strengthened 
for Flexure with Externally Bonded 
FRP Reinforcement. Composites Part 
B: Engineering 2012; 43(2):129-141. 

[3] Abdulrahman MB, Salih SA, Abduljabbar 
RJ. The Assessment of Using CFRP to 
Enhance the Behavior of High 
Strength Reinforced Concrete 

Corbels. Tikrit Journal of Engineering 
Sciences 2021; 28(1):71-83. 

[4] Bedewi A, Yahia YI, Abdulla AI. 
Structural Behavior of Hollow Beam 
Reinforced with Different Types of 
GFRP Stirrups. Tikrit Journal of 
Engineering Sciences 2023; 30(1):72-83. 

[5] Sheet NM, AL-Eliwi BJ, Najem RM, Hasan 
WM. The Optimum Design of RC 
Beams Strengthened with FRP 
Materials: A Review. AL-Rafidain 
Engineering Journal 2023;28(2): 18-32. 

[6] Kar S, Pandit AR, Biswal K. Prediction 
of FRP Shear Contribution for 
Wrapped Shear Deficient RC Beams 
Using Adaptive Neuro-Fuzzy 
Inference System (ANFIS). Structures 
2020; 23:702-717. 

[7] AlAli SS, Abdulrahman MB, Tayeh BA. 
Response of Reinforced Concrete 
Tapered Beams Strengthened Using 
NSM-CFRP Laminates. Tikrit Journal 
of Engineering Sciences 2022; 29(1):99-
110. 

[8] Salih YA, Al-Salman HA, Jomaa’h MM, 
Abdulla AI. Flexural Behavior of 
Reinforced Concrete Voided Slabs 
Strengthened with Different Types 
of FRP: State-of-the-Art Review. 
Tikrit Journal of Engineering Sciences 
2023; 30(3):124-139. 

[9] Amran YM, Alyousef R, Rashid RS, 
Alabduljabbar H, Hung C-C. Properties 
and Applications of FRP in 
Strengthening RC Structures: A 
Review. Structures 2018. pp. 208-238. 

[10] Naser M, Hawileh R, Abdalla J. Fiber-
Reinforced Polymer Composites in 
Strengthening Reinforced Concrete 
Structures: A Critical Review. 
Engineering Structures 2019; 198: 
109542, (1-90). 

[11] Tais A, Abdulrahman M. Improving the 
Torsional Strength of Reinforced 
Concrete Hollow Beams 
Strengthened with Externally 
Bonded Reinforcement CFRP Stripe 
Subjected to Monotonic and 
Repeated Loads. Information Sciences 
Letters 2023; 12(1):427-441. 

[12] Dong J, Wang Q, Guan Z. Structural 
Behaviour of RC Beams with 
External Flexural and Flexural–
Shear Strengthening by FRP Sheets. 
Composites Part B: Engineering 2013; 
44(1):604-612. 

[13] Al-Amery R, Al-Mahaidi R. Coupled 
Flexural–Shear Retrofitting of RC 
Beams Using CFRP Straps. Composite 
Structures 2006; 75(1-4):457-464. 

[14] Kotynia R, Oller E, Marí A, Kaszubska M. 
Efficiency of Shear Strengthening of 
RC Beams with Externally Bonded 

https://tj-es.com/


 

 

Noor Mohammed Sheet, Baraa J. M. AL-Eliwi, Rabi M. Najem / Tikrit Journal of Engineering Sciences 2025; 32(1): 1406. 

Tikrit Journal of Engineering Sciences │Volume 32│No. 1│2025  13 Page 

FRP Materials–State-of-the-Art in 
the Experimental Tests. Composite 
Structures 2021; 267:113891, (1-83). 

[15] Rafi MM, Nadjai A, Ali F, Talamona D. 
Aspects of Behaviour of CFRP 
Reinforced Concrete Beams in 
Bending. Construction and Building 
Materials 2008; 22(3):277-285. 

[16] Zhang Z, Hsu CTT. Shear 
Strengthening of Reinforced 
Concrete Beams Using Carbon-
Fiber-Reinforced Polymer 
Laminates. Journal of Composites for 
Construction 2005; 9(2):158-169. 

[17] Baghi H, Menkulasi F. Alternative 
Approaches to Predict Shear 
Strength of Slender RC Beams 
Strengthened with Externally 
Bonded Fiber-Reinforced Polymer 
Laminates. Journal of Composites for 
Construction 2020; 24(2):04020002. 

[18] Attari N, Amziane S, Chemrouk M. 
Flexural Strengthening of Concrete 
Beams Using CFRP, GFRP and 
Hybrid FRP Sheets. Construction and 
Building Materials 2012; 37:746-757. 

[19] Aprile A, Benedetti A. Coupled flexural-
shear design of R/C beams 
strengthened with FRP. Composites 
Part B: Engineering 2004; 35(1):1-25. 

[20] Perera R, Varona FB. Flexural and 
Shear Design of FRP Plated RC 
Structures Using a Genetic 
Algorithm. Journal of Structural 
Engineering 2009; 135(11):1418-1429. 

[21] Dias SJ, Silva J, Barros JA. Flexural and 
Shear Strengthening of Reinforced 
Concrete Beams with a Hybrid CFRP 
Solution. Composite Structures 2021; 
256:113004. 

[22] Costa IG, Barros JA. Flexural and 
Shear Strengthening of RC Beams 
with Composite Materials–The 
Influence of Cutting Steel Stirrups 
to Install CFRP Strips. Cement and 
Concrete Composites 2010; 32(7):544-
553. 

[23] ACI-440.2R-17. Guide for the Design 
and Construction of Externally 
Bonded FRP Systems for 
Strengthening Concrete Structures. 
(ACI 440.2 R-17); 2017. 

[24] Mofidi A, Chaallal O. Shear 
Strengthening of RC Beams with EB 
FRP: Influencing Factors and 
Conceptual Debonding Model. 
Journal of Composites for Construction 
2011; 15(1):62-74. 

[25] Shahriari S, Naderpour H. Reliability 
Assessment of Shear-Deficient 
Reinforced Concrete Beams 
Externally Bonded by FRP Sheets 

Having Different Configurations. 
Structures 2020; 25: 730-742. 

[26] Awad ZK, Aravinthan T, Zhuge Y. Cost 
Optimum Design of Structural Fibre 
Composite Sandwich Panel for 
Flooring Applications. Advances in 
FRP Composites in Civil Engineering: 
Proceedings of the 5th International 
Conference on FRP Composites in Civil 
Engineering (CICE 2010), Sep 27–29, 
2010, Beijing, China: Springer 2011. pp. 
478-481. 

[27] Nehdi M, Nikopour H. Genetic 
Algorithm Model for Shear Capacity 
of RC Beams Reinforced with 
Externally Bonded FRP. Materials 
and Structures 2011; 44:1249-1258. 

[28] Rahman MM, Jumaat MZ, Hosen MA. 
Genetic Algorithm for Material Cost 
Minimization of External 
Strengthening System with Fiber 
Reinforced Polymer. Advanced 
Materials Research 2012; 468:1817-1822. 

[29] Al-Sumait J, Al-Othman A, Sykulski J. 
Application of Pattern Search 
Method to Power System Valve-
Point Economic Load Dispatch. 
International Journal of Electrical Power 
& Energy Systems 2007; 29(10):720-730. 

[30] Biondi T, et al. Multi-Objective 
Evolutionary Algorithms and 
Pattern Search Methods for Circuit 
Design Problems. Journal of Universal 
Computer Science 2006; 12(4):432-449. 

[31] Morris A. Numerical Methods for 
Unconstrained Optimization. 
International Journal for Numerical 
Methods in Engineering 1973; 6(4):608-
609. 

[32] Madić M, Radovanović M. Optimization 
of Machining Processes Using 
Pattern Search Algorithm. 
International Journal of Industrial 
Engineering Computations 2014; 5(2): 
223-234. 

[33] The MathWork M. Global 
Optimization Toolbox. The 
MathWorks, Inc.; 2010. 

[34] Sharma V, Jain VK, Kumar A. An 
Introduction to Optimization 
Techniques: CRC Press; 2021. 

[35] ACI-318-19. Building Code 
Requirements for Structural 
Concrete ACI 318-19 and 
Commentary 318R–19; 2019. 

[36] Perera R, Tarazona D, Ruiz A, Martín A. 
Application of Artificial Intelligence 
Techniques to Predict the 
Performance of RC Beams Shear 
Strengthened with NSM FRP Rods. 
Formulation of Design Equations. 
Composites Part B: Engineering 2014; 
66:162-173. 

https://tj-es.com/


 

 

Noor Mohammed Sheet, Baraa J. M. AL-Eliwi, Rabi M. Najem / Tikrit Journal of Engineering Sciences 2025; 32(1): 1406. 

Tikrit Journal of Engineering Sciences │Volume 32│No. 1│2025  14 Page 

[37] Singh SB. Analysis and Design of FRP 
Reinforced Concrete Structures. 
New York: McGraw Hill Professional; 
2015. 

[38] Al-Mahaidi R, Kalfat R. Rehabilitation 
of Concrete Structures with Fiber-
Reinforced Polymer. Oxford, UK: 
Butterworth-Heinemann; 2018. 

[39] Rasheed HA. Strengthening Design of 
Reinforced Concrete with FRP. 
Folrida, USA: CRC Press; 2014. 

[40] Abdel Hafez AM. Shear Behavior of RC 
Beams Strengthened Externally 
with Bonded CFRP–U Strips. Journal 
of Engineering Sciences 2007; 35(2):361-
379. 

[41] Belarbi A, Bae S-W, Brancaccio A. 
Behavior of Full-Scale RC T-Beams 
Strengthened in Shear with 
Externally Bonded FRP Sheets. 
Construction and Building Materials 
2012; 32:27-40. 

[42] Alzate A, Diego Ad, Perera R, Cisneros D, 
Arteaga A. Shear Strengthening of 
Reinforced Concrete Members with 
CFRP Sheets. Materiales de 
Construcción 2013; 63:251-265. 

[43] Triantafillou T, Plevris N. 
Strengthening of RC Beams with 
Epoxy-Bonded Fibre-Composite 
Materials. Materials and Structures 
1992; 25:201-211. 

[44] Altin S, Anil Ö, Kopraman Y, Mertoğlu Ç, 
Kara ME. Improving Shear Capacity 
and Ductility of Shear-Deficient RC 
Beams Using CFRP Strips. Journal of 
Reinforced Plastics and Composites 2010; 
29(19):2975-2991. 

[45] Rahimi H, Hutchinson A. Concrete 
Beams Strengthened with 
Externally Bonded FRP Plates. 
Journal of Composites for Construction 
2001; 5(1):44-56. 

[46] Quantrill R, Hollaway L, Thorne A. 
Predictions of the Maximum plate 
End Stresses of FRP Strengthened 
Beams: Part II. Magazine of Concrete 
Research 1996; 48(177):343-351. 

 

https://tj-es.com/

