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1. INTRODUCTION 

 Suppose that  𝑐  is a point inside the famous unit circle  

  𝒰 = {𝑧 ∈ ℂ: |𝑧| < 1},  

Let 𝔏𝑐 be the class of all analytic normalized functions inside the perforated disk 𝒰 \{𝑐} = {𝑧 ∈ ℂ: 𝑐 <  |𝑧| < 1},such 

that each function is written as follows: 

𝑓(𝑧) =  
1

𝑧−𝑐 
+  ∑ 𝑎𝑛  (𝑧 − 𝑐 )𝑛∞

𝑛=1  .                                     (1.1) 

Here I will need a definition convolution or Hadamard product for two functions in the set that we defined above. This 

definition is actually found in many books on the geometry of analytical functions. I used the book found in the source 

[3] and the definition is as follows: 

Let's assume that two functions belong to the set 𝔏𝑐  

𝑓1(𝑧) =  
1

𝑧−𝑐 
+  ∑ 𝑎1,𝑛  (𝑧 − 𝑐 )𝑛∞

𝑛=1  ,      

                                                                                (1.2) 

𝑓2(𝑧) =  
1

𝑧−𝑐 
+  ∑ 𝑎2,𝑛  (𝑧 − 𝑐 )𝑛∞

𝑛=1 ,                                   

then the convolution or Hadamard product for the two functions  𝑓1 and 𝑓2 is  

( 𝑓1 ∗  𝑓2)(𝑧) =  
1

𝑧−𝑐 
+  ∑ 𝑎1,𝑛  𝑎2,𝑛  (𝑧 − 𝑐 )𝑛∞

𝑛=1 .             (1.3) 

I will also need a definition for subordination for two analytic functions and its present, of course, since it is one of the 

basic definitions in the subject of the geometry of analytical functions in most books in this field, for example, I used a 

book by the author found in the source [4].  

The analytic function 𝑓1(𝑧) is subordinate for the analytic function 𝑓2(𝑧) if there is a Schwarz function 𝜔(𝑧) such that 

𝑧, 𝜔(𝑧) they belong to 𝒰 such that  𝑓1(𝑧) = 𝑓2(𝜔(𝑧)), 𝑧 ∈  𝒰 and is symbolized by  𝑓1(𝑧) ≺  𝑓2(𝑧). 

The set of meromorphic functions is one of the beautiful and extensive sets in terms of its study and applications by 

researchers in the past years as well as at the present time as an example [1], [2], [5], [7], [8], [9], [10]. 

In the year 2009, researcher Lashin developed the Jung Kim Srivastava operator, which is referred to it in the source 

number [6] for meromorphic functions. 

Here we take this integral operator for meromorphic functions in the class  𝔏𝑐, which is written in the form (1.1) as 

follows: 

If the function  𝔚𝜎,𝜐:  𝔏𝑐 →  𝔏𝑐is defined in a form such that for each function  𝑓 ∈ 𝔏𝑐, then 
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geometric properties of this nice class in terms of studying the radius of convexity and estimating the coefficient and 

other new results. I also presented the previous information related to the distinguished researchers who before me 

studied the subordination and the integral operator that I used in my beautiful research. 
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𝔚𝜎,𝜐 =  𝔚𝜎,𝜐(𝑧)𝑓(𝑧) 

=  
𝜐𝜎

Γ(𝜎)(𝑧 − 𝑐)𝜐+1
∫ 𝑡𝜐 (log (

𝑧 − 𝑐

𝑡
)

𝜎−1

𝑓(𝑡)𝑑𝑡
𝑧−𝑐

0

, (𝜎 > 0, 𝜐 > 0, 𝑧 ∈  𝒰\{𝑐}) 

𝔚𝜎,𝜐𝑓(𝑧) =  
1

𝑧−𝑐 
+  ∑ (

𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛  (𝑧 − 𝑐 )𝑛∞
𝑛=1  , (𝜎 > 0, 𝜐 > 0),     (1.4)          

We notice that from the previous equation no. it is possible to deduce the following important result or observation: 

 𝑧 (𝔚𝜎,𝜐𝑓(𝑧))
′

= 𝜐 𝔚𝜎−1,𝜐 𝑓(𝑧) −  (𝜐 + 1) 𝔚𝜎,𝜐𝑓(𝑧),   (𝜎 > 0, 𝜐 > 0, 𝑧 ∈  𝒰\{𝑐}) 

Finally, I will define the new class, which I will call  𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐) by the integral operator referred to above for 

the functions defined in the presented class 𝔏𝑐 and defined in the form (1.1) as follows: 

Definition 1.1.  For every function 𝑓  in the given class 𝔏𝑐 that is written in the form (1.1) and satisfies the following 

condition:  

 

𝜁
𝔚𝜎,𝜐(𝑓∗𝑓1)(𝑧)

𝔚𝜎,𝜐(𝑓∗𝑓2)(𝑧)
≺  𝜁 − 

(𝐶−𝐷)(𝑧−𝑐)

1+𝐷(𝑧− 𝑐)
,   ((𝑧 − 𝑐) ∈ 𝒰),           (1.5)              

            

It is an element of the new wonderful class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐) such that  −1 ≤ 𝐷 ≤ 𝐶 ≤ 1, 𝜁 > 0, 𝜎 > 0, 𝜐 > 0, 

𝔚𝜎,𝜐(𝑓 ∗ 𝑓2)(𝑧) ≠ 0. 

Now that the new class we have defined is ready, it is time to study it from the perspective of its special geometric 

properties, such as determining the value of the coefficients of its elements, or rather the functions that belong to it, as 

well as determining the exact radius within the unit disc 𝒰, which determines the function's belonging to the new class   

𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐). I also try to study and determine under what condition a function in this beautiful set can acquire 

the convexity and starlikeness, and I also try to study other geometric properties for my new class.   
 

2. SOME GEOMETRIC PROPERTIES OF THE NEW CLASS STRUCTURE  𝕬𝕷𝒄(𝑪, 𝑫, 𝜻, 𝝈, 𝝊) 

We begin our study of the geometric properties of the class  𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐) by determining the value of the 

coefficients of the functions that belong to it and determining the necessary and sufficient condition for determining the 

value of their coefficients, on the basis which they belong to the class  𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐), which we present with the 

proof in the following theorem. 

 

Theorem 2.1. Let us take an element from the class 𝔏𝑐 let it 𝑓 , which formulated as (1.1), then 𝑓 will be an element of 

the new class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐), which we define in Definition 1.1, if the following inequality is satisfied:   

∑ (
𝑛+ 𝜐+1

𝜐
)

𝜎

(𝜁𝑎1𝑛(1 + 𝐷)− 𝑎2𝑛(𝜁(1 + 𝐷) + 𝐶 − 𝐷))𝑎𝑛  ≤  𝐶 −  𝐷∞
𝑛=1 .           (2.1) 

This condition reaches its limit at the elements of the class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐), which is formulated as: 

f(z) = 
1

𝑧−𝑐 
+  (

𝑛+ 𝜐+1

𝜐
)

𝜎 𝐶−𝐷

(𝜁𝑎1𝑛(1+𝐷)− 𝑎2𝑛(𝜁(1+𝐷)+𝐶−𝐷))  
𝑎𝑛  (𝑧 − 𝑐 )𝑛.        (2.2) 

 

Proof. Let's start the proof by taking an element 𝑓 from the new class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐). My real goal is to prove the 

validity of the previous inequality no. (2.1). 

So according to my definition of the class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐), it satisfies the following condition which is equivalent to 

the following inequality: 

𝜁
𝔚𝜎,𝜐(𝑓 ∗ 𝑓1)(𝑧)

𝔚𝜎,𝜐(𝑓 ∗ 𝑓2)(𝑧)
=  𝜁 −  

(𝐶 − 𝐷)(𝑧 − 𝑐)

1 + 𝐷(𝑧 −  𝑐)
. 

Which is equivalent to the following inequality 

|
𝜁 ∑ (

𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛  (𝑎1𝑛 − 𝑎2𝑛)(𝑧 − 𝑐 )𝑛+1∞
𝑛=1

(𝐶 − 𝐷) − ∑ (
𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛  (𝜁𝐷𝑎1𝑛 + {(𝐶 − 𝐷) −  𝜁𝐷}𝑎2𝑛)(𝑧 − 𝑐 )𝑛+1∞
𝑛=1

| 

 

≤  
𝜁 ∑ (

𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛  (𝑎1𝑛 − 𝑎2𝑛)|𝑧 − 𝑐 |𝑛+1∞
𝑛=1

(𝐶 − 𝐷) −  ∑ (
𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛  (𝜁𝐷𝑎1𝑛 + {(𝐶 − 𝐷) −  𝜁𝐷}𝑎2𝑛)|𝑧 − 𝑐 |𝑛+1∞
𝑛=1

 

≤ 1. 
 If the value of  (𝑧 − 𝑐) reaches the limits, i.e the peak, then the required inequality is achieved 

∑ (
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎1𝑛(1 + 𝐷)− 𝑎2𝑛(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  𝑎𝑛 ≤  𝐶 −  𝐷∞
𝑛=1 .            
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In other words, 𝑓 ∈  𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐).  

Thus, we have completed the proof of the theorem. 

Naturally, from the previous theorem, we directly obtain the following important result: 

 

Corollary 2.2. If we take an element or rather a function 𝑓  from the new class  𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐), which is written in 

the form (1.1), then its coefficients are satisfied: 

𝑎𝑛 ≤  
𝐶− 𝐷

(
𝜐

𝑛+ 𝜐+1
)

𝜎
(𝜁𝑎1𝑛(1+𝐷)− 𝑎2𝑛(𝜁(1+𝐷)+𝐶−𝐷))  

,      (𝑛 ≥  1),                                  (2.3) 

As we previously noted from the previous theorem, the result reaches its peak for the function given by the equation 

(2.2). 

 

Theorem 2.3. If we take an element or in fact a function from the new class  𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐) which is written in the 

form (1.1), then it satisfies the following two inequalities: 

 
1

𝑟
  − 

𝐶 −  𝐷

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎11(1 + 𝐷)− 𝑎21(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

𝑟 

 

 

≤ |𝑓(𝑧)| ≤   
1

r
  +  

C −  D

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎11(1 + 𝐷)− 𝑎21(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

r,   (2.4) 

and  

 
1

𝑟2
 −  

C −  D

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎11(1 + 𝐷)− 𝑎21(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

 

 

≤ |𝑓 ′(𝑧)| ≤  
1

𝑟2
  +  

C −  D

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎11(1 + 𝐷)− 𝑎21(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

,   (2.5) 

                                

Proof. Based on Theorem (2.1) which is essential for deducing most of the properties, we simply have the following 

condition satisfied: 

∑ 𝑎𝑛 ≤  
𝐶 −  𝐷

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎11(1 + 𝐷)− 𝑎21(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

∞

𝑛=1

.     (2.6) 

Since we are working inside the unit disc 𝒰, we obtain the following inequality: 

|𝑓(𝑧)| ≤  
1

|𝑧 − 𝑐| 
+ ∑ 𝑎𝑛  |𝑧 − 𝑐 |𝑛 ,

∞

𝑛=1

 

≤  
1

𝑟 
+  𝑟 ∑ 𝑎𝑛  ,

𝑘

𝑛=1

 

≤   
1

r
  + 

C −  D

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎11(1 + 𝐷)− 𝑎21(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

r, 

and 

|𝑓(𝑧)| ≥  
1

|𝑧 − 𝑐|
− ∑ 𝑎𝑛  |𝑧 − 𝑐 |𝑛 ,

∞

𝑛=1

 

≥  
1

𝑟 
−  𝑟 ∑ 𝑎𝑛  

𝑘

𝑛=1

 

≥  
1

r
 −  

C −  D

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎11(1 + 𝐷)− 𝑎21(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

r, 

Again, based on the previous theorem, the following inequality is correct: 

∑ 𝑛𝑎𝑛 ≤  
𝐶 −  𝐷

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎11(1 + 𝐷)− 𝑎21(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

∞

𝑛=1

. 
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From this we note that 

|𝑓′(𝑧)| ≤  
1

|𝑧 − 𝑐|2 
+  ∑ 𝑛𝑎𝑛  |𝑧 − 𝑐 |𝑛−1

𝑘

𝑛=1

, 

≤  
1

𝑟2 
+  ∑ 𝑛𝑎𝑛  ,

𝑘

𝑛=1

 

≤   
1

𝑟2
  +  

C −  D

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎11(1 + 𝐷)− 𝑎21(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

, 

also 

   |𝑓′(𝑧)| ≥  
1

|𝑧−𝑐|2 − ∑ 𝑛𝑎𝑛  |𝑧 − 𝑐 |𝑛−1∞
𝑛=1     

≥
1

𝑟2 
−  ∑ 𝑛𝑎𝑛  

𝑘

𝑛=1

 

≥
1

𝑟2
 −  

C −  D

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎11(1 + 𝐷)− 𝑎21(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

, 

Thus, we have completed the proof of the interesting theorem 

We will continue this research in the same manner by studying another geometric properties of the class  𝔄𝔏𝑐(𝐶, 𝐷,
𝜁, 𝜎, 𝜐) and discussing the meromorphic starlikeness of order 𝜂. For this set, we give the condition for the radius on 

which the function has this property, and we always remember that we are working inside the famous unit disc 𝒰, and 

we discuss this in the following theorem. 

 

Theorem 2.4. If we take an element or function  𝑓 in the class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐), that we have defined by (1.1), then 

the radius of the disk  𝜌 , which we take for the function f to be a meromorphically starlike of order 𝜂, is determined or 

measured by the following inequality: 

 𝜌 = 𝑖𝑛𝑓𝑛≥1  { 
(1 −  𝜂)(𝜁𝑎1𝑛(1 + 𝐷)− 𝑎2𝑛(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

(𝑛 + 2 −  𝜂)(𝐶 − 𝐷)
}

1

𝑛+1

 .    (2.7)  

The function that achieves the peak is the function whose formula is given in (1.1).  

 

Proof. According to the definition of the definition of the meromorphic starlike function of order 𝜂, our goal is to prove 

the following inequality 

|
(𝑧 −  𝑐) (𝔚𝜎,𝜐𝑓(𝑧))

′

𝔚𝜎,𝜐𝑓(𝑧)
+ 1| ≤ 1 +  𝜂.     (2.8) 

Let's take the right side of the previous inequality as follows: 

|
(𝑧 −  𝑐) (𝔚𝜎,𝜐𝑓(𝑧))

′

𝔚𝜎,𝜐𝑓(𝑧)
+ 1| = |

∑ (𝑛 + 1) (
𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛(𝑧 −  𝑐)𝑛 ∞
𝑛=1

1 (𝑧 −  𝑐)⁄ +  ∑ (
𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛(𝑧 −  𝑐)𝑛 ∞
𝑛=1

|, 

 

          = |
∑ (𝑛+1)(

𝜐

𝑛+ 𝜐+1
)

𝜎
𝑎𝑛(𝑧− 𝑐)𝑛+1 ∞

𝑛=1

1+  ∑ (
𝜐

𝑛+ 𝜐+1
)

𝜎
𝑎𝑛(𝑧− 𝑐)𝑛+1 ∞

𝑛=1

| ,        (2.9)   

≤  
∑ (𝑛 + 1) (

𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛|𝑧 −  𝑐|𝑛+1 ∞
𝑛=1

1 −  ∑ (
𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛|𝑧 −  𝑐|𝑛+1 ∞
𝑛=1

. 

It is less than or equal to 𝜂 − 1 

∑ (𝑛 + 1) (
𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛|𝑧 −  𝑐|𝑛+1 ∞
𝑛=1 ≤ (1 −  𝜂) (1 −  ∑ (

𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛|𝑧 −  𝑐|𝑛+1 ∞
𝑛=1 ). 

From which we get 

∑ (𝑛+2− 𝜂)(
𝜐

𝑛+ 𝜐+1
)

𝜎
𝑎𝑛|𝑧− 𝑐|𝑛+1 ∞

𝑛=1

(1− 𝜂)
≤ 1.    (2.10) 

Now by applying the basic Theorem 2.1 related to the coefficients of the function in the class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐), we 

arrive at the following: 

∑ (𝑛 + 2 −  𝜂) (
𝜐

𝑛+ 𝜐+1
)

𝜎

|𝑧 −  𝑐|𝑛+1 ∞
𝑛=1

(1 −  𝜂)
≤  

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎1𝑛(1 + 𝐷)− 𝑎2𝑛(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

𝐶 −  𝐷
, (𝑛 ≥  1).  
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From this we get the radius that determines whether the function has this property 

|𝑧 −  𝑐| <  { 
(1 −  𝜂)(𝜁𝑎1𝑛(1 + 𝐷)− 𝑎2𝑛(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

(𝑛 + 2 −  𝜂)(𝐶 −  𝐷)
}

1

𝑛+1

. 

Thus, we have finished the proof of the theorem. 

 

Theorem 2.5. If we take a function  𝑓(𝑧) in our new class  𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐),  which is written as (1.1), then it is 

meromorphically convex of order  

 𝜂 = 𝑖𝑛𝑓𝑛≥1  { { 
(1− 𝜂)(𝜁𝑎11(1+𝐷)− 𝑎21(𝜁(1+𝐷)+𝐶−𝐷))  

𝑛(𝑛+2− 𝜂)(𝐶−𝐷)
}}

1

𝑛+1

  .   (2.11) 

where 𝜂 is the radius of the open disk |𝑧 −  𝑐| <  𝜂 in which the function has this property. 

The result is sharp for the function f(z) given by (2.2). 

Proof. Our goal is to prove that the function 𝑓 in the class  𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐) has the property of meromorphically 

convex of order 𝜂 . In order to prove this, we must prove that it satisfies the following condition: 

|
(𝑧− 𝑐)(𝔚𝜎,𝜐𝑓(𝑧))

′′

(𝔚𝜎,𝜐𝑓(𝑧))
′ + 2| ≤ 1 −  𝜂.        (2.12) 

Now we take the left side of the previous equation 

|
(𝑧 −  𝑐) (𝔚𝜎,𝜐𝑓(𝑧))

′′

+  2 (𝔚𝜎,𝜐𝑓(𝑧))
′

(𝔚𝜎,𝜐𝑓(𝑧))
′ | = |

∑ 𝑛(𝑛 + 1) (
𝛽

𝑛+ 𝛽+1
)

𝛼

𝑎𝑛(𝑧 −  𝑐)𝑛+1 ∞
𝑛=1

−1 + ∑ 𝑛 (
𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛(𝑧 −  𝑐)𝑛+1 ∞
𝑛=1

|, 

This quantity is less than or equal to 

≤  
∑ 𝑛(𝑛 + 1) (

𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛|𝑧 −  𝑐|𝑛+1 ∞𝑛
𝑛=1

1 −   ∑ 𝑛 (
𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛|𝑧 −  𝑐|𝑛+1 ∞
𝑛=1

, 

In order to satisfy condition (2.12), it must be equal to 1 −  𝜂, thus  

∑ 𝑛(𝑛 + 1) (
𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛|𝑧 −  𝑐|𝑛+1 ∞
𝑛=1 ≤ (1 −  𝜂) (1 −  ∑ 𝑛 (

𝜐

𝑛+ 𝜐+1
)

𝜎

𝑎𝑛|𝑧 −  𝑐|𝑛+1 ∞
𝑛=1 ), 

Therefore, we simplify it and get  

∑ 𝑛(𝑛 + 2 −  𝜂) (
𝛽

𝑛+ 𝛽+1
)

𝛼

𝑎𝑛|𝑧 −  𝓌|𝑛+1 ∞
𝑛=1

(1 −  𝜂)
≤ 1. (2.13) 

Once again we use the result (2.2) to get 

∑ 𝑛(𝑛 + 2 −  𝜂) (
𝛽

𝑛+ 𝛽+1
)

𝛼

|𝑧 −  𝑐|𝑛+1 ∞
𝑛=1

(1 −  𝜂)
≤  

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎1𝑛(1 + 𝐷)− 𝑎2𝑛(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

𝐶 −  𝐷
, (𝑛 ≥  1),  

From it we get the required 

|𝑧 −  𝑐| <  { 
(1 −  𝜂)(𝜁𝑏1(1 + 𝐷)− 𝑐1(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

𝑛(𝑛 + 2 −  𝜂)(𝐶 −  𝐷)
}

1

𝑛+1

. 

And thus we have completed the proof of the theorem. 

Now I want to prove that the new class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐) that we have known has an important and basic property, 

which is the property of closure under linear combination through the proof of the following theorem. 

 

Theorem 2.6. If we take two functions  𝑔1(𝑧),  𝑔2(𝑧) n the new class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐) defined by the form  

 𝑔𝑗(𝑧) =  
1

𝑧−𝑐 
+ ∑ 𝑏𝑛,𝑗  (𝑧 − 𝑐 )𝑛  , (𝑗 = 1, 2),∞

𝑛=1    

Then the function 𝑘(𝑧) defined by the form 

𝑘(𝑧) = 𝑡 𝑓1(𝑧) + (1 − 𝑡)𝑓2(𝑧), (0 ≤ 𝑡 ≤ 1) 

Belongs to the new class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐). 

 

Proof.  In order for the function 𝑘(𝑧) given in the theorem to belong to the new class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐) it must satisfy 

the following condition  

∑ (
𝜐

𝑛 +  𝜐 + 1
)

𝜎

(𝜁𝑏1𝑛(1 + 𝐷)− 𝑏2𝑛(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  (𝑡 𝑏𝑛,1 + (1 − 𝑡)𝑏𝑛,2)

∞

𝑛=1

, 
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= 𝑡 ∑ (
𝜐

𝑛 +  𝜐 + 1
)

𝜎

(𝜁𝑏1𝑛(1 + 𝐷)− 𝑏2𝑛(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  𝑏𝑛,1 

∞

𝑛=1

+ (1 − 𝑡) ∑ (
𝜐

𝑛 +  𝜐 + 1
)

𝜎

(𝜁𝑏1𝑛(1 + 𝐷)− 𝑏2𝑛(𝜁(1 + 𝐷) + 𝐶 − 𝐷))   

∞

𝑛=1

𝑏𝑛,2 ≤ (𝐶 −  𝐷).   

Thus, the function 𝑘(𝑧) belongs to the class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐). 

 Which is required by the theorem. 

Thus, we have completed the proof of the theorem. 

In the context of the closure of the new class under linear combinations, we prove the following theorem as well. 

 

Theorem 2.7. If we take the functions 𝑔𝑗(𝑧) in the new class  𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐) of that, defined by the form 

 𝑔𝑗(𝑧) =  
1

𝑧−𝑐 
+ ∑ 𝑏𝑛,𝑗  (𝑧 − 𝑐 )𝑛  , (𝑗 ∈ {1, 2, … 𝑡)𝑎𝑛𝑑 0 <  𝑘𝑗 < 1∞

𝑛=1    

such that 

∑ 𝑘𝑗 = 1
𝑡

𝑗=1
. 

Then the function H defined by 

𝐻(𝑧) = ∑ 𝑘𝑗
𝑡
𝑗=1  𝑔𝑗(𝑧),  

is also belongs to the new class 𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐). 
 

Proof. For every (𝑗 ∈ {1, 2, … 𝑡), we have 

∑ (
𝜐

𝑛 +  𝜐 + 1
)

𝜎

(𝜁𝑎1𝑛(1 + 𝐷)− 𝑎2𝑛(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  𝑏𝑛,𝑗 ≤  𝐶 −  𝐷

∞

𝑛=1

. 

Since  

𝐻(𝑧) = ∑ 𝑘𝑗

𝑡

𝑗=1
 𝑔𝑗(𝑧) = ∑ 𝑘𝑗

𝑡

𝑗=1
 ( 

1

𝑧 − 𝑐 
+ ∑ 𝑏𝑛,𝑗  (𝑧 − 𝑐 )𝑛    

∞

𝑛=1

) =   
1

𝑧 − 𝑐 
+  ∑ (∑ 𝑘𝑗

𝑡

𝑗=1
 𝑏𝑛,𝑗  )

 

(𝑧 − 𝑐 )𝑛  .  

∞

𝑛=1

 

Therefore 

 

∑
(

𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎1𝑛(1 + 𝐷)− 𝑎2𝑛(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

(𝐶 − 𝐷)
 (∑ 𝑘𝑗

𝑡

𝑗=1
 𝑎𝑛,𝑗)

∞

𝑛=1

 

 

= ∑ 𝑘𝑗

𝑡

𝑗=1
  (∑

(
𝜐

𝑛+ 𝜐+1
)

𝜎

(𝜁𝑎1𝑛(1 + 𝐷)− 𝑎2𝑛(𝜁(1 + 𝐷) + 𝐶 − 𝐷))  

(𝐶 − 𝐷)
𝑎𝑛,𝑗

∞

𝑛=1

) 

≤  ∑ 𝑘𝑗

𝑡

𝑗=1
  = 1. 

Hence  𝐻(𝑧) ∈  𝔄𝔏𝑐(𝐶, 𝐷, 𝜁, 𝜎, 𝜐). 

Hence the proof is complete. 

 

 

 

 

 

 

 

 

 (1) 
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