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Approximation of unbounded functions of Szasz Durrmeyer 

involving Boas-Buck polynomials on simplex 

Abeer Mahdi Salih  

Ministry of Education Al-Rusafa Three 

 

Abstract: 

In this paper, we construct the Szasz-Durrmeyer operators defined by Boas-Buck 

polynomials and prove some approximation properties of these operators  and then establish 

the convergence of these operators   with the help of Ditzian- totik modulus of smoothness on 

simplex. 

 المستخلص 

ديرماير بواسطة متعددات بوس بوك ونثبت بعض تقارب هذه المؤثراتبواسطة  -بانشاء مؤثرات ساز في هذا البحث نقوم 

 simplexمعامل التاثير ديتزيان توتك على فضاء 

 

Introduction and preliminaries. 

Szasz operators are defined by Szasz in 1950[1 ], [6] , [9] which is defined as: 

𝑠𝑛(𝑓, 𝑥) = 𝑒−𝑠𝑥 ∑
(𝑠𝑥)𝑣

𝑣!
∞
𝑟=0 𝑓 (

𝑣

𝑠
)  

Where 𝑠 ∈ 𝑁, 𝑥 ≥ 0 𝑎𝑛𝑑 𝑓 ∈ 𝑐[𝑜, ∞).   𝑡ℎ𝑒 𝐷𝑢𝑟𝑟𝑚𝑒𝑦𝑒𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 modifications of the 

Bernstien Szasz and Baskakov operators.[6]  

The Bernstien- Durrmeyer operators are introduced in [ 9  ] 

 𝑀𝑛𝑓(𝑥) = (𝑛 + 1) ∑ 𝑝𝑛,𝑘(𝑥) ∫ 𝑝𝑛,𝑘(𝑡)𝑓(𝑡)𝑑𝑡 … .
1

0
( 1,1 )𝑛

𝑘=0   

Where 𝑓 ∈ 𝑙𝑝[0,1], 𝑝 ≥ 1, 𝑎𝑛𝑑𝑝𝑛,𝑘(𝑥) = 𝐶𝑘
𝑛𝑥𝑘(1 −

𝑥)𝑛−𝑘                                                         … . ( 1,2 ) 

In [  9  ] Mazhar and Totik introduced the following Szasz Durrmeyer type modification of 𝑆𝑡 

𝐿𝑡(𝑓, 𝑥) = ∫ 𝑓(𝑢)𝐻𝑡(𝑥, 𝑢)𝑑𝑢 , 𝑥 ≥ 0, 𝑡
∞

0

> 0.     …                                                                        … (1,3 ) 

Where 𝐻𝑡(𝑥, 𝑢) = 𝑡 ∑ 𝜋𝑡𝑘(𝑥)𝜋𝑡,𝑘(𝑢)∞
𝑘=0   𝑎𝑛𝑑 𝜋𝑡,𝑘(𝑢) = 𝑒−𝑡𝑥 (𝑡𝑥)𝑘

𝑘!
, 𝑘 = 0,1,2, …. 

Introduced the linear positive operators which involve the Boas-Buck polynomials as follows  
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𝐵𝑆(𝑓, 𝑥) =
1

𝐴(1)𝐵(𝑠𝑥(𝐻(1))
∑ 𝑝𝑣

∞

𝑣=0

(𝑠𝑥)𝑓 (
𝑣

𝑠
) , 𝑥 ≥ 0, 𝑠

∈ 𝑁                                               … … ( 1,4 ) 

And then Mursaleen [7] studied cholodowsky type generalization of Szasz operators which 

include  

Boas-Buck type polynomials , the Boas-Buck polynomials have generating functions of the 

form, 

𝐴(𝑢)𝐵(𝑥𝐻(𝑢)) = ∑ 𝑝𝑣(𝑥)𝑢𝑣.

∞

𝑣=0

 

Where A(u),B(u) and H(u) are analytic functions 

A(u)=∑ 𝑎𝑟
∞
𝑟=0 𝑢𝑟                                    … … . . ( 1,5  ) 

B(u)= ∑ 𝑏𝑟
∞
𝑟=0 𝑢𝑟 , 𝐻(𝑢) = ∑ ℎ𝑟

∞
𝑟=0 𝑢𝑟                             

With the conditions 𝑎0𝑡0, 𝑏𝑟 ≠ 0, (𝑟 ≥ 0) and ℎ1 ≠ 0[8] we assume 

1. A(1)≠ 0, 𝐻≀(1) = 1, 𝑃𝑟(𝑥) ≥ 0, 𝑣 = 0, 1, 2, … 

2. B:𝑅 → (0, ∞) 

3. The power series (4),(5) converges in the disk |𝑢| < 𝑟, (𝑅 > 1) 

In(3) by using 𝐴(𝑢) = 1, 𝐻(𝑢) = 𝑢, 𝑎𝑛𝑑 𝐵(𝑢) = 𝑒𝑢  

In view of the generating functions(4) we obtain 𝑝𝑣(𝑠, 𝑥) =
(𝑠𝑥)𝑣

𝑣!
 And the operators (3)reduce 

to the szaszoperators(1)in the current paper, we aim to construct a generalization of Szasz 

Mirakjan Durrmeyer operators [6 ]by utilizing the Boas-Buch- type polynomials then we 

show that the Boas-Buch- type polynomials include the appel polynomials. 

We consider the Szasz Durrmeyer including Boas-Buch- type polynomials as follows. 

𝐷𝑠(𝑓, 𝑥) =
1

𝐴(𝑇)𝐵(𝑠𝑥𝐻(1))
= ∑ 𝑝𝑣(𝑠𝑥) ∫ 𝑓𝑢

∞

0
𝐻𝑡(𝑥, 𝑢)𝑑𝑢.∞

𝑉=0                                           …(1,6). 

Lemma 2.1for all 𝑥 ∈ 𝑆  , we write  

𝐷𝑆(1, 𝑋) = 1 

𝐷𝑆(𝑒1, 𝑥) =
𝐵≀(𝑠𝑥𝐻(1))

(𝑠 − 2)𝐵(𝑠𝑥𝐻(1))
𝑥 +

𝐴(1) + 𝐴≀(1)

𝐴(1)
, 𝑆 > 2 

𝐷𝑆(𝑒2, 𝑥) =
𝐵≀≀(𝑠𝑥𝐻(1))

𝐵(𝑠𝑥𝐻(1))
𝑥2 +

𝐴(1) + 2𝐴≀(1) + 𝐴(1)𝐻≀≀(1)𝐵≀≀(𝑠𝑥𝐻(1))

𝐴(1)𝐵(𝑠𝑥𝐻(1))
 

+
𝐴(1) + 𝐴≀(1) + 𝐴≀≀(1)

𝐴(1)
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𝐷𝑆(𝑒3, 𝑥) =
𝐵≀≀≀(𝑠𝑥𝐻(1))

𝐵(𝑠𝑥𝐻(1))
𝑥3 +

𝐴(1) + 𝐴≀(1) + 𝐴(1)𝐻≀≀(1)𝐵≀≀(𝑠𝑥𝐻(1))

𝐴(1)𝐵(𝑠𝑥𝐻(1))
 

+
𝐴(1) + 𝐴≀(1) + 𝐴(1)𝐻≀≀(1) + 𝐴≀≀(1) + 𝐴≀(1)𝐻≀≀(1)𝐵≀(𝑠𝑥𝐻(1))

𝐴(1)𝐵(𝑠𝑥𝐻(1))
+ 

𝐴(1) + 𝐴≀(1) + 𝐴≀≀(1) + 𝐴≀≀≀(1)

𝐴(1)
 

𝐷𝑆(𝑒4, 𝑥) =
𝐵≀≀≀≀(𝑠𝑥𝐻(1))

𝐵(𝑠𝑥𝐻(1))
𝑥4 +

𝐴(1) + 𝐴≀(1) + 𝐴(1)𝐻≀≀(1)𝐵≀≀≀(𝑠𝑥𝐻(1))

𝐴(1)𝐵(𝑠𝑥𝐻(1))
𝑥3 

+
𝐵≀≀(𝑠𝑥𝐻(1))

𝐴(1)𝐵(𝑠𝑥𝐻(1))
[𝐴(1) + 𝐴≀(1) + 𝐴(1)𝐻≀≀(1) + 𝐴≀≀(1) + 𝐴≀(1)𝐻≀≀(1) + 𝐴(1) + 𝐻≀≀≀(1)

+ 𝐴(1)𝐻≀≀(1)2]𝑥2 +
𝐵≀(𝑠𝑥𝐻(1))

𝐴(1)𝐵(𝑠𝑥𝐻(1))
 

[𝐴(1) + 𝐴≀(1) + 𝐴≀≀(1) + 𝐴≀≀≀(1) + 𝐴≀(1)𝐻≀≀(1) + 𝐴≀(1)𝐻≀≀(1) + 𝐴≀≀(1)𝐻≀≀(1)

+ 𝐴≀(1)𝐻≀≀(1) + 𝐴(1)𝐻≀≀≀≀(1)]𝑥
𝐴(1) + 𝐴≀(1) + 𝐴≀≀(1) + 𝐴≀≀≀(1) + 𝐴≀≀≀≀(1)

𝐴(1)
 

Where 𝑒𝑚 = 𝑡𝑚𝑓𝑜𝑟 𝑚 = 1,2,3,4 

∑ 𝑝𝑣(𝑠𝑥) = 1, ∫ 𝑢
𝑡𝑢

(1 + 𝑡)4
𝑑𝑡 =

1

𝑠 − 1

𝑣

0

∞

𝑣=0

 

By using the generating functions of the Boas-Buch type polynomials by taking (4) we get  

∑ 𝑝𝑣(𝑠𝑥)∞
𝑣=0 = 𝐴(1)𝐵(𝑠𝑥𝐻(1))                                                                                    …(2,1) 

∑ 𝑣𝑝𝑣(𝑠𝑥)∞
𝑣=0 = 𝐴≀(1)𝐵(𝑠𝑥𝐻(1)) + 𝐴(1)𝐵≀(𝑠𝑥𝐻(1))                                                 …(2,2) 

∑ 𝑣2𝑝𝑣(𝑠𝑥)

∞

𝑣=0

= (𝐴≀(1) + 𝐴≀≀(1))𝐵(𝑠𝑥𝐻(1)) + (𝐴(1) + 𝐴≀(1) + 𝐴(1)𝐻≀≀(1))𝐵≀(𝑠𝑥𝐻(1)) 

+𝐴(1)𝐵≀≀(𝑠𝑥𝐻(1))                                                                                                        …(2,3) 

∑ 𝑣3𝑝𝑣(𝑠𝑥) =∞
𝑣=0 (𝐴≀(1) + 𝐴≀≀(1) + 𝐴≀≀≀(1))𝐵(𝑠𝑥𝐻(1)) + (𝐴(1) + 𝐴≀(1) +

𝐴(1)𝐻≀≀(1)+𝐴≀≀(1) + 𝐴≀(1)𝐻≀≀(1)+𝐴(1)𝐻≀≀≀(1))𝐵≀(𝑠𝑥𝐻(1))                                    …(2,4) 

(𝐴(1) + 𝐴(1)𝐻≀≀(1))𝐵≀≀(𝑠𝑥𝐻(1)) + 𝐴(1)𝐵≀≀≀(𝑠𝑥𝐻(1)) 
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∑ 𝑣4𝑝𝑣(𝑠𝑥) =

∞

𝑣=0

(𝐴≀(1) + 𝐴≀≀(1) + 𝐴≀≀≀(1) + 𝐴≀≀≀≀(1))𝐵(𝑠𝑥𝐻(1))

+ (𝐴(1) + 𝐴≀(1) + 𝐴≀(1)𝐻≀≀(1)+𝐴≀≀(1) + 𝐴≀(1)𝐻≀≀(1)

+ 𝐴(1)+𝐴(1)𝐻≀≀≀≀(1))𝐵≀(𝑠𝑥𝐻(1)) 

(𝐴(1) + 𝐴≀(1) + 𝐴(1)𝐻≀≀(1)+𝐴≀≀(1) + 𝐴≀(1)𝐻≀≀(1)+𝐴(1)𝐻≀≀≀(1)

+ 𝐴(1)+𝐴≀≀(1)2)𝐵≀≀(𝑠𝑥𝐻(1)) + (𝐴(1) + 𝐴≀(1) + 𝐴(1)𝐻≀≀(1))𝐵≀≀≀(𝑠𝑥𝐻(1)) 

+𝐴(1)𝐵≀≀≀≀(𝑠𝑥𝐻(1))                                                                                                        

….(2,5) 

Now let the K-functional of simplex are 

𝐾 = {𝑓; 𝑥 ∈ 𝑆, ‖𝑓(𝑥)‖𝑝,𝑠 ≤ 𝑎𝑒𝑏𝑥, 𝑎, 𝑏 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑓𝑖𝑛𝑖𝑡𝑒} 

Suppose that  

lim
𝑠→∞

𝐵≀(𝑠)

𝐵(𝑠)
= 1, lim

𝑠→∞

𝐵≀≀(𝑠)

𝐵(𝑠)
= 1, lim

𝑠→∞

𝐵≀≀≀(𝑠)

𝐵(𝑠)
= 1, lim

𝑠→∞

𝐵≀≀≀≀(𝑠)

𝐵(𝑠)
= 1.                                           …(2,5) 

Theorem 2:2 

Let 𝑓 ∈ 𝑆 ∩ 𝐾 and equations of (2,5)be satisfied then lim
𝑠→∞

𝐷(𝑓, 𝑥) = 𝑓(𝑥)  and the operators 

D converges uniform 

Proof  

From lemma 2.1 and (2,5) we get  

𝑓 𝑚 = 0, 1,2, … 

Then the new operator D converge uniformly , we complete the proof by applying universal 

Korovkin property with respect to positive linear operators  

Lemma 2.3 

For all 𝑥 ∈ 𝑆,we have  

𝐷3(𝑡 − 𝑥; 𝑥) = (3
𝐵≀(3𝑥𝐻(1))

𝐵(2𝑥𝐻(1))
− 1) 𝑥 +

𝐴(1)+𝐴≀(1)

𝐴(1)
, 𝑠 ≻ 3                                                  …(2,6) 

𝐷4((𝑡 − 𝑥)2; 𝑥) = (
16𝐵≀≀(4𝑥𝐻(1))

2𝐵(2𝑥𝐻(1))
−

8𝐵≀(4𝑥𝐻(1))

2𝐵(4𝑥𝐻(1))
+ 1) 𝑥2 + 

((16𝐴(1) + 8𝐴≀(1) + 4𝐴(1)𝐻≀≀(1))𝐵≀(4𝑥𝐻(1)) −
2𝐴(1) + 2𝐴≀(1)

2𝐴(1)
) 𝑥 + 

2𝐴(1)+4𝐴≀(1)+𝐴≀≀(1)

2𝐴(1)
, 𝑠 ≻ 4                                                                                                   …(2,7) 



 
 الحادي والاربـــعون العدد                                                            مجلة كلية التراث الجامعة 

 

242 
 

𝐷6((𝑡 − 𝑥)4; 𝑥) = (
64𝐵≀≀≀≀(6𝑥𝐻(1))

4! 𝐵(6𝑥𝐻(1))
−

4 ∗ 63𝐵≀(6𝑥𝐻(1))

4! 𝐵(6𝑥𝐻(1))
+

63𝐵≀≀(6𝑥𝐻(1))

4! 𝐵(𝑠𝑥𝐻(1))
 

−
24𝐵≀(6𝑥𝐻(1))

4𝐵(6𝑥𝐻(1))
+ 1)𝑥4 + [

63 (16𝐴(1) + 4𝐴≀(1) + 6𝐴(1)𝐵≀≀≀(6𝑥𝐻(1)))

4! 𝐴(1)𝐵(6𝑥𝐻(1))
 

−
4 ∗ 62(9𝐴(1) + 3𝐴≀(1) + 3𝐴(1)𝐻≀≀(1))𝐵≀≀(6𝑥𝐻(1))

4! 𝐴(1)𝐵(6𝑥𝐻(1))
 

+62
(4𝐴(1) + 2𝐴≀(1) + 𝐴(1)𝐻≀≀(1))𝐵≀(6𝑥𝐻(1))

12𝐴(1)𝐵(6𝑥𝐻(1))
−

4𝐴(1) + 4𝐴≀(1)

4𝐴(1)
] 𝑥3 + 

[
6𝐵≀≀(6𝑥𝐻(1))

4! 𝐴(1)𝐵(6𝑥𝐻(1))
{72𝐴(1) + 48𝐴≀(1) + 48𝐴(1)𝐻≀≀(1) + 6𝐴≀≀(1) 

+12𝐴≀(1)𝐻≀≀(1) + 4𝐴(1)𝐻≀≀≀(1) + 3𝐴(1)(𝐻≀≀(1))
2

}  

−
24(18𝐴(1) + 18𝐴≀(1) + 9𝐴(1)𝐻≀≀(1) + 3𝐴≀≀(1) + 3𝐴≀(1)𝐻≀≀(1) + 𝐴(1)𝐻≀≀≀(1))𝐵≀(6𝑥𝐻(1))

4! 𝐴(1)𝐵(6𝑥𝐻(1))
 

+
12𝐴(1) + 24𝐴≀(1) + 6𝐴≀≀(1)

12𝐴(1)
) 𝑥2 

+ [
6𝐵≀(6𝑥𝐻(1))

4! 𝐴(1)𝐵(6𝑥𝐻(1))
{96𝐴(1) + 144𝐴≀(1) + 48𝐴(1)𝐻≀≀(1) + 48𝐴≀≀(1) + 4 𝐴≀≀≀(1) 

+72𝐴(1)𝐻≀≀(1) + 48𝐴≀(1)𝐻≀≀(1) + 16𝐴(1)𝐻≀≀≀(1) + 6𝐴≀≀(1)𝐻≀≀(1) + 4𝐴≀(1)𝐻≀≀≀(1)

+ 𝐴(1)𝐻≀≀≀≀(1)} 

−
24𝐴(1) + 72𝐴≀(1) + 36𝐴≀≀(1) + 4𝐴≀≀≀(1)

4! 𝐴(1)
) 𝑥 

+
24𝐴(1)+96𝐴≀(1)+72𝐴≀≀(1)+16𝐴≀≀≀(1)+𝐴≀≀≀≀(1)

4!𝐴(1)
, 𝑠 ≻ 6                                                               …(2,7) 

Proof: 

𝐷3(𝑡 − 𝑥; 𝑥) = 𝐷3(𝑒1; 𝑥) − 𝑥𝐷3(1; 𝑥), 𝑠 ≻ 3 

= ((3
𝐵≀(3𝑥𝐻(1))

𝐵(2𝑥𝐻(1))
− 1) 𝑥 +

𝐴(1) + 𝐴≀(1)

𝐴(1)
) 

= 𝐷3(𝑒1; 𝑥) − 𝑥(1) 

= 𝐷3(𝑒1; 𝑥) − 𝑥𝐷3(1; 𝑥), 𝑠 ≻ 3 
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𝐷4((𝑡 − 𝑥)2; 𝑥) = 𝐷4(𝑒1; 𝑥) − 𝑥2𝐷4(1; 𝑥), 𝑠 ≻ 4 

𝐷4((𝑡 − 𝑥)2; 𝑥) =
8𝐵≀≀(4𝑥𝐻(1))𝑥2

𝐵(2𝑥𝐻(1))
−

4𝐵≀(4𝑥𝐻(1))

𝐵(4𝑥𝐻(1))
𝑥2 + 𝑥2 + 

(8𝐴(1) + 4𝐴≀(1) + 2𝐴(1)𝐻≀≀(1))𝐵≀(4𝑥𝐻(1)) − 𝐴≀(1)𝑥 +
𝐴(1) + 2𝐴≀(1) + 2𝐴≀≀(1)𝑥

𝐴(1)
 

= 𝐷4(𝑒1; 𝑥) − 𝑥2𝐷4(1; 𝑥) 

And then from (2,7  ) and 𝑠 ≻ 6 

𝐷6((𝑡 − 𝑥)4; 𝑥) = 𝐷6(𝑒4; 𝑥) − 4𝑥𝐷6(𝑒3; 𝑥) + 6𝑥2𝐷6(𝑒2; 𝑥) − 4𝑥3𝐷6(𝑒1; 𝑥) + 𝑥4𝐷6(1; 𝑥) 

Lemma 2.4 

For all 𝑥 ∈ 𝑆,we have  

lim
𝑠→∞

𝑠 𝐷𝑠(𝑡 − 𝑥; 𝑥) = 𝑥𝜇1(𝑥) +
𝐴(1) + 𝐴≀(1)

𝐴(1)
 

lim
𝑠→∞

𝑠 𝐷𝑠((𝑡 − 𝑥)2; 𝑥) = 𝑥2𝜇2(𝑥) + 𝑥(2 + 𝐻≀≀(1)) 

lim
𝑠→∞

𝑠2 𝐷𝑠((𝑡 − 𝑥)4; 𝑥) = 𝑥4𝜇3(𝑥) + 𝑥3𝜇4(𝑥) + 𝑥2(12 + 12𝐻≀≀(1)) + 3(𝐻≀≀(1))
2
 

Where  

𝜇1(𝑥) = lim
𝑠→∞

𝑠 (
𝑠𝐵≀ (𝑠𝑥𝐻(1) − (𝑠 − 2)𝐵(𝑠𝑥𝐻(1)))

(𝑠 − 2)𝐵(𝑠𝑥𝐻(1))
) 

𝜇2(𝑥) = lim
𝑠→∞

𝑠 (
𝑠2𝐵≀≀ (𝑠𝑥𝐻(1) − 2𝑠(𝑠 − 3)𝐵≀(𝑠𝑥𝐻(1))) + (𝑠 − 2)(𝑠 − 3)𝐵(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)𝐵(𝑠𝑥𝐻(1))
) 

𝜇3(𝑥)

= lim
𝑠→∞

𝑠2 (
𝑠4𝐵≀≀≀≀ (𝑠𝑥𝐻(1) − 4𝑠3(𝑠 − 5)𝐵≀≀(𝑠𝑥𝐻(1))) + 6𝑠2(𝑠 − 4)(𝑠 − 5)𝐵≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)(𝑠 − 5)𝐵(𝑠𝑥𝐻(1))
 

−
4𝑠(𝑠 − 3)(𝑠 − 4)(𝑠 − 5)𝐵≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)(𝑠 − 5)𝐵(𝑠𝑥𝐻(1))
+ 1) 

𝜇4(𝑥) = lim
𝑠→∞

𝑠2 (
𝑠3(16𝐴(1) + 4𝐴≀(1) + 6𝐴(1)𝐻≀≀(1))𝐵≀≀≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)(𝑠 − 5)𝐵(𝑠𝑥𝐻(1))
 

−
4𝑠2(𝑠 − 5)(9𝐴(1) + 3𝐴≀(1) + 3𝐴(1)𝐻≀≀(1))𝐵≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)(𝑠 − 5)𝐴(1)𝐵(𝑠𝑥𝐻(1))
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+
6𝑠(𝑠 − 4)(𝑠 − 5)(4𝐴(1) + 2𝐴≀(1) + 3𝐴(1)𝐻≀≀(1))𝐵≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)(𝑠 − 5)𝐴(1)𝐵(𝑠𝑥𝐻(1))
 

−
(𝑠 − 3)(𝑠 − 4)(𝑠 − 5)(4𝐴(1) + 4𝐴≀(1))𝐵(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)(𝑠 − 5)𝐴(1)𝐵(𝑠𝑥𝐻(1))
 

Lemma2.5 

Let lim
𝑠→∞

𝐵≀(𝑠)

𝐵(𝑠)
= 1, lim

𝑠→∞

𝐵≀≀(𝑠)

𝐵(𝑠)
= 1 

Be satisfied for all 𝑓 ∈ 𝑆, then ‖𝐷𝑠(𝑥)‖ ≤ 𝐶 where C is positive constant. 

Proof: 

By using lemma (2, 1) we have 

𝐷𝑠(𝑥) = 𝐷𝑠(1, 𝑥) + 𝐷𝑠(𝑒2, 𝑥) 

Then  

 ‖𝐷𝑠(𝑥)‖ = 𝑠𝑢𝑝 {|
𝑠2𝐵≀≀(𝑠𝑥𝐻(1))

(𝑠−2)(𝑠−3)𝐵(𝑠𝑥𝐻(1))
|

𝑥2

𝜓
+ |

𝑠(4𝐴(1)+2𝐴≀(1)+𝐴(1)𝐻≀≀(1))𝐵≀(𝑠𝑥𝐻(1))

(𝑠−2)(𝑠−3)𝐵(𝑠𝑥𝐻(1))
|

𝑥

𝜓
 

+ |
2𝐴(1) + 2𝐴≀(1) + 𝐴≀≀(1)

(𝑠 − 2)(𝑠 − 3)𝐴(1)
+ 1|

1

𝜓
} , 𝑠 > 3 

Since 𝑠𝑢𝑝
1

𝜓
= 1, 𝑠𝑢𝑝

𝑥

𝜓
=

1

2
, 𝑠𝑢𝑝

𝑥2

𝜓
= 1 we have 

‖𝐷𝑠(𝑥)‖ ≤ 𝑠𝑢𝑝 {|
𝑠2𝐵≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)𝐵(𝑠𝑥𝐻(1))
|

𝑥2

𝜓

+ |
𝑠(4𝐴(1) + 2𝐴≀(1) + 𝐴(1)𝐻≀≀(1))𝐵≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)𝐵(𝑠𝑥𝐻(1))
|

𝑥

𝜓
 

By using (10), there exist a positive constant R 

‖𝐷𝑠(𝑥)‖ ≤ 𝑅 

Theorem 3.1 for all 𝑓 ∈ 𝑆 then lim
𝑠→∞

‖𝐷𝑠𝑓(𝑥) − 𝑓(𝑥)‖ = 0 

Proof: 

Froom Korovkin theorem for m=0, 1, 2 

lim
𝑠→∞

‖𝐷𝑠(𝑡𝑚, 𝑥) − 𝑥𝑚‖ = 0                                                                                         …(3.1) 

Then from lemma 2.1 we have  

lim
𝑠→∞

‖𝐷𝑠(1, 𝑥) − 1‖ = 0 
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lim
𝑠→∞

‖𝐷𝑆(𝑒1, 𝑥) − 𝑒1(𝑥)‖ = 𝑠𝑢𝑝 {|
𝑠𝐵≀(𝑠𝑥𝐻(1))

(𝑠 − 2)𝐵(𝑠𝑥𝐻(1))
− 1|

𝑥

𝜓
+ |

𝐴(1) + 𝐴≀(1)

(𝑠 − 2)𝐴(1)
|

1

𝜓
 

≤
1

2
|

𝑠𝐵≀(𝑠𝑥𝐻(1))

(𝑠−2)𝐵(𝑠𝑥𝐻(1))
− 1| + |

𝐴(1)+𝐴≀(1)

(𝑠−2)𝐴(1)
|                                               … (3.2) 

lim
𝑠→∞

‖𝐷𝑆(𝑒1, 𝑥) − 𝑒1(𝑥)‖ = 0, 𝑓𝑜𝑟 𝑠 > 2                                                                               

…(3.3) 

In the same way  

lim
𝑠→∞

‖𝐷𝑆(𝑒2, 𝑥) − 𝑒2(𝑥)‖

= 𝑠𝑢𝑝 {|
𝑠2𝐵≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)𝐵(𝑠𝑥𝐻(1))
− 1|

𝑥2

𝜓

+ |
𝑠(4𝐴(1) + 2𝐴≀(1) + 𝐴(1)𝐻≀≀(1))𝐵≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)𝐴(1)𝐵(𝑠𝑥𝐻(1))
|

𝑥

𝜓
 

+ |
2𝐴(1) + 2𝐴≀(1) + 𝐴≀≀(1)

(𝑠 − 2)(𝑠 − 3)𝐴(1)
+ 1|

1

𝜓
} 

≤ 𝑠𝑢𝑝 {|
𝑠2𝐵≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)𝐵(𝑠𝑥𝐻(1))
− 1| + |

𝑠(4𝐴(1) + 2𝐴≀(1) + 𝐴(1)𝐻≀≀(1))𝐵≀(𝑠𝑥𝐻(1))

2(𝑠 − 2)(𝑠 − 3)𝐴(1)𝐵(𝑠𝑥𝐻(1))
| 

+ |
2𝐴(1) + 2𝐴≀(1) + 𝐴≀≀(1)

(𝑠 − 2)(𝑠 − 3)𝐴(1)
+ 1|} 

For 𝑠 > 3, 𝑤𝑒 ℎ𝑎𝑣𝑒 

lim
𝑠→∞

‖𝐷𝑆(𝑒2, 𝑥) − 𝑒2(𝑥)‖ = 0 

Thus we get  

lim
𝑠→∞

‖𝐷𝑠(𝑡𝑚, 𝑥) − 𝑥𝑚‖ = 0 

From theorem we get lim
𝑠→∞

‖𝐷𝑠𝑓(𝑥) − 𝑓(𝑥)‖ = 0 

Lemma3.2 

If 𝑓 ∈ 𝑆, then ‖𝐷𝑠𝑓(𝑥) − 𝑓(𝑥)‖𝜓 ≤ 2(2 + 𝒢0(𝑠) + √𝒢1(𝑠))𝒲(𝑓, √𝒢0(𝑠))               …(3.4) 

Where  

𝒢0(𝑠) = (
𝑠2𝐵≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)𝐵(𝑠𝑥𝐻(1))
−

2𝑠𝐵≀(𝑠𝑥𝐻(1))

(𝑠 − 2)𝐵(𝑠𝑥𝐻(1))
+ 1)

+
1

2
(

𝑠(4𝐴(1) + 2𝐴≀(1) + 𝐴(1)𝐻≀≀(1))𝐵≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)𝐵(𝑠𝑥𝐻(1))
−

2𝐴(1) + 2𝐴≀(1)

(𝑠 − 2)𝐴(1)
) 
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+
2𝐴(1)+2𝐴≀(1)+𝐴≀≀(1)

(𝑠−2)(𝑠−3)𝐴(1)
, 𝑠 ≥ 4                                                                                                     

…(3.5) 

𝒢1(𝑠) = (
𝑠4𝐵≀≀≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)(𝑠 − 5)𝐵(𝑠𝑥𝐻(1))
−

4𝑠3𝐵≀≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)𝐵(𝑠𝑥𝐻(1))
 

+
6𝑠2𝐵≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)𝐵(𝑠𝑥𝐻(1))
−

4𝑠2𝐵≀(𝑠𝑥𝐻(1))

(𝑠 − 2)𝐵(𝑠𝑥𝐻(1))
+ 1)

+
3√3

16
(

𝑠3(16𝐴(1) + 4𝐴≀(1) + 6𝐴(1)𝐻≀≀(1))𝐵≀≀≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)(𝑠 − 5)𝐵(𝑠𝑥𝐻(1))
 

−
4𝑠2(9𝐴(1) + 3𝐴≀(1) + 3𝐴(1)𝐻≀≀(1))𝐵≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)𝐴(1)𝐵(𝑠𝑥𝐻(1))
 

+
6𝑠(4𝐴(1) + 2𝐴≀(1) + 3𝐴(1)𝐻≀≀(1))𝐵≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)𝐴(1)𝐵(𝑠𝑥𝐻(1))
−

4𝐴(1) + 2𝐴≀(1)

(𝑠 − 2)𝐴(1)
) 

+
1

4
(

𝑠2𝐵≀≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)(𝑠 − 5)𝐴(1)𝐵(𝑠𝑥𝐻(1))
{72𝐴(1) + 48𝐴≀(1) + 48𝐴(1)𝐻≀≀(1) 

+6𝐴≀≀(1) +12𝐴≀(1)𝐻≀≀(1) + 4𝐴(1)𝐻≀≀≀(1) + 3𝐴(1)(𝐻≀≀(1))
2

} 

−
4𝑠(18𝐴(1) + 18𝐴≀(1) + 9𝐴(1)𝐻≀≀(1) + 3𝐴≀≀(1) + 3𝐴≀(1)𝐻≀≀(1) + 𝐴(1)𝐻≀≀≀(1))𝐵≀(6𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)𝐴(1)𝐵(𝑠𝑥𝐻(1))
 

+
12𝐴(1) + 24𝐴≀(1) + 6𝐴≀≀(1)

12𝐴(1)
) 

+
3√3

16
(

𝑠𝐵≀(𝑠𝑥𝐻(1))

(𝑠 − 2)(𝑠 − 3)(𝑠 − 4)(𝑠 − 5)𝐴(1)𝐵(𝑠𝑥𝐻(1))
{96𝐴(1) + 144𝐴≀(1) + 48𝐴≀≀(1)

+ 4𝐴≀≀≀(1) 

+72𝐴(1)𝐻≀≀(1) + 48𝐴≀(1)𝐻≀≀(1) + 16𝐴(1)𝐻≀≀≀(1) + 6𝐴≀≀(1)𝐻≀≀(1) + 4𝐴≀(1)𝐻≀≀≀(1)

+ 𝐴(1)𝐻≀≀≀≀(1)} 

−
24𝐴(1) + 72𝐴≀(1) + 36𝐴≀≀(1) + 4𝐴≀≀≀(1)

4! 𝐴(1)
) 𝑥 

+
24𝐴(1)+96𝐴≀(1)+72𝐴≀≀(1)+16𝐴≀≀≀(1)+𝐴≀≀≀≀(1)

4!𝐴(1)
, 𝑠 ≻ 6                                                               …(3.6) 

Proof  

From lemma 4.1 we get 
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‖𝒟(𝑓; 𝑥) − 𝑓(𝑥)‖

≤ 𝑠𝑢𝑝 {∫ |2((1 − 𝑥)2)(1 + (𝒟(𝑡 − 𝑥)2; 𝑥))

+ 𝒟 (1 + (𝑡 − 𝑥)2 (
𝑡 − 𝑥

∝
) ; 𝑥) 𝒲(𝑓, ∝)| 𝑑𝑥} 

By Cauchy-Schwarz inequality in 𝒟 (1 + (𝑡 − 𝑥)2 (
𝑡−𝑥

∝
) ; 𝑥) 𝑎𝑛𝑑 𝑙𝑒𝑚𝑚𝑎 2.3 we get 

‖𝒟(𝑓; 𝑥) − 𝑓(𝑥)‖

≤ 𝐶𝑠𝑢𝑝 {∫ |2((1 + 𝑥2)) (1 + 𝒢0(𝑠)(1 + 𝑥2) + √(1 + 𝑥2)

+ √𝒢1(𝑠)√((1 + 𝑥2))
3

) 𝒲(𝑓, ∝)| 𝑑𝑥} 

≤ 𝐶𝑠𝑢𝑝 {∫ |√((1 + 𝑥2))
5

(2 + 𝒢0(𝑠) + +√𝒢1(𝑠)) 𝒲(𝑓, ∝)| 𝑑𝑥} 

≤ 𝐶𝑠𝑢𝑝 {∫ |(2 + 𝒢0(𝑠) + +√𝒢1(𝑠)) 𝒲(𝑓, 𝒢0(𝑠))| 𝑑𝑥} ∎ 

Conclusion:  

In the present investigation , we have defined the approximation of operators by modifying  

Szasz- Durrmeyer operators through the incorporation of the Boas- Buck polynomial, the initial 

finding indicate that the operators retain several desirable approximation of their counter parts 

while exhibiting unique convergence behavior attributable to the nature of the Boas- Buck basis 

and we have proven a convergence a theorem for this operators , we have obtained quantitative 

estimates for the convergence using K-functional  these estimates provide bounds on how 

quickly the new operators approximation . 
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