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1. Introduction

In mathematics, a partial differential equation is a type of differential
equation or a relationship that includes an unknown function or functions
that have several independent variables as well as the partial derivatives of
these variables. Partial differential equations are used to formulate and solve
problems related to functions of several variables, such as those found in
sound, heat, static, electricity, fluid flow, elasticity, etc., as it possible to
express different physical phenomena using mathematical equations to
similar form [3-6]. Euler's equations are a set of partial differential equations
that describe the motion of fluids and gases in mathematical physics. These
equations are named after the SWISS physicist Leonhard Euler who
developed them in the 8™ century. Euler's equations are used in various fields
such as marine engineering, aviation, and atmosphere control [7-9].

Many papers and researchers were interested in solving partial
differential equations using integral transforms such as the Laplace, Sumudu,
Elzaki, SEE, complex SEE, Aboodh, Kamal, Shehu, Altememe, and others
[10-22]. In [2], researchers generalized reference [1] to solve partial
differential equations with variable coefficients and initial conditions. In
addition, what was presented in the two references differs from what we
presented in our paper, as our paper was presented in a more general method.
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. Apply to partial differential equations of the General Polynomial
Transform.

2.1 Definitions, Properties, and Theorems of General Polynomial
Transform

Definition 1:[1] The General Polynomial transform of f(t) denoted by F is
given by

Pf(t) = " "D f(t)de = F(q(p)).

Theorem 1: The General Polynomial transform is linear. That is

P (af(t) + bg(t)) = als(f(1)) + bls(g(1)).

Where a, b are constants.

Theorem 2:
1.P,(1) = q(i (p(a) > 0).
2. By(t™) = q(p) - (a(p) > n).

3. Py(Int) = W ,(q(p) > 0).
4. Py(t"Int) = ==~ , (a(p) > n).

(sm(alnt)) = W .
P,(cos(alnt)) = (q(;(% ,(q(p) > n).

Theorem 3: If P, (f(t)) = F(q(p)), then

Py (t"f(1)) = F(q(p) — n),

Pe(t"f™ (D) = —fO"D(1) — (q(p) — (n — )f*2(1) — (q(p) — (n -
D)(a@) — (= 2))f* (@) - = (q(p) — (n = 1)) ... (a(p) —

DD + 2= F(a(p)).

Now let us give the necessary theorems for the application of the P,

transformation to partial differential equations.
Definition 2: The P, transform of z(x, y) denoted by F(q(p),y)is given by

Pylz(x, )] = J;” x~ @@ 2(x, y)dx = F(q(p), y).
Theorem 4: If P, (z(x,y)) = F(q(p),y), then

Py(xzx) = —z(1,y) + q(p)F(q(p),y).
Proof: Let us apply P, transform to function xz,

Py (xzy) = floo x~@PH+D 7 dx, z.dx = dv
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- f1°°x—(q(p)+1) Xz dx = f1°°x—q(p) Z,dx,
x"4P) =y, z dx =dv
Py(xzy) = —z(1,y) + q(p)F(q(p),y)
Theorem 5: If P, (z(x,y)) = F(q(p),y), then
dF(q(p),y)
P =y —"'77
Q(yZY) y ay
Proof: Let us apply P, transform to function yz,,
Pq (yzy) = floo X_(q(p)+1) yzydx’

” a( (% dF(q(p),y)
= -+, qx = _<f —(p()+1) 4 ) —y—77
X Z,,aXx X 720X
y-]; d Yay 1 4 dy
Theorem 6: If P, (z(x,y)) = F(q(p),y), then
Py (x*2¢) = —24(1,y) + (1 = Q)z(1,y) + q(q — DF(q(p), y).
Proof: Let us apply P, transform to function X2 Zyx

[}

Py (x2Zyy) =j x~@P+D g2,  dx
1

- f x~@®-1 gy
1

If we apply two times partial integration, then we obtained

Py (x*2yx) = —2¢(L,y) + (1 — 9z(1,y) + q(q — DF(q(p),y)
Theorem 7: If Py (z(x,y)) = F(q(p),y), then

62
Po(v%2yy) = v ay? (F(a(p).y)).

Proof: Let us apply P, transform to function y2zyy
Pq(yzzyy) = _[1 X‘(Q(p)+1) yZZyde

> ([* _ d%F(q(p),y)
=g o) =0

Theorem 8: If P, (z(x,y)) = F(q(p),y), then

d oF ,
Pq(XYny) = —Y@(Z(l,y)) +yq w.

Proof: Let us apply P, transform to function xyz,,

1068



Tikrit Journal of Administrative and Economic Sciences, Vol. 21, No. Special Issue, Part (1): 1065-1074

P, (xy2yy) = jl @D g7y

— yfl X_q(p) nydX
— yi j oox-q@) Z,dx | = yi(—Z(l y) + qF(q(p),y))
oy \J; * dy ’ '

. dF(q(p),y)
=v3, (z(1Ly) +ya———

2.2 Applying Pg transform on partial differential Euler equation
Definition 3: The Euler equations (or couchy Euler equations) of first and
second order are given by :
axzy + byz, + cz = h(x,y)
ax’zyy + bXyzyy + cy?zyy + dxzy + eyzy + fz = h(x,y)
Where a, b, ¢, d, e, f are constants.
Theorem 9: The solution of the problem
axzy + byzy + cz = h(x,y), z(1,y) = f(y)

—aap)+e aq(p)+c—b

. _ b
is Py 1 - Iy v (Pf(xy) +az(l,y))dy).
Proof: Let’s apply P, transform
P, (axzy + byzy + cz) = P;h(x,y)
aPy(xzy) + bPy (yzy) + cPyz = Ph(x,y)
dF(q(p).y)
a(=z(Ly) + a()F(a(p).y)) + by ————

by dF(q(p),y)

+ cF(q(p),y) = Psh(x,y)

+ (aq(p) + c)F(q(p),y) = Pjh(x,y) +az(1,y)

dy
dF(q(p),y) = aq(p) +c Pgh(xy) +az(1,y)
+ F(q(p),y) = —
dy by by
The above equation is linear from first order.
- ef aq(bP;+Cdy _ yaq(g)+c
0 [ aa(p)+c aq(p)+c (Poh(x,y) +az(1,y)
— b F , = b
3y (y (q(p) y)) y < by

p ®) aq(p)+c—b
aq(p)+c y b
a—y<y—b F(q(m,y)) = (Rhxy) +az(1,y))
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aq(p)+c 1 aq(p)+c=b
y b Fla@.y=¢ f y b (th(x,y)+az(1,y))dy

_ aq(g)+c (b)+c—b
y aq(p)+c—
Fa®)y) =L [ v (Rhoy) + a1 y)) dy

z(x,y) = Pq‘l(F(q(p),.V))
_aq(p)+c

.y b aq(p)+c-b
= P; 1(Tf y b (th(x, y) + az(l,y))dy)

Theorem 10: The solution of
ax®zyy + bxyzy, + cxzy + dyz, + ez = h(x,y),
z(1,y) = (), zx(1,y) = f,(y)
IS
aq?+(c—a—b)q+e

aq®—aq+cq+e y bq+d
z(x,y) =Pg'|y  Pard f ba + d (aZx(l,Y)
0z(1,y)

+a(q— 1)z(1,y) + by + cz(1,y) + Pgh(x, y)) dy

ady

Proof: Let’s apply P, transform
P, (ax?zyy + bxyzyy + cxzy + dyzy + ez) = P;h(x,y)
an(XZZXX) + bP, (Xyzxy) + cPy(xzy) + qu(yzy) + ePyz = Pjh(x,y)
a(—z4(1,y) + (1 — @)z(1,y) + q(q — DF(q(p),y))

0 0F )
+b <—Ya—y (z(1,y)) +yq $>

+ c(—z(1,y) + q(p)F(a(p),y)) + dy

+ eF(q(p),y) = Psh(xy)
dF(q(p),y)
P)

dF(q(p),y)
d

(dy + byq) + (aq(q — 1) + cq + e)F(q(p), y)

0z(1,y)
dy

= Pgh(x,y) +azs(1,y) + a(q — Dz(1,y) + by
+ cz(1,y)
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OF(a(p).y) L aq(q—1) +cq+e

F )
3y dy + byq (a(p),y)
Poh(x,y) +az,(1,y) +a(qg— Dz(1,y) + bya (YY) + cz(1,y)
B dy + byq
The above equation is linear from first order.
f aq(g—-1)+cq+e aqz—aq+cq+e
A=c¢e dy+byq =y bg+d
0 aqz—baq:(;:q+e
ay\Y 4 F(a(p),y)
0z(1,y)
aqz—ach(l-l(-ie—bq—d Peh(x,y) +az,(1,y) +a(q — Dz(1,y) + bya—y +cz(1,y)
= q
y d + bq
aq?—aq+cq+e
y batd  F(q(p)y)
aq?—aq+cq+e—bg—d
= b bard—(RyhGx,y) +az(1,y)

0z(1,y) )
3y +cz(1l,y) |dy

+a(q—1)z(1,y) + by

z(x,y) = Pq‘l(F(q(p),Y))

aq?—aq+cq+e

y_ bq+d aq®—aq+cq+e—bq-d
B f v ()
0z(1,y)

+ az,(1,y) + a(q—1)z(1,y) + by + cz(l,y)) dy

3. Examples
Example 1: Let us consider the following problem.

Xz +yzy — 52 = 0,2z(1,y) = y*
Solution: Let us apply P, transform to the given equation.
a=1b=1,c=-5h(xy)=0

Z(X, Y) = Pq_l <y5_q(p)J yq(p)—s—l y4dy>
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= pq—l <y5—q(p)j ya(p)-2 dy)

q(p)-1
_pt <ys-q<p> y_>

Example 2: Let us consider the following problem.
XZy — 4yz, + 22 = xy, 2(1,y) = 0
Solution: Let us apply P, transform to the given equation.

a=1b=—-4,c=2h(xy) =xy
_aq(p)tc

y b aq(p)+c-b
Y J y b (Pjh(xy) +az(Ly))dy
2+q(p) (B)46
4 qp)+ y
z(x,y) = Pg? J - d
y q —4 y q(p) — 1 Y
1 2+q(p) q(p)4+2
+q(p y -
= —p-1 f d
—4a Y q(p) -1 Y
1 24+q(p) q(p)4—2 4
q{p -
= —Pq_l _y 4 y
—4 q(p) —1q(p) — 2

1 y (1 1
- )= o=z =1
(a(p) — D(q(p) —2) q(p) -2 q(p) -1
= y(x? - %)
Example 3: Let’s solve the problem following
X% Zyx — XYZyy — X2x = 0,2(1,y) = y* +y,24(1,y) = 4y?
Solution: Let us apply P, transform to the given equation.
a=1b=-1,c=-1,d=e=0
2

_g*-q-q y q—;q
Flp)y) =y 9 f — (> + @@= DO +) ~y @2y + D

—y? —y)dy
F(q(p),y) =y97? f

1-q

— (qy” + (q — 3)y)dy
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2 q—4 q
z(x,y) = Pg* (ﬁ + ﬁ) = x%y? +y.
Conclusion

In this study, we applied a general polynomial transform to find a
solution to Euler's Partial Differential Equations. In addition, for Partial
differential equations of second order, we observed that if the initial
conditions are z(1,y) and z_x(1,y), and there is no z_yy in the general form
of the Partial differential equation, the exact solution is easily obtained. But
If there is z_yy in the Partial differential equation, it will be difficult to
calculate the transformation of the exact solution.
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