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ABSTRACT

Let E be a commutative ring with 1 ,and H be a unital(left) £-module. This paper
introduces new properties of Z-small prime modules. Where an E-module H is

called a Z-small prime module if and only if ann H = ann K, for every non-zero
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submodule K of H such that K <<z H. A submodule K of an E-module H is
defined as Z-small (briefly K <<z; H)if K + B=H with B 2 Z,(E) and B is a
submodule of H, then & = H. Among these properties, the following is established:
if H is finitely generated, faithful multiplication E-module, then H is a small Z-
small prime £'-module if and only if £ itself is a Z-small prime ring. Furthermore,

ﬁ‘c’z:SZCC‘f(fnsr/‘/';':at‘l‘cgfgn::forfscorsl‘lfcjn‘; an E-module H is proven as a Z-small prime if and only if the E-module E“““ =i
cogenerated by every non-trivial Z-small submodule of H.
1. Introduction
In this paper, all rings are assumed to have an 2. New properties of £-small prime modules
identity, and all modules are unitary left E-modules. This section discusses the new properties of Z-
An E-module H is called a small-prime module if small prime modules.
anngH = anngK for every non-zero Z-small
submodule K of H [1]. In [2], Aya A. Salman and Alaa Before presenting the propositions, the

A. Elewi generalized this concept by introducing the
concept of a Z-small prime module, where an E-

module H is said to be a Z-small prime module if
every
submodule K of H. A submodule & of an E-module H
is called a Z-small submodule in H (denoted by
K«;H)if K +L=H, with L 2 Z,{H), “where

annH = ann K for Z-small

non-zero

ZE(H) is the submodule of H containing Z(E) such

Z,(E) . . E

— is the singular submodule of —— and

Z(E) Z(E)
called the second singular submodule of H”[3]. Thus,
L=H]I3]

Every Z-small prime module is clearly a small
prime module, but not conversely in general, as shown
in [2]. This paper introduces and investigates new
properties of these types of modules.

that
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following concepts are first introduced.
Let H be an £-module. If H has a maximal submodule

containingZ . (H),
Rad-({H)=nIK <«
H; K isamaximal submodule

containing Z,(H)} is first defined. If H has no

maximal submodule containing Z.(H), then
Rad_ (H)=H. Equivalently,
Rad;(H)=Y [K=H; K =:H[4]

Proposition 2.1. [2] An E-module H is a Z-small
prime if and only if ann H = ann <h> for every non-
zero element h € H, such that <h><<z H.

Proposition 2.2. Let H be an E-module such that
Radz(H)
Rad-(H) is

is a proper direct summand of H. If

a Z-small prime E-module and
ann H = ann Radz(H), then H is also a Z-small

prime E-module.
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Proof. Let 0 =x ©H such that {x} <<z H, then
x € RadzH [3]. Thus, (x) <<z H by [4]. Based on
Proposition 2.1, ann Radz(H) = ann(x). Therefore,
The result is

by assumption, ann H = ann (x).

obtained through Proposition (2.1)

Proposition 2.3. [2] A non-trivial direct summand of a
Z-small prime E-module is also a Z-small prime E-

module.
Proposition 2.4. Let H = H; &6 H> be an E-module

such that ann Hy + ann H, = E, Therefore, H is a £-
small E-module if and only if H; and H- are Z-small
prime E-modules.

Proof. Let 0 # i <<z H.
ann Hy +ann H; = E; therefore, K = K; &K,
1,2 [7]. Based on [4], K <z H

if and only if K; <<z H; for i = 1,2, Thus, ann{K) =

where K: c H; fori =

ann(Ky®K;)= ann(Ky) nann(K,) based on [5]. H
and H- prime modules; therefore,
ann K = ann H; N ann H.. Meanwhile, H; and H-

are Z-small

are  Z-small prime E-modules; therefore,
ann K = ann (H, @ H,). That is, H is a Z-small
prime module, contrary to that by Proposition 2.3.

The following concepts and propositions are
necessary to derive the next propositions.

Recall that an E-module H is defined as
distributive if, for all K, L, W ZH,
Kn{W+L)=(KnW)+(KnL)[6] Equivalently,
E+(WnL)=(K+W)n(K+L)[6]

Recall that & < H is called fully-invariant if an
endomorphism exists from H to H, f{K) € K by[8].

An E-module H is defined as duo if every
submodule of H is fully-invariant [9].

Proposition 2.5. [2] Every non-zero submodule of Z-

small prime module is also a Z-small prime
submodule.
Proposition 2.6. Let Hj,H: be E-modules,

H = H, & H- such that H is a duo-module. Therefore,
H is Z-small prime E-module if and only if Hy and H-
are Z-small prime E-modules.
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Proof. Let 0 £ K <=z H. K is fully invariant; therefore,
K = (K nHy) $E (K nH,)based on [9].

KnNnH, KnH,
submodules of Hy and H3, respectively. Hy and H; are
Z-small prime modules; therefore, based on
Proposition 2.5, K ={(KNH) G (KNH;) is a Z-
small prime E-module. Conversely, it directly follows
Proposition 2.3.

are non-zero proper Z-small

Proposition 2.7. Let H = H; & H; be a distributive
E-module such that H1, H>: = H. Thus, H is a £-small
prime if and only if H; and H- are Z-small prime E-
modules for each for every non-zero Z-small
submodule K of H, provided K M H; = H; fori = 1,2

Proof. (=) cleared by previous proposition.

(=) Let K be a non-zero Z-small submodule of H. H
is distributive E-module; thus.
K=KnNH KN H; Similarly, the result is
obtained based on the proof of Proposition 2.6.

Proposition 2.8. Let & be a submodule of an E-

module H. If ; is a Z-small prime, then

[K:H] = [K:T] for every Z-small submodules T of H
suchthat K =T,

Proof. Let 0 =T << H and K = T. Thus, based on
[31, =

Ly oo, .
<<z — However, — is a Z-small prime; therefore,
K K K

(2] -

ann ; = ann ; Hence, [K:H] = [K:T].

Corollary 2.9. If K is a Z-small prime submodule of
an E-module H, then [K:H] = [K:T] for all Z-small
submodules T of H such that ¥ = T

3. Other properties of £-small prime modules

This section investigates the other properties of this
type of module.

Remark 3.1. If H is an £-module such that

E .
IS an

onn

I
integral domain and  is a torsion-free ——-module,

then H is a prime by [4]. Therefore, under these
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conditions, f is a Z-small prime E-module, while the

reverse does not generally hold. However, this
condition cannot be guaranteed based on this example.

The opposing concept that satisfies certain
conditions is shown in the following proposition.

Proposition 3.2. Consider H as a Z-small prime E-
module, where every non-trivial cyclic submodule is
Z-small. Then, ﬁ is an integral domain, and H is a

=
torsion-free ——-module.

Proof. Aiming to prove that ﬁ is an integral

| =

o

M
m

domain, let 5 Conversely,

ann < sh >= ann({H) = ann < th >, Therefore,

either tEannH, or scannH, That is, either
t =0o0r%=0; hence, ﬁ is an integral domain.

Suppose that eh = 0 such that 2 =0, Therefore,

| =

=10, where €& Hence, i =0, indicating

annH’

that e € ann (h) = ann H based on Proposition 2.1.

=

g = 0; therefore, H is a torsion-free module.

ann H

The following corollaries are directly obtained using
Proposition 3.2 and [4].

Corollary 3.3. Let H be an E-module, where every
non-trivial cyclic submodule is Z-small. Then, H is a

Z-small prime E-module if and only if is an

ann H

=
integral domain and H is a torsion-free ——-module.

Corollary 3.4. Let H be a faithful E-module such that
every non-trivial cyclic submodule is Z-small. Thus, H
is a Z-small prime if and only if E is an integral
domain and H is torsion-free.

Corollary 3.5. Let H be a hollow E-module.
Therefore, H is a Z-small prime E-module if and only

if —

is an integral domain and H is a torsion-free

ann H

E

module.

ann H
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The next result is another characterization of £-small

prime E-module & in terms of the E-module E“—:u

Definition 3.6.[12] An E-module H is finitely
cogenerated if, for every set {A; :i < I} of submodules

A; of Hwith M;-; A: =0, afinitely subset {A; : i € J},
J € 1is finite with M,z ; A; =0,

Theorem 3.7. An E-module H is a Z-small prime if

and only if the E-module is cogenerated by

cnnH

every non-trivial Z-small submodule of .

Proof. (=) Suppose that H is a Z-small prime E-
module. Let0 = K <<- Hand 0 = k E K.

Therefore, (k) <<z H based on [3]. However, H isa Z-
small prime; hence, ann H = ann {(k} is based on

Proposition 2.1. Based on the first isomorphism

theorem, £/

= P _c.-' e H
fannH ~ 2 E, =<n>is a

lann(k)

submodule of K. Thus, a monomorphism from

ann H

into K exists, where

= — is cogenerated by K.

onn

(=) Aiming to prove H is a Z-small prime, let

0= K «; H. Then,

is cogenerated by K. Thus,

ann H

there exists a monomorphism,say  f:E/ann(H) — K
, exists for some index set [. Let & € ann K. Thus,

eK =0, Now /(D) EK hence,
(Flen(e K., viel. However, [{& =ef(I).
Therefore (FEN() =(ef(INi)EK,, Yiel
Hence, (f(I)){(i)=0,vi£1, vyielding f(&) =0.

However, f is a monomorphism; therefore € = 0. That
is, e+ ann H = ann H, and & € ann H. Therefore,
ann H = ann K, that is, H is a Z-small prime module.
Definition 3.8. [10] An E-module H is regarded as a
multiplication module if, for every submodule £ of H,
an ideal I of E exists such that K = IH.

Theorem 3.9. Let H be finitely-generated, faithful
multiplication £-module. Then, H is a Z-small prime
E-module if and only if E is a Z-small prime ring.
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Proof. Let ! be a non-trivial Z-small ideal of £. Then,
based on [3], IHis a Z-small of H. If [H =0, then
[ SannH =0, which is a contradiction. Hence,
0 =1[H <<z H. However, H is a Z-small prime; thus,
However, thus,
annlH = 0But ann! S annlH ann! = 0; hence,

ann H = ann [H. ann H =10,
E is a Z-small prime ring, proving the “on if” part.
Aiming to prove the “If” part: Let 0 = K <<z H, then
[K:H] <z E [3]. However, H is multiplication, which
implies that K = [K:H]H based on [12]; hence,
[(:H]=0. E thus,
ann [K:H] = 0. Conversely, H is a faithful module.
ann [K:HJH = ann [K: H]; thus,

is a Z-small prime ring;
Therefore,

ann K =0,

Corollary 3.10. Let # be a cyclic faithful E-module.
Therefore, H is a Z-small prime E-module if and only
if £ is a Z-small prime ring.

Proposition 3.11. Let & be a multiplication £-module.
If H is a Z-small prime 5-module, then H is a Z-small
prime E-module (where 5 = Endz(H)).

Proof. Let 0 # K <<z H, claiming the existence of
e € anngH; thus, eH = 0. Define f:H—H by
f(hy=ehV heH . f
homomorphism and f = 0 because f{K)=¢eK =0

is a well-defined E-

implies f € anngK = annzH (H is a Z-small prime
S-module). Thus, f{H) = 0; that is, f = 0, which is a
contradiction. Therefore, ann K = ann H and His a
Z-small prime E-module.

Recall that an E-module is known as a scalar
module if V fEFnd(H), f =0 F €kl =10
such that f{h) = eh, ¥h € H [11].

Proposition 3.12. Let H be a finitely-generated
multiplication E-module. If H is a Z-small prime E-
module, then H is a Z-small prime S-module.

Proof. H is a finitely-generated multiplication E'-
module that yields H, which is a scalar E-module by
[11]. Let K be a non-trivial Z-small 5-submodule of H.
Thus, & is a non-trivial Z-small E-submodule of H.
Claimthat 3 f £ 5, f € anngK and f € anngH such
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that fi{x)=ex,¥x € H. Therefore, eK =0 and
Eh =10.
contradiction;

g cann K =ann H, Hence,
anngH = anngk,

Therefore,

which is a thus,

Corollary 3.13. Let H be a finitely-generated
multiplication E-module. Therefore, H is a Z-small
prime E-module if and only if H is a Z-small prime 5-
module.
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