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Abstract

This study aims to investigate the Truncated Inverse Lomax Distribution and
estimate its associated survival function using two statistical methods:
Maximum Likelihood Estimation (MLE) and Least Squares Estimation (LSE).
The distribution is classified as heavy-tailed and is known for its flexibility in
modeling positively skewed data within a bounded interval, making it
particularly suitable for survival data analysis. A simulation study was
conducted using different sample sizes (50, 100, and 150) to evaluate the
performance of both estimation methods based on the Mean Squared Error
(MSE) and the Mean Absolute Error (MAE) criteria. The results indicated that
the LSE method was more efficient for small sample sizes, while the MLE
method outperformed LSE in larger samples, reflecting the theoretical properties
of each approach. These findings highlight the importance of selecting the
appropriate estimation method based on the sample size and data characteristics
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Analysis of Simulation Result

150 dls ana 2ie ]
xe (MLE, LSE,) il 58 yhl ) siaall G sSaall (uSla gl a5 55 50085 (33l sl il (2) J s
50 4ue s
alpha | beta MLE LSE | best
alpha | 0.35252 | 0.62806
MSE | 0.8021 | 0.5233 | Ise
05 11 MAE | 0.97201 | 0.6823
beta | 0.926624 | 1.065247
MSE | 0.89583 | 0.6008 | lIse
MAE | 0.92404 | 0.6478
alpha | 0.567262 | 0.530526
MSE | 1.08238 | 1.0022 | lIse
MAE | 0.98904 | 0.9065
beta |5.114134 | 5.066597
0.5 5 MSE | 0.83577 | 0.6722 | lse
MAE | 0.96018 | 0.7565
beta | 1.15403 | 1.041532
MSE | 0.82628 | 0.5553 | Ise
MAE | 1.05183 | 0.8214
1.1 3 | alpha|0.944136 | 1.188717
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MSE | 0.8398 | 0.6315 | lIse
MAE | 1.14764 | 1.1369
alpha | 1.048928 | 0.662738
MSE | 0.93977 | 0.8639 | Ise
MAE | 1.12372 | 1.0929

beta | 5.016559 | 4.762136
MSE | 0.87503 | 0.9466 | mle
MAE | 0.92729 | 0.6714
alpha | 2.954903 | 3.13062
MSE | 0.82329 | 0.6432 | Ise
MAE | 1.1648 1.182
alpha | 2.862811 | 3.133718
MSE | 0.96512 | 0.6514 | Ise
MAE | 0.95849 | 0.711

beta |2.967285| 3.01318
MSE | 0.85956 | 0.5925 | Ise
MAE | 1.00048 | 1.0375
alpha | 2.933975 | 3.175103
MSE | 0.92443 | 0.6933 | Ise
MAE | 1.12229 | 0.8458

100 s paa 2ie 2
xie (MLE, LSE) i) i jhal ) siaall (o sSaall (uSla ol a5 55 i (330 ko il (3) J o

100 4ue aaa
alpha | 0.481355 | 0.319335
MSE | 0.4309 0.7594 | MLE
MAE | 0.5657 0.8221
beta | 1.096475 | 1.165416
MSE | 0.4275 0.827 | MLE
MAE | 0.5001 0.9817
alpha | 0.522849 | 0.371748
MSE | 0.4398 0.7134 | MLE
MAE | 0.4917 0.8509
beta | 3.069161 | 3.012287
MSE | 0.5124 1.0332 | MLE
MAE | 0.4024 0.8153
alpha | 0.438285 | 0.443787
MSE | 0.5797 1.1782 | MLE
MAE | 0.5016 0.7234
beta | 5.045585 | 4.763518 | MLE
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MSE | 0.4695 0.8482
MAE | 0.5889 0.8263
alpha | 1.108426 | 1.300829
MSE | 0.4068 0.794 | MLE
MAE | 0.4529 1.0091
beta |1.121813 | 1.184939
MSE | 0.4197 0.9051 | MLE
MAE | 0.4011 0.6561
alpha | 1.016863 | 0.913566
MSE | 0.4506 0.6799 | MLE
MAE | 0.4274 0.9509
beta | 2.969339 | 3.007152
MSE | 0.4811 0.8815 | MLE
MAE | 0.4353 0.9088
alpha | 1.117026 | 0.96965
MSE | 0.4106 0.7172 | MLE
MAE | 0.5142 1.0649
beta | 5.102739 | 4.779075
MSE | 0.5079 0.792 | MLE
MAE | 0.5909 0.9937
alpha | 3.000526 | 2.780664
MSE | 0.4552 1.0209 | MLE
MAE | 0.4957 0.9677
beta | 1.066947 | 0.980093
MSE | 0.4245 0.9211 | MLE
MAE | 0.5421 0.8627
alpha | 2.9813 |2.650296
MSE | 0.4727 0.8972 | MLE
MAE | 0.5144 0.9072
beta | 2.959853 | 3.012912
MSE | 0.583 0.8394 | MLE
MAE | 0.5908 1.1697
alpha | 2.996388 | 2.949649
MSE | 0.4639 | 0.7633 | MLE
MAE | 0.5649 | 0.8603
beta | 5.067301 | 5.162312
MSE | 0.5919 | 0.8399 |MLE
MAE | 0.5255 0.9141
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e (MLE, LSE,) sl i sl siadl o Sl uSlash 355 i 395k el (4) s

150 die ana
alpha | 0.490699 | 0.438203
MSE | 05521 | 1.1242 | MLE
MAE | 04354 | 0.8836
beta | 1.002085 | 1.413921
MSE | 04248 | 0.831 |MLE
MAE | 0.4273 | 0.8256
alpha | 0.532522 | 0.259596
MSE | 0.4223 | 0.8489 | MLE
MAE | 04181 | 0.7877
beta | 2.947096 | 2.99591
MSE | 0.4905 | 0.9744 | MLE
MAE | 05119 | 0.7957
alpha | 0.500018 | 0.571517
MSE | 0.4862 | 1.0118 | MLE
MAE | 05811 | 1.0425
beta | 4.936724 | 4.841332
MSE | 0.4467 | 0.6765 | MLE
MAE | 05036 | 0.8244
alpha | 1.020276 | 1.227976
MSE | 0.4176 | 0.86 |MLE
MAE | 0451 | 0.7183
beta | 1.191971 | 1.051656
MSE | 0.4001 | 0.9465 | MLE
MAE | 0.4011 | 0.7466
alpha | 1.173615 | 1.109684
MSE | 0.5044 | 0.9925 | MLE
MAE | 0.4049 | 0.8251
beta | 3.035838 | 2.997902
MSE | 0.4377 | 0.8311 | MLE
MAE | 0.4736 | 0.9986
alpha | 1.074511 | 1.129799
MSE | 0.4885 | 0.8691 | MLE
MAE | 05543 | 1.0832
beta | 5.020593 | 4.934413
MSE | 0.4139 | 0.9456 | MLE
MAE | 05074 | 0.8584
alpha [ 2.938211 | 2.886089 | | \
MSE | 0.5377 | 1.0859
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MAE | 0.4263 | 0.9624
beta | 1.051619 | 1.178587
MSE | 0.5368 | 0.7886 | MLE
MAE | 0.5881 0.814
alpha | 2.974108 | 2.991773
MSE | 0.5806 0.894 | MLE
MAE | 0.4613 | 0.9459
beta | 3.025045 | 2.907671
MSE | 0.4387 0.939 | MLE
MAE | 0.528 0.9711
alpha | 3.037248 | 3.159782
MSE | 0.5306 | 0.9448 | MLE
MAE | 0.5031 | 0.9816
beta | 5.035374 | 4.892057
MSE | 0.5619 | 1.0077 | MLE
MAE | 0.4737 | 0.7592

SSiall (agSaall (uSla gl a3 930 £ L8 ANy &) jaka grilii 9

50 4ie ana dis -]

RR Rk R e
gjulajuawwlwwww L e e
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5 3.5 0.1834 0.1910 0.1870

1.1 1 0.8036 0.8133 0.7873

1.1 15 0.5726 0.5871 0.5484

1.1 2 0.4137 0.4278 0.3904

1.1 2.5 0.2979 0.3099 0.2782

1.1 3 0.2098 0.2192 0.1944

1.1 3.5 0.1405 0.1473 0.1294

3 1 0.8682 0.8536 0.8787

3 1.5 0.6825 0.6574 0.7014

11 3 2 0.5304 0.5035 0.5514
' 3 2.5 0.4041 0.3793 0.4239
3 3 0.2976 0.2769 0.3145

3 3.5 0.2067 0.1910 0.2198

5 1 0.8917 0.8878 0.8521

5 15 0.7282 0.7212 0.6587

5 2 0.5844 0.5764 0.5078

5 2.5 0.4575 0.4498 0.3853

5 3 0.3449 0.3383 0.2834

5 3.5 0.2445 0.2393 0.1968

1.1 1 0.9000 0.9034 0.8862

1.1 15 0.7292 0.7360 0.7022

1.1 2 0.5736 0.5817 0.5428

1.1 2.5 0.4387 0.4466 0.4095

1.1 3 0.3231 0.3299 0.2984

11 3.5 0.2241 0.2293 0.2051

3 1 0.9627 0.9583 0.9664

3 15 0.8725 0.8617 0.8818

3 3 2 0.7589 0.7440 0.7719
3 2.5 0.6329 0.6164 0.6474

3 3 0.5019 0.4861 0.5160

3 3.5 0.3708 0.3574 0.3829

5 1 0.9774 0.9768 0.9807

5 1.5 0.9152 0.9137 0.9244

5 2 0.8256 0.8236 0.8399

5 2.5 0.7143 0.7121 0.7316

5 3 0.5868 0.5848 0.6049

5 3.5 0.4481 0.4465 0.4646

100 4 paa 2ie 2

100 die paa ie ) sisall (s gSaall (uSla o 55303 ) sladd) g o) JI g il )3 (6) J 5o

o

B

t
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Survival
true MLE LSE
1.1 1 0.7641 0.7627 | 0.7544
1.1 15 0.5175 0.5155 | 0.5048
1.1 2 0.3625 0.3607 | 0.3512
1.1 2.5 0.2556 0.2542 | 0.2466
1.1 3 0.1773 0.1762 | 0.1705
1.1 3.5 0.1174 0.1166 | 0.1126
3 1 0.8171 0.8203 | 0.8050
3 1.5 0.5996 0.6046 | 0.5813
05 3 2 0.4446 0.4498 | 0.4265
' 3 2.5 0.3272 0.3318 | 0.3115
3 3 0.2347 0.2384 | 0.2222
3 3.5 0.1596 0.1624 | 0.1504
5 1 0.8379 0.8319 | 0.8304
5 1.5 0.6357 0.6260 | 0.6234
5 2 0.4839 0.4739 | 0.4709
9) 2.5 0.3638 0.3549 | 0.3520
5 3 0.2656 0.2583 | 0.2558
5 3.5 0.1834 0.1779 | 0.1759
1.1 1 0.8036 0.8131 | 0.8216
1.1 1.5 0.5726 0.5869 | 0.5996
1.1 2 0.4137 0.4277 | 0.4400
1.1 2.5 0.2979 0.3098 | 0.3203
1.1 3 0.2098 0.2192 | 0.2274
1.1 3.5 0.1405 0.1473 | 0.1533
3 1 0.8682 0.8613 | 0.8536
3 1.5 0.6825 0.6705 | 0.6578
11 3 2 0.5304 0.5175 | 0.5042
' 3 2.5 0.4041 0.3922 | 0.3802
3 3 0.2976 0.2877 | 0.2778
3 3.5 0.2067 0.1992 | 0.1918
5 1 0.8917 0.8938 | 0.8795
5 15 0.7282 0.7323 | 0.7058
5 2 0.5844 0.5891 | 0.5589
5 2.5 0.4575 0.4621 | 0.4329
3 3 0.3449 0.3490 | 0.3236
5 3.5 0.2445 0.2478 | 0.2277
1.1 1 0.9000 0.8974 | 0.8808
3 1.1 15 0.7292 0.7240 | 0.6936
1.1 2 0.5736 0.5677 | 0.5343
1.1 2.5 0.4387 0.4331 | 0.4023
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1.1 3 0.3231 0.3183 | 0.2927
1.1 3.5 0.2241 0.2204 | 0.2010
3 1 0.9627 0.9617 | 0.9521
3 1.5 0.8725 0.8698 | 0.8471
3 2 0.7589 0.7551 | 0.7247
3 2.5 0.6329 0.6285 | 0.5958
3 3 0.5019 0.4976 | 0.4668
3 3.5 0.3708 0.3671 | 0.3413
5 1 0.9774 0.9776 | 0.9771
5 1.5 0.9152 0.9159 | 0.9144
5 2 0.8256 0.8268 | 0.8246
5 2.5 0.7143 0.7157 | 0.7132
5 3 0.5868 0.5884 | 0.5860
5 3.5 0.4481 0.4497 | 0.4475
150 i aaa 2ic 3
150 4e ana dic ) sisall (g sSaall uSla of 551 5 ) ghaddl g olad) JI g2 il jaka (7) Jsaa
o B t Survival
true MLE LSE
1.1 1 0.7641 0.7583 0.7735
1.1 1.5 0.5175 0.5092 0.5315
1.1 2 0.3625 0.3548 0.3761
1.1 2.5 0.2556 0.2492 0.2672
1.1 3 0.1773 0.1724 0.1864
1.1 3.5 0.1174 0.1139 0.1240
3 1 0.8171 0.8193 0.7936
3 15 0.5996 0.6029 0.5644
05 3 2 0.4446 0.4478 0.4101
' 3 2.5 0.3272 0.3300 0.2974
3 3 0.2347 0.2369 0.2110
3 3.5 0.1596 0.1612 0.1422
5 1 0.8379 0.8375 0.8439
5 1.5 0.6357 0.6349 0.6452
5 2 0.4839 0.4830 0.4937
5 2.5 0.3638 0.3629 0.3726
5 3 0.2656 0.2649 0.2728
5 3.5 0.1834 0.1828 0.1888
11 1.1 1 0.8036 0.8107 0.8082
' 1.1 1.5 0.5726 0.5834 0.5789
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1.1 2 0.4137 0.4244 0.4195
1.1 2.5 0.2979 0.3071 0.3027
1.1 3 0.2098 0.2171 0.2134
1.1 3.5 0.1405 0.1458 0.1431
3 1 0.8682 0.8744 0.8689
3 1.5 0.6825 0.6932 0.6837
3 2 0.5304 0.5421 0.5317
3 2.5 0.4041 0.4149 0.4052
3 3 0.2976 0.3067 0.2986
3 3.5 0.2067 0.2137 0.2075
5 1 0.8917 0.8898 0.8934
5 15 0.7282 0.7249 0.7314
5 2 0.5844 0.5807 0.5879
5 2.5 0.4575 0.4539 0.4608
5 3 0.3449 0.3418 0.3477
5 3.5 0.2445 0.2421 0.2467
1.1 1 0.9000 0.8936 0.9015
1.1 1.5 0.7292 0.7170 0.7326
1.1 2 0.5736 0.5600 0.5779
1.1 2.5 0.4387 0.4259 0.4431
1.1 3 0.3231 0.3123 0.3270
1.1 3.5 0.2241 0.2158 0.2271
3 1 0.9627 0.9623 0.9613
3 1.5 | 0.8725 0.8716 0.8686
3 3 2 0.7589 0.7577 0.7533
3 2.5 0.6329 0.6317 0.6264
3 3 0.5019 0.5008 0.4955
3 35| 0.3708 0.3699 0.3652
5 1 0.9774 0.9783 0.9801
5 1.5 0.9152 0.917/8 0.9227
5 2 0.8256 0.8297 0.8370
5 2.5 0.7143 0.7192 0.7279
S 3 0.5868 0.5920 0.6009
5 3.5 0.4481 0.4529 0.4608

Discussion of results z=liill 4délia 10

1Y (N =50,100,150) liall a sas die oef Jghaall (e Jaadl

sle S50 4pd JS < 5 L SE s pall lay sl A3k 0 ((2-3) s P e g -]
MSE  bwe ded Y4 (g 5 piall cilimll asaa b 50 S 5 Lei S alie V) ey 43 )k
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Jil s 3) « (MLE) akae ) lSaY) 4y plal Azl 5 85 (5 siasall 28 & iliil) cyelal 22
330 e g MLE 0 O ) s Las, ialaall ST MAE 51 MSE a8 &) A
(asymptotic efficiency).aduiall 3¢ leSl) & &y jlaill Leaal 6& (puSay Laa cAipal) aas

L) jplee pen b ik dliadl o cldla 3 S5e JSE gl MLE dnk -3
Gapal Cua dlall S cidl MLE ake ) oSy 4850 85 a0 e SV (MAE s MSE)
Aia ) Laliall apen 8 cpillall DD Agdall 2l (e Tam Ay 8 ol il

ol e U8 5 28y ST SLAG 868 MILE i) 48 plal danilly iyl 41a 45 jlie oS53 -4

(N =100,150 )aic Laws ¥ dgaiall

Conclusions <l 11

i) Q_“A Olaleall yaasi k_h.u.\\}“ A5 (LSE) 6yl lay yall 48y )l u\ < C._Lul\ Prv °
(MSE) Uas il e Jous gla ds\j 388y ) a8 el G c(n 50) dall a3 dic a)m.al\
IR OYls GA( MLE )@\).LM MJLSA

Bsiia 2131 (0 = 100) Lumll ans die (MLE) abe¥) glSaY) 46 )l of il <ojelal o
o Osialeal) IS (MAE) (laall Usill Jaws i 5 (MSE) Undl il o dass il ol ) Jasi Can
£ 138 (WLSE) g sall 5 ypall Glay yall g (LSE) 6 yall Gl yall (33 s MJ\AA ‘BJ
« (asymptotic efficiency)dsuiall sl (Jia ¢ MLEA skl 4 laill (ailladll (a5 sdiall
Al ana 834 ) ae 151 il s 48y ST Lelans Al

& gl JS(MLE) k¥ gy 48k of ¢(n = 150) Zimll pas die gils o
u\.u).d\ ‘\.SAJLJ 4..1)1.9.@ ).ms.d\ GA‘LJLC A.SJQ_M:.U‘_“_\M Q_ﬁnaj\ GAMB A\_uaj\ p oJL\)
Uasll Lo 5 (MSE)  Uaddl Cilxy e Jawssiad 2 Jil( MLE )iliw dus (LSE) ¢ _real
o0l 8 Alel) Lo S Sy Laa (B 5 0 ilalall ST (MAE) Gl
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Abstract

This study aims to investigate the Truncated Inverse Lomax Distribution and
estimate its associated survival function using two statistical methods:
Maximum Likelihood Estimation (MLE) and Least Squares Estimation (LSE).
The distribution is classified as heavy-tailed and is known for its flexibility in
modeling positively skewed data within a bounded interval, making it
particularly suitable for survival data analysis. A simulation study was
conducted using different sample sizes (50, 100, and 150) to evaluate the
performance of both estimation methods based on the Mean Squared Error
(MSE) and the Mean Absolute Error (MAE) criteria. The results indicated that
the LSE method was more efficient for small sample sizes, while the MLE
method outperformed LSE in larger samples, reflecting the theoretical properties
of each approach. These findings highlight the importance of selecting the
appropriate estimation method based on the sample size and data characteristics
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