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ABSTRACT

Since the proposal of Laplace to integral transformation in 1780, many integral
transformations have been proposed. Some are based on Laplace, and others are totally
independent. Integral transformations play an essential role in solving versatile problems
related to various fields due to their phenomenal ability to transform complex problems
from one domain (their original domain) to another, where they can be solved and
manipulated much more smoothly and easily. The results could be left in their alternative
domain or transformed back via the inverse of that integral transformation into their original
domain.

This article proposes a novel type of integral transformation. Defined within the
interval [0, m/2] and utilizing trigonometric function kernels f(p) and g(p), this new
transformation is explored through its basic theorems, properties, and derivatives. The
properties of the proposed integral transformation have been successfully and efficiently
employed to find exact solutions for specific types of ordinary linear differential equations
of the first and second order, expressed in terms of (sin(N)).

Introduction
The ability of integral transformations to convert

differential or integral equations, or their systems, into
simpler algebraic equations for easier solutions has
motivated mathematicians to develop, generalize, and
propose new integral transformations capable of
addressing specific or more general problems in
scientific, medical, and engineering fields [1]. Many
proposed integral transformations are modifications or
derivatives of the Laplace integral transformation. Some
of the most notable recent integral transforms include
Sumudu [2], Aboodh [3], ElZaki [4], Complex AL-
Tememe [5], AL Zughair [6], SEE [7], AMK [8], ARA
[9], and many others [10].

Although the generalization of trigonometric
functions has been discussed in some works such as [12,
13], the generalization proposed by H. Jafari [11] for the
Laplace transform inspired the integral transformation
presented in this work.

*Corresponding author at: School of Mathematics and Statistics,
Wouhan University of Technology, Wuhan, China
ORCID:https:// https://orcid.org/0009-0006-5630-5235 ,
Tel: +964 7700015172
Email: Muhannadalwurdy@gmail.com

317

A general formula or generalization for the AMK
[8] integral transform within the interval [0, g] has been

proposed and discussed, along with its properties and
basic theorems. Finally, the generalized transformation
has been applied to solve actual problems using its
properties.

General Concepts
Definition (1), [1]

If the function F(p) represents the convergent
integral transformation to the function » that lies in the
interval (a, b), then F(p) can be defined as:

I1{n(N)} = F(p) = [, k(p, N)n(N)dN, a,b €
R, and k is the kernel of the transformation.

Definition (2), [8]
For the trigonometric function n(sin(N)) where
N € [0, g] the AMK convergent integral transformation
is defined as:
AMK {n(sin(N)} =
> cos(N) (sin(N))? n(sin(N))dN = F(p) and p is

N=0
constant.
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ZhM* Integral Transformation
This work proposes a generalization to the AMK
integral transformation, which will be called the ZhM*
integral transformation.
Definition (3)
The ZhM* integral transform technique for the

function n(sin(N)) where N € [O, g] is defined as:

T

ZhM*{n(sin(N))} = f(p) z cos(N) (sin(N))9) n(sin(N) dN

N=0
=F(f(p), g(p)) = F(p) .
Where f(p) and g(p) are two functions of
parameter p with f(p), g(p) # 0, and the above integral

is convergent in the closed interval [0, %]

Property (1): (Linear Property)
ZhM*{a h(sin(N)) + B k(sin(N))}
a ZhM*{h(sin(N))}
+ BZhM*{K (sin(N))}.
Where a and 8 are constants.
Property (2): (Shifting Property)

If F(f(p),g(p)) is defined as
ZhM*{n(sin(N))} = F(f(p), g(p)) and a is a constant,
then:

ZhM*{(sin(N))* n(sin(N))} = F(f(p), g(p) + ).

Proof: By the definition,

ZhM™{(sin(N))* n(sin(N))}

= o) [* cos() (sin(N))9 (sin(N)) n(sin(N) dN
N=0

= o) [* cos(N) (sin(N))9@*a n(sin(N))dN,

N=0
=F(f(p),glp) +a).

Definition (4): Suppose that n(sin(N)) is a function and
hM*{n(sin(N))} = F(f(p),g(p)), then n(sin(N)) is
called the inverse of F and defined as:
(ZhM*)"H{F(f (p), g(s))} = n(sin(NV)) .
Theorem (1)

Assume that F(f(p),gp) =
ZhM*{n(sin(N))} and a is any constant, then:

(ZhM*)"HF (f(p), 9(p) + a)}
= (sinN)*(ZhM*)"H{F (f (p), g (p)} .
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ZhM* Transform Technique of Frequently
Encountered Functions
Theorem (2)
(1) Ifn(sin(N)) = k, where k is any constant, then
kf (p)

gp)+1°
Proof: By the definition,

T

ZhM*{k} = f(p) ? cos(N)(sin(N))9P) k dN,
N=0

ZhM*{k} =

g(p) > -1

= kf (p) f ? cos(N)(sin(N)® dN
0

n
2

_ (sin(N))I@*1Z  kf(p)
AR O ES . g +1°
(2) If n(sin(N)) = (sin(N))", then
ZRM*{(sin(N))"} = % and  g(p) >
-(n+1).

Proof: By the definition,
ZhM* = {(sin(N))"}

=f(p) f ? cos(N) (sin(N) 9P (sin(N))" dN,
0

o
= f() f cos(N) (sin(N)) 9@+ an,
0

(sin(N))9P)+(n+1) %
gp)+(m+1) |,

ZhM*{(sin(N))"} = f (p)

)

f(p)

ORI R

(3) If n(sin(N)) = cos(a In(sin(N))) , where a is any
constant, then
fp)-(g(p) +1)

ZhM*{cos(alIn(sin(N)))} = IO

Proof: By the definition,
ZhM*{cos(aIn(sin(N)))}

= f(p) ? cos(N) (sin(N))9P cos(a In(sin(N))) dN .

N=0
Since,

cos(aln(sin(N))) = %[eai In(sin(N)) 4 e-ailn(sin(N))] )

i€C = %[(sin(zv))ai + (sin(N))~%].
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After simple computations, we get:
flp)-(g(p) +1)
(g(p) +1)* +a*"

ZhM*{cos(aIn(sin(N)))} =

Similarly,
(4) If n(sin(N)) = sin(aIn(sin(N))), where a is any
constant, then
af (p)
(g(p) +1?+a*
With sin(aIn(sin(N))) = %[(sin(N))ai —
(sin(N))~%].where € C.
(5) Ifn(sin(N)) = cosh(aln(sin(N))), where a is any

constant, then  ZhM*{cosh(aln(sin(N)))} =

f(p)gp)+1)
g(P)+1)2-a?’
With,

cosh(aln(sin(N))) = %[(sin(N))“ +
(sin(N))™].
(6) If n(sin(N)) = sinh(aIn(sin(N)), where a is any
constant then ZhM*{sinh(aln(sin(N)))} =

-f(p)a
9(P)+1)2-a?"’
With

ZhM*{sin(aIn(sin(N)))} =

sinh(a In(sin(N))) = %[(sin(N))a — (sin(N))7%].

(7) Ifn(sin(N)) = [In(sin(N))]", n € N then
_ fln! (=1)"

ZhM*{[In(sin(N))]"} = A+ g()™1’

9(p)
>—1.
Theorem (3)

If the n(sin(N)) is defined as N > 0 and its
dn(sin(N)) d?n(sin(N)) d"(sin(N))
dN ’ dN?2 dNm

are exist, then:

ZhM*{(sin(N))"™ n™ (sin(N))}
= f(PM™ V()
~ (n+ 9 ()™ (D)
+ (D" (n+g@)((n-1D
+ ()T () + -
+ @@ +n)((r—-1D+g)+ -
+ (g(p) +2)n(1)
+(=D™[(g) +IE(f(p), ()] -

derivatives

and thy

Where n € N.
Notes:
e |f n=1then:
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ZhM*{(sin(N)) n'(sin(N))} = f(pIn(1) —
(g(p) + DF(f(p), g(p)) -

e If n=2 then:
ZhM*{(sin(N))* n" (sin(N))} = f(p)n'(1) —
—f(P)(2+ glp)n() + (glp) +
D(g () +2)F(f(p), g(p)) -

Applications

This section will demonstrate the proposed
ZhM* integral transformation's capability in solving
first- and second-order linear ordinary differential
equations of a trigonometric nature.

Application (1)

Solving first-order linear ordinary differential
equation using ZhM*integral transformation.

(sin(N) 1’ (sin(N)) — 4n(sin(N))

= sinh(2 In(sin(N)) ,

withn(1) = -3.

Solution: By applying ZhM* technique, we have

ZhM*{sin(N) n'(sin(N))} — 4 ZhM* {n(sin(N))}
= ZhM*{sinh(2 In(sin((N))}

FE) D] - (gp) + DF(f(p), 9(p))

—2f(p)
—4F(f(p), 9(p)) = 90 +f1[))2 -4’
-2
—3f(p) — (g(p) + F —4F = (9(p) f%g -4’
—2f(p)

—3f(p) —(9(p) + 5F = G+ DI=4"

—(g(p) + 5F(f (p), 9()
_ =2f(p)
~ (g9(p) +1)? (—‘)1
2f(p
FFe190) = G oiem + 17— 4
_ 310
glp) +5°
_2f(p) = 3f(PI(g(p) + 1)* — 4]
@)+ + 1?2 + 4]
_ 2f(p) +[-3g%*(p) — 6g(p) — 3 + 12]f (p)
B (g(p) +5)[(g(p) + 1) + 4]
[-3g%(p) — 6g(p) + 11]f (p)

~ () +5)(glp) + D2 +4]
By applying partial fraction:

+3f(p),
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ZrM)YF(f(p), 9(p))}

_ 1| Af(p)
= (2R {gm) ¥
N [B g(p) + C]f(p)}
(glp)+1)* -4
After simple computations, we get:
—-17 -1 1
A:T' B=? and C=§.

Then,
n(sin(N)) = ="sin*(N) -
% cosh(2In(sin(N))) — % sinh(2 In(sin(N))).

Application (2)
Solving second-order linear ordinary differential
equation using ZhM *integral transformation.
—(sin(N))n'(sin(N)) + (sin(N))*n" (sin(N))
+ n(sin(N)) = In(sin(N)).
With n(1) = -1 and n'(1) =2. (Assuming
that (p) = 1.
Solution: By applying ZhM* technique, we
have:
ZhM*{(sin(N))*n" (sin(N))}
— ZhM*{sin(N) n'(sin(N))}
+ ZhM*{n(sin(N)}
= ZhM*{In(sin(N))},
n'(1D) =gl +2n() + (gl +2)(glP + D F
-+ @)+ DF+F
-1
(g(p) + 1%
where F = F(1, g(p)).
After simple computations, we obtain:
P -g°(p) —7g%*(p) — 11g(p) — 6
(9(p) + 1)*(g(p) + 2)?
By taking the inverse of the ZhM* technique and partial
fraction, we get the exact solution:
n(sin(N)) = 2 + In(sin(N)) — 3 sin(N)
+ 4 sin(N) In(sin(N)).

Conclusions

This work proposed a general formula for the
AMK integral transformation. The most notable feature
of the AMK transformation is its trigonometric kernel
sin(N) and cos(N), which distinguishes it from other
integral transformations. This work introduced a
generalization of the AMK integral transformation with

Journal of University of Anbar for Pure Science (JUAPS)

320

Open Access

significant capability in solving first and second-order
ordinary differential equations that contain trigonometric
functions, which are typically difficult to solve.
However, the proposed ZhM* demonstrated an excellent
capability in solving such equations through its theorems
and properties, providing exact solutions.
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