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Approximation of unbounded functions of Szasz Durrmeyer
involving Boas-Buck polynomials on simplex

Abeer Mahdi Salih

Ministry of Education Al-Rusafa Three
S>a—

Abstract:

In this paper, we construct the Szasz-Durrmeyer operators defined by Boas-Buck
polynomials and prove some approximation properties of these operators and then establish
the convergence of these operators with the help of Ditzian- totik modulus of smoothness on
simplex.
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Introduction and preliminaries.

Szasz operators are defined by Szasz in 1950[1 ], [6] , [9] which is defined as:
salfo ) = e 5 S0 f (2)

v! s

Where s € N,x = 0 and f € c[o, ). the Durrmeyer operator modifications of the
Bernstien Szasz and Baskakov operators. [6]

The Bernstien- Durrmeyer operators are introduced in [ 9 |

Mo f(x) = (n+ 1) Zpeo Pri(®) [ Pax(OF D)t ... (1,1)

Where f € 1,[0,1],p = 1, andp, , (x) = CRx*(1 —
x)k ..(1,2)

In[ 9 ] Mazhar and Totik introduced the following Szasz Durrmeyer type modification of S;
L(f,x)= f f)H(x,u)du,x =0,t
0
>0. .. .(1,3)
k
Where Hy(x,u) = t X i e (X)), (u) and my () = e‘tx%,k =0,12, ...

Introduced the linear positive operators which involve the Boas-Buck polynomials as follows
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eENn . (1,4)

And then Mursaleen [7] studied cholodowsky type generalization of Szasz operators which
include

Boas-Buck type polynomials , the Boas-Buck polynomials have generating functions of the
form,

A(u)B(xH(u)) = Z p, (X)u.
v=0

Where A(u),B(u) and H(u) are analytic functions
Aw)=Y 7 a,u" v (1,5)

Bw= Y7 obru", H(w) = X7l hyu”
With the conditions aytg, b, # 0, (r = 0) and h,; # 0[8] we assume

1. A()#0,H (1) =1,P.(x)=0,v=0,1,2,..
2. B:R - (0,)
3. The power series (4),(5) converges in the disk |u| <r,(R > 1)

In(3) by using A(w) = 1, H(u) = u,and B(u) = e*

In view of the generating functions(4) we obtain p,, (s, x) = And the operators (3)reduce

to the szaszoperators(1)in the current paper, we aim to construct a generalization of Szasz
Mirakjan Durrmeyer operators [6 by utilizing the Boas-Buch- type polynomials then we
show that the Boas-Buch- type polynomials include the appel polynomials.

We consider the Szasz Durrmeyer including Boas-Buch- type polynomials as follows.

Dy(f,x) = = Y=o Pr(5%) foooqut(x,u)du. ...(1,6).

A(T)B(st(1))
Lemma 2.1forall x € S , we write
Ds(l, X) = 1

B'(sxH(1)) A(D) + A'(1)
(s — 2)B(st(1)) A(D)

DS(elr .X') =

BY(sxH(1)) , A(1)+24'(1) + A(DH"(1)B*(sxH(1))
B(sxH(1)) g A(1)B(sxH(1))

DS(eZI x) =

A1) + A'(1) + A%(1)
A(1)
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B (sxH(1)) , A(1)+A'(1) + A(DH*(1)B"(sxH(1))
B(sxH(D) ADB(sxH(D)

DS(eSI .X') =

A(l) +A'(1) + A(DHY (1) + A*(1) + A (DH (1) B (st(l))
A(1)B(sxH(1))

A(D) + A1) + A%(1) + A% (1)
A(D)

B (sxH(1) , A(1) + A1) + AQDH (DB (sxH(D)
B(sxH(1)) g ADB(sxH (1)) x

DS'(eél-) .X) =

B%(sxH(1))
A(1D)B(sxH(1))

[A(1) + A'(D) + A(DHY(1) + A%(1) + A/(DH®(1) + A(D) + H*¥(1)

B*(st(l))

FADH W I+ e (D)

[A(1) + AY(1) + A¥(1) + A (1) + A/(DHY (1) + AY(DHHY (1) + A*(D)HY (1)
A1) + A'(1) + A%(1) + A (1) + A (1)

+ A(DHY (1) + A(DH¥™(D)]x A(1)

Where e, = t"for m = 1,2,3,4

ZT’”(”‘) f(1+t)4 si1

By using the generating functions of the Boas-Buch type polynomials by taking (4) we get
Yoo Py(sx) = A(1)B(sxH(1)) (2,1

Yoo vpy(sx) = A(1)B(sxH(1)) + A(1)B!(sxH(1)) ...(2,2)

o)

Z v2p,(sx) = (A'(1) + A*(1))B(sxH (1)) + (A(1) + A'(1) + A(DH*(1))B*(sxH(1))

v=0

+A(1)B"(sxH(1)) .(2.3)

Yoo v3p,(sx) = (A'(1) + A%(1) + A%(1))B(sxH (1)) + (A(1) + A'(1) +
ADHY (D) +A%(1) + A(DHY(D)+ADH™(1))B (sxH(1)) .24

(A1) + A(QDH®(1))B"(sxH(1)) + A(1)B*(sxH (1))
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o)

Z vip,(sx) = (A'(1) + A%(1) + A®(1) + A**(1))B(sxH(1))
v=0

+ (A(D) + A1) + A(DHY(D)+AY () + ADHY (D)
+ A(D+A)H™(1))B (sxH(1))

(A(D) + A' (1) + AQD)H®(D)+A%(1) + AA(DHY(D)+ADH™M (1)
+AMD+A (DHB (sxH(D) + (A1) + A'(D + ADH" (1))B" (sxH (1)

+A(1)B™ (sxH (1))
.(2,5)

Now let the K-functional of simplex are

K = {f;x ES f s < aeb*,a, b positive and finite}

Suppose that

lim BG) _ 1, lim B _ 1, lim O 1, lim il 1 (2,5)
s—oo B(s) - 's—>oo B(s) - ,S—>oo B(s) - ’s—)oo B(s) - & R VN
Theorem 2:2

Let f € S N K and equations of (2,5)be satisfied then lim D(f,x) = f(x) and the operators
D converges uniform o

Proof

From lemma 2.1 and (2,5) we get

fm=0,12,..

Then the new operator D converge uniformly , we complete the proof by applying universal
Korovkin property with respect to positive linear operators

Lemma 2.3

For all x € S,we have

B'(3xH(1)) _
B(2xH(1))

168" (4xH(1)) 8B'(4xH(1)) D2 s
2B(2xH(1))  2B(4xH(1)) >x

A(1D)+AY 1)

D;(t—x;x) = (3 0

1)x+ s >3 .(2,6)

D,((t—x)%x) = <

((16A(1) +84'(1) + 4ADH"())B' (4xH (D)) — 4D+ 2““) .

2A(1)

24(1)+4A'(1)+A%(1)
24(1) ’

s>4 ...(2,7)
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6B (6xH(1)) 4+6°B'(6xH(1))  6°B"(6xH(1))
41B(6xH(1)) 41B(6xH(1)) 41 B(sxH(1))

De((t —x)% %) = <

6° (16A(1) +4A'(1) + 6A(1)B“*(6xH(1)))
41 A(1)B(6xH (1))

_ 24B'(6xH(1)) .
4B(6xH (1)) o

_4x6%(9A(D) +34'(1) + 3A(MH"(1))B" (6xH (1))
41 A(1)B(6xH (1))

62 (4A(1) + 24'(1) + A(H*(1))B!(6xH (1)) _4A) + 4Al(1)l 5
12A(1)B(6xH(1)) 4A(1)

6B (6xH(1))
41A(1)B(6xH(1))

{724(1) + 48A% (1) + 48A(1)H" (1) + 64%(1)

+124(D)H(1) + 4A(DHY (1) + 3A(1)(H“(1))2}

_ 24(18A(1) + 18A'(1) + 9A(1)H (1) + 34%(1) + 3A'(DH®(1) + A(L)H*'(1))B*(6xH (1))
41 A(1)B(6xH(1))

124(1) + 244(1) + 64%(1)\
124(1) >x

6B (6xH(1))

4!A(1)B(6xH(1)) {96A(1) + 144A1(1) 4+ 48A(1)H(1) 4+ 48A%(1) + 4 A (1)

+72A(D)H(1) + 484 (DHY(1) + 16A(DHY (1) + 6AY(1D)HY(1) + 4A(DHH (1)
+AD)H* (1)}
24A(1) + 7241 (1) + 3647 (1) + 44 (1)
B 4TA(1) )x

24A(1)+96A4'(1)+724% (1) +16 A% (1) +A*%(1)
+ ,S
414(1)

-6 ...(2,7)

Proof:

D;(t — x;x) = D3(eq;x) —xD5(1;x),s > 3

B B'(3xH(1)) _ A1) + A'(1)
N <<3 B(2xH (1)) 1>x MY TEY) )
= D;(eq;x) — x(1)

= D;(ey;x) —xD;(1;x),s > 3
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D4((t - x)z;x) = D4(el;x) - x2D4(1;x),s >4

.« _ 8B"(4xH(1))x*> 4B'(4xH(1)) ,
Dy (£ =x)%2) = B(zxH(D)  BaxHD) & T

A(D) + 24'(1) + 2A%(Dx

(8A(1) + 44%(1) + 2A(D)H*(1))B*(4xH(1)) — A*(1)x + 200

= Dy(eq;x) — x*Dy(1; %)

And then from (2,7 )and s > 6

Dg((t —x)*;x) = Dg(eq; x) — 4xDg(e3;x) + 6x2Dg(ey; x) — 4x3Dg(e1; x) + x*Dg(1; x)
Lemma 2.4

For all x € S,we have

A(D) + A1)

lim s Dy(t — x; ) = xpy (%) + A0

lim s Dy((t — %)% x) = x%p,(x) + x(2 + HY (1))
lim 52 Dy((¢ = )% %) = x*u5(x) + X2y () + x2(12 + 12H" (D)) + 3(H(1))°

Where

_ sB! (st(l) —(s— Z)B(st(l)))
i (x) = Sh_)rglos (s — Z)B(st(l))

(ng“ (sxH(1) = 25(s = 3)B'(sxH(D))) + (s = 2)(s — 3)B(st(1))>
U, (x) = lim s
500 (s —2)(s — 3)B(sxH(1))

p3(x)
o [s* B (sxH (D) — 453 (s — $)BY (sxH(D) ) + 657(s — 4)(s — 5)B" (sxH (1)
=S 5—2)G—3)(s - (s - 5)B(sxH(D)

S—00

B 4s(s —3)(s —4)(s — 5)B'(sxH (1)) N 1)
(s=2)(s=3)(s—4)(s— 5)B(st(1))

s3(164(1) + 4A'(1) + 6A(1)HY(1))B*™ (sxH(1))
(s=2)(s=3)(s—4)(s— 5)B(st(1))

ps(x) = lim s? <
S—00

4s%(s — 5)(9A(1) + 34'(1) + 3A(1)H*(1))B*(sxH(1))
B (s — 2)(s — 3)(s — 4)(s — 5)A(1)B(sxH(1))
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65(s — 4)(s — 5)(4A(1) + 24'(1) + 3A(1)H"(1))B*(sxH(1))
(s —2)(s —3)(s — 4)(s — 5)A(1)B(sxH(1))

_(5=3)(s =D (s —5)(44(D) +44'(1))B(sxH (1))
(s —2)(s —3)(s — 4)(s — 5)A(1)B(sxH(1))

Lemma2.5
Q l
Let lim 28 = 1, 1im 22 = 1
s—oo B(s) s—oo B(s)

Be satisfied for all f € S, then ||Ds(x)|| < C where C is positive constant.
Proof:

By using lemma (2, 1) we have

Ds(x) = Dy(1,x) + Ds(ey, x)

Then

x2

i

X

(4

s(4A(1)+2Al(1)+A(1)H“(1))Bl(st(1))
(s—2)(s—3)B(sxH(1))

s2B¥(sxH(1))
(s—2)(s—3)B(sxH(1))

1Ds GOl = Sup{

24(1) + 24'(1) + A1) |1
‘(s—zxs—mm 1‘$}'5>3

Since supi =1,sup-= %,sup% = 1 we have

s2B¥(sxH(1)) x?

IDs GOl < sup {‘(s ~2)(s - 3)B(sxH)| ¥
N s(44(1) +24'(1) + A(DHY(1))B! (sxH(1)) x
(s —2)(s — 3)B(sxH(1)) Y

By using (10), there exist a positive constant R

IDs(OIl < R

Theorem 3.1 for all f € S then lim||Dsf (x) — f(x)|| =0
S—00

Proof:

Froom Korovkin theorem for m=0, 1, 2

lim||Dg(t™, x) —x™|| =0 ...(3.D
S—00

Then from lemma 2.1 we have
lim[|Ds(1,x) —1|| =0
S—00
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_ B sBY(sxH(1)) x A1)+ A (D)|1
31_)rg||DS(ellx)_el(x)” - Sup{ (S—Z)B(SXH(l))_ $+ (S_Z)A(l) |$
1| sB(sxH(D) A(D)+AY (1)
= 2 |(s—2)B(sxH (D) 1‘ * [ —2am - (3-2)

lim || Ds(eq,x) — e, (x)]| = 0, for s > 2
S—00
(3.3)

In the same way

lerglIDs(ez,x) — ez ()|
s2B¥(sxH(1)) x?

= sup{ —1|—
(s —2)(s — 3)B(sxH(1)) Y
s(4A(D) + 24'(1) + A(DH®(1))B'(sxH(1))
(s —2)(s = 3)A(1)B(sxH(1))

X

Y

‘ZA(l) + 244(1) + A (D) ’ 1}

(s — 2)(s —3)A(1) "

s2B%(sxH(1))
(s —2)(s — 3)B(sxH(1)) ‘

24(1) + 24%(1) + A®(1)
‘ (s—=2)(s—3)A() ‘}

s(4A(1) + 24'(1) + A(DH®(1))B!(sxH(1))
2(s — 2)(s = 3)A(1)B(sxH(1))

< sup{

For s > 3,we have

lim [IDs(ez, x) — e2(x)|| = 0

Thus we get
lim || D (¢™,x) —x™|| = 0
S—00

From theorem we get lim ||Dsf (x) — f(x)|| = 0
S—00

Lemma3.2
If f €S, then [IDsf(x) — F(X)lly < 2(2 + Go(8) + VGL))W(F,/Go(s)) --(34)
Where
B ( s2B¥(sxH(1)) _ 2sB'(sxH(1)) 1)
Go(s) = (s —2)(s —3)B(sxH(1)) (s —2)B(sxH(1))

1(s(4A) +24'(D) + AMH"(D)B'(sxH(1))  24(1) +24'(D)
2 < (s —2)(s — 3)B(sxH(1)) INCEFIVIEY )
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24(1)+24'(1)+A4% (1)

(s—=2)(s-3)a(1) '~ — 4
.(3.5)
s*B*¥(sxH(1)) 4s3B™ (sxH(1))
G1(s) = ( -
(s—2)(s—=3)(s —4) (s —5)B(sxH(1)) (s—2)(s —3)(s —4)B(sxH(1))
6s2B"(sxH(1)) _ 4s%B(sxH (1)) >
(s —2)(s —3)B(sxH(1)) (s —2)B(sxH(1))

33 <s3(16A(1) +44(1) + 6A(1H®(1))B (sxH (1))
16 (s —2)(s —3)(s — 4)(s — 5)B(sxH(1))

_4s2(9A(D) +34'(1) +3A(MH"(1))B" (sxH (1))
(s —2)(s —3)(s — HA1)B(sxH(1))

65(4A(1) + 24 (1) + 3A(DH®(1))B*(sxH(1)) _4AQ) + 2A*(1)>
(s —2)(s — 3)A(1)B(sxH(1)) (s —2)A(1)

1 < s*B! (sxH(D) (724(1) + 4841 (1) + 48A(1)H" (1)

T\ G636 DG - 5HAMB(HD)
+6A1(1) +124W(DH (1) + 4A(DHM (1) + 3A(1)(H“(1))2}

~ 4s(18A(1) + 184 (1) + 9A(LH* (1) + 34% (1) + 34 (H*(1) + A(H™(1))B*(6xH(1))
(s —2)(s —3)(s — HA()B(sxH(1))

124(1) + 2444 (1) + 6A“(1)>

124(1)
33 sB*(st(l)) | )
"6 <<S TG =35 — ) — DA B(exH (D) AW +1444(1) +484T()
+ 4A% (1)

+72A(DHR (D) + 484 (DHY(1) + 16A(DHM (1) + 64X (DHY(1) + 44 (1) H¥ (1)
+A(DH" (1)}

244(1) + 7241(1) + 36A%(1) + 441 (1)
- 4TA(1) )x

24A(1)+96A4'(1)+724% (1) +16 A% (1) +A*%(1)
+ , S
414(1)

> 6 ...(3.6)

Proof

From lemma 4.1 we get
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ID(f5 %) — F]
< sup {f |2((1 —))(1+ (D(t — x)?%x))
+D (1 + (t —x)? (thx> ; x)W(f, oc)| dx}
By Cauchy-Schwarz inequality in D (1 + (t — x)? (%) ; x) and lemma 2.3 we get

ID(f5x) — fFCOl
< Csup U ‘2((1 +x2)) <1 + Go(s)(1 + x?) + /(1 + x2)

+ \/91(5),/ (a+ x2))3> W(f,x) dx}
< Csup {f ‘ (@1 +22)° (2 + Go(s) + +VG (D) W(f, )

< Csup {f |(2 + Go(s) + +\/g1(s))W(f,go(s))| dx} n

]

Conclusion:

In the present investigation , we have defined the approximation of operators by modifying
Szasz- Durrmeyer operators through the incorporation of the Boas- Buck polynomial, the initial
finding indicate that the operators retain several desirable approximation of their counter parts
while exhibiting unique convergence behavior attributable to the nature of the Boas- Buck basis
and we have proven a convergence a theorem for this operators , we have obtained quantitative
estimates for the convergence using K-functional these estimates provide bounds on how
quickly the new operators approximation .
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