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ABSTRACT

In this work, the topic of T-quasi fuzzy prime submodule was studied, which is one
type of partial fuzzy model. This work was organized into three sections, each of

which contains a study that starts with an overview of the subject, followed by an
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explanation of the fundamental definitions, and finally, an explanation of the topic of
[-quasi fuzzy prime submodule, bolstered by examples and observations. The final
section finds the relationship between this concept T-quasi fuzzy prime submodule
with some other concepts such as the concept multiplication fuzzy module and the
concept of maximal fuzzy ideal. This section has also been enhanced with many non-

examples, observations, and properties that prove that relationship.
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open-access article under the CC BY 4.0
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Introduction

In [1], we introduce the concept of the fuzzy set,
and in [2], Zuhedi introduced the concept of fuzzy
modules. In this work, we study some results of the &-B-
quasi-prime  submodule  (T-quasi  fuzzy prime
submodules) E is a E-module additionally a proper -
submodule of [ be [-B-quasi-prime submodule,
wherever a; , bis a B-singleton of R, e, < E to the
extent that a;b.e,, <
b2e, <. In particular, a fuzzy ideal D of R is a [1-B-
quasi -prime ideal the short (LJ-quasi-fuzzy-prime ideal)
of R should D a B-Z-quasi- prime the short ([1-quasi-
fuzzy-prime of R). Some sources, including [3] [4] [5]
[6], were used to obtain a portion of the important
properties, helping [7] [8] [9] [10] [11] in finding
connections and proofs for those properties.

[ then eitheraje, S0 or
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Among the most important results that were
reached in this research include E being a [ -B-quasi-
prime module if and only if E is a [-@-quasi-prime
submodule. This feature helped make the connection
between the B-submodules the short (fuzzy submodule)
in the ordinary and fuzzy states. Another important
property is that E is a multiplication B-module the short
(fuzzy module). Additionally, [ is a proper B-
submodule of E. Then, the following sentences are
comparable.

1. [J be a [J-B-quasi -prime submodule.
2. [U: RE]bea [J-&- prime ideal.
3. [lisa []-&- prime submodule.

In addition to some of the important results and

examples found in this research.

[1-[J-quasi - prime submodule

Throughout this part, we define the [ -B-quasi
prime submodule, which is an extension of the quasi - B-
prime submodule. We also provide some observations
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and examples of this type of submodule. We also
provide descriptions and fundamental features.

Definition (2.1): [12]

We suppose E is a B-module and a proper B-
submodule of [ being a [1-B-quasi-prime submodule. If
wherever a;, b, is a B-singleton of R, e, € E to the
extent that a;b.e,-C [ that either afe,- €11 or bZe,.CL1.
Specifically, an B- ideal D of R is a []-@-quasi-prime
ideal of ‘R should D be a [1-B-quasi -prime of R .

Proposition (2.2):
E is a [J-@-quasi- prime module if and only if E is
[1-quasi-prime submodule.

proof:
Define: E: U— [0,1] as follows

_(1 if eelU
E(e) = {0 otherwise
Define:V:[1 — [0,1] as follows

(1 if e€l
v (6)_{0 if otherwise

. _(1 if =0

We define (01) (Y) {0 otherwise

Clearly, a;b.e, € [ = aje, S [

(abe), € n = min{s,s,7} .[1] [2]

abee [, .(a%e), @ a’e €1, <[;>a%e€ [l
OrbZe, S (1= (b%e), S lI=>b?e€ ], <[], n=
{#,5,7}

b%e € ;. [, is a @ -quasi prime submodule.

(&) a?b?e € [ . that either a%e € [

(a*b?e); S [1 = (a*b?e € [1);.[8][4] [10]
(a*b?e); € [1. & [1(a®b®e) = 7. Then, (a*b?e),
Tletj = {4, 7}

a;bse, < U

Remarks and Examples (2.3):
1. Each quasi-&- prime submodule is a @-E-quasi -prime
submodule.
Proof:
We assume [] be a quasi-2- prime submodule of a
fuzzy module E. Additionally, we let a;b.e, < [,
where a;, b, are B- singletons of R, as well e,- € E.

Given that (1 is quasi-B-prime, then either a;e,. < [
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or bee, S L. Thus, the a’e, € [J or bZe, C L.

Therefore, [ is a B-@-quasi- prime submodule.
2. The inverse of (1) is generally not true, for instance:
E:U — [0,1] as follows

1 if eeU
E =
() {0 otherwise
Ei:u =7Zg
0: - [0,1] as follows
_(t if eell=(4)
[(e)=
© {0 otherwise

L=l

7

Now: [1 = [1; = (4) such that 2.2.1=4€ ]
1=2¢ (1, [J is not a prime submodule. Therefore,
[) is a quasi -B-prime submodule by (2.2).
3. Every fuzzy prime submodule is a @ -Z-quasi-prime
submodule.
Proof:
Since every B-prime submodule is quasi- B-prime
submodule by [4] and by (1) complete the proof.
4. The converse of (3) is false, in general, in the
example:
let U=zPz, [1=2[16(0)
Define E :U — [0,1] as follows

E (e)
_ {1 if eelU
0 otherwise
Define: [1: U — [0,1] as follows
t if ee€ll
] =
() {0 otherwise

Clearly, [1; = 1 additionally E; =U

But [J is not a prime submodule because 2(3,0) = (6,0)€
01 as well (3,0)Z (1 and 2Z [22z®D(0):zBz=0 [ is
not E-prime [4].
5. All @-B- prime submodules are [B-B-quasi- prime
submodules.
Proof:
We let E be a B-module and let [1be & -B-
prime submodule and suppose a;b.e,- < [, where
a; b, are fuzzy singletons if R, and e, <
E,[] isa T-B- prime submodule. Then, either
ae, S0 orb?c[C:E]. Thus, afe, SA or
bZe, € [1. Therefore, [ isa B-B-quasi-prime
submodule.
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6. The converse of (5) is not true in general
let U = 746 , 1=(8)
Define: : U — [0,1] as follows
1 if e€elU
E =
©) {0 otherwise
Define: (0: 0 - [0,1] as follows

t if e€]
[ =
©) {O otherwise
[(7 = )

E;=U
[14=(8) is a@-quasi prime submodule since
16=2.4.2€ [, either 2.4=8€ (8) or2.2¢ (8) isa 0@-
quasi prime submodule = (8) is a B-E-quasi-prime
submodule by  Proposition  (2.2).  However,
(8) is a bed - prime submodule
4€ (8).(4) ¢ (8) is not a A-prime submodule. is not &-
B- prime submodule.
7. Every maximal [B-submodule of a [-module
E is a B-A-quasi-prime submodule.
Proof:
Given that every maximal @-submodule is &-B-
prime submodule ((ch. 2(3.)) and (5))), the proof
is complete.
8. Ingeneral. the inverse of (7) is not true
Define: E: U — [0,1] as follows
(1 if e€elU
E(e)"{o otherwise
Define: 11 : U — [0,1] .as follows

t if e€elU
] =
@) {0 otherwise
;=00 =(0)is not a maximal submodule =

[1is not a maximal BE-submodule by [4]. However,
11,=(0) isa B-quasi prime submodule because a.b 0 €
; = 0€el; aO0€ll; orb.0 €; (0)isald-&-
quasi submodule by proposition (2.2).

Note: B-E-quasi-prime submodule » B-B- prime
submodule.

Proposition (2.4):

A proper B-submodule [ of E is a B-B-quasi -
prime submodule if and only if [[1:3 (e,.)] is a B-B-
prime ideal. Foralle,. C E, e, & [.
Proof:

(=)We suppose that []is@ -@-quasi-prime
submodule and let a;b, < [[1: (e,-)], where e, CE,
e, € [1. Additionally a;, b, are B-singletons of R,.

Journal of University of Anbar for Pure Science (JUAPS)

281

Open Access

Thus, a;b,(e,) €11 = a;bsnie, < 1. However, E
is a @-B-quasi-prime submodule that either a’e, S
T or b?nfe, S [ (since it is @-B-quasi-prime). Thus,
either a C[l:z(e)] r bZ S[:g(e,.)]. thus
[(:% (e,)] is B-B-prime ideal.

(&) If [U:x (e,)] is aB-B-prime ideal where
e, CEand e, £ [1. To prove that []is B-B-quasi -
prime:

We let a;b.e, < [1,where a;, b, are be a B-
singleton of R, and e, S E. But a;b, € [ (e,)]
is@ -B-prime ideal, then either af C[l:y(e,)]
or b? € [y (e,)]. Thus, either aZy, € [l or ble, S
11, s0 [ is a @-E-quasi -prime

Proposition (2.5):

We let H and W are two B-submodules of az-
module E. If for every e,. € W, [H: (e,-)] which is B-
fuzzy-prime ideal, then [H:z W] is a B-B- prime ideal.
Proof:

We let p;, g; in R such that p,g; S[H:x W],
SO p;gier € H, for every e,.CW, p;9i €
[H:x (e)) ... (%).

But [H:x (e,-)] is B-B- prime ideal. Thus, either
p; C [H:5 (e,)] or g7 € [H:x(e,)]. Therefore, for
any e, Cw either pfe. CH or gle. SH, we
suppose that p? &[H:x (e,-)] and g7 & [H:g (e,)], SO
eje; exists in V such that pfef € W and gfes ¢ W.
Thus, p; & [H:r(e)] and g7 € [H:q (ez)] by (%)
pig; € [H:(e1)] which is -B-prime ideal, so
97 S[H:5 (e1)]. Thus, gfe; S H, like that p;g; S [H:
(e)] implies that gZe, € H.

By contrast, by (*), p;g; € [H:5 (e1 + €2)], SO
either p? C [H:q (1 +€3)] OF g7 € [H:ig (e1 +e3)].
Thus, either pZ(e; +e;) SH or gi(e; +e;) CH.
This result implies that either p?e; + p?e,=h; € H or
gi (e1) + gf (e2)=h, € H. Therefore, either pZe;=h;-
pie, SHor  gle,=h,-gfe; SH,  which is
contradiction. Thus, either p7 € [H:x W] or gf €
[H:2 W]. Hence [H: W], is B-B- prime ideal.

Proposition (2.6):
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We suppose E is a B-module of R and D is a
proper B-submodule of e . Subsequently, D is a @-B-
quasi-prime submodule of Eif and only if [D:y P]
is a @-B- prime ideal of R every B-submodule L of E,
where[D:y L]= {r;:7;be a B- singleton of R, »;Lc
D}.

Proof:

We let D be a B-@-quasi-prime submodule of

E . Thus, by proposition (2.4), [D:(e,.)] is B-B- prime
ideal of R, for every e,. CE, e, &J. [1 gain by
proposition (2.4), so [D:x(e,-)] is B-B- prime ideal for
each e,. € L. Thus, by Lemma (2.5), [D:x L] is a B-B-
prime ideal of R.
Now, for the converse, let a;be, <D. a;,b, be a B-
singleton of R, e, CEie a;b; € [D:y (e,)] and e, S
L € E by supposition [D:y (e,.)] is @-B-prime ideal.
Then, either a € [D: (e,)] or bZ € [D:5 (e,-)] are
mean a’e, € D or bZe, € D. Thus, D is a B-B-quasi-
prime submodule.

Corollary (2.7):

We let E bea E-module of R. Additionally, [ a
proper @-submodule of E . If [J is a B-@-quasi -prime
submodule of U, then [[1:z E] is a @-B-prime ideal of
R.

In general, the corollary's inverse is not true.

Example (2.8):

We consider the Z-module Q+Z, and a
submodule "'=z@z. Then, [[1:; E]= [zDz: QDz]= (0,)
which be a @ B--prime ideal of z. However, [ is not [-
B-quasi-prime submodule since [[:, (é,O)] =6z is not

B-B-prime ideal of z.

Definition (2.9): [4]

An B-ideal | of a ring R is known as a principal
B-ideal If e; S 1 exists to the extent that I= (e;) each
mg C I, there is also a B-singleton of R such that mg =
ae;, where s.,7 <[0,1], that is 1= (e;)={m,; <
I/mg=ae; for some B-singleton a; of R}.

Remark (2.10):
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We suppose E is a B-module over PID, R. [
is a @-@-quasi prime submodule of E if [[1: E] is non-
trivial @-B- prime ideal of R.

The ensuing observation indicates that the
intersection of B-E-quasi- prime submodule may not be
[@-E-quasi -prime submodule.

Remark (2.11):

Any two intersecting points B-Z-quasi-prime
submodule of a @- module need not be a &-E-quasi-
prime submodule. For example, 0= (2) = {0,2,4}, O, =
{0,3}, [J; n [0, = (0,)is not a A-A-quasi-prime
submodule of z¢ since 2.3.1=6 £(0,), 22.1=4¢(0,) a
32.1¢(0,).

Relationships between B-B-quasi-prime submodules
with another quasi-2- submodule.

Proposition (3.1):

[1is a proper B-submodule of E. we assume E is

a multiplication  [1-module.  Consequently, the

subsequent claims are interchangeable.

1. [ is @-E-quasi -prime submodule.

2. [[:xE]is B-@-prime ideal.

3. [ is @-@- prime submodule.

Proof:

(1)=(2) We let [ is B-submodule E. Then, we let
a;jb; S[:% E] = a;b.e,- € [1 Ve, € E because [
is a @-B- quasi- prime submodule of E, then either
aZ S [[:(e,)] or b2 € [[): (e,)]. Then, by Lemma
(2.6), [[:% E] is a B-- prime ideal of R.

(2)=() [[J:x E] is @- B-prime ideal, then [ isa B-B-
prime submodule.

(3)=(1) U is & -B-prime submodule,. then [ is a B-B-
quasi-prime submodule by (remark and example

(2.3) (5)).

Proposition (3.2):

J, H are two B- submodules of E. If J is a B-B-
quasi-prime submodule of E and H is not contained in J.
Then, HNJ isa [@-B-quasi- prime submodule of H.
proof:

Given that H# J, then JNH is a proper B-
submodule of H
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Now, we let a;,bs be @-singletons of R, and
bs € H such that y;y;bs € HNJ, s0 x;y;bs € H and
X;yie~ ©J. However, J is a T-B-quasi- prime
submodule of E. Thus, either x7bs € J or y?bs C Jbut
bs S Has well y’b; €] so that y?b; SHN]J or
ytbs SHN].

Proposition (3.3):

1. We letE and E*be two fuzzy modules and let
n:E — E* be a epimorphism. If Jis a -quasi-
fuzzy prime submodule of E*, then n~1(J) is also a
@-quasi fuzzy prime submodule of E.

2. If n:E - E*is an epimorphism such that ker n € H
where H is a quasi-fuzzy prime submodule of V.
subsequently n(H) be a @-quasi- fuzzy prime
submodule of n*.

Proof (1):

To prove n~1(J)is a @-B-quasi- prime submodule
of E, we want to prove [p71(J):xJ] is a B-B- prime
ideal. v/ < E* such thaty™*(J) & H

We let y;¥; € [n7'(J):wH] and so y;y; H S
n=r (). Thus, nCxyiH) € n(n™*()), so x;yi(n(H) €
J. Therefore, x;y; € [J:n(H)], but J is a B-B-quasi-
prime submodule f E*. Either y7 € [J:n(H)]or y7 €
[U:n(H)]. Thus, either yin(H) € Jor yfn(H) €], i.e.
either x7H S n~'(J) or y?H Sn~'(J). Thus, either
x; € '0):Hl  or  y?<SnT'UD:H], e
[n~1(): H] is B-B- prime ideal. Thus, n~1(J) is B-B-a
quasi-prime submodule of E.

Proof (2):

To prove which n(H) is a B-B-quasi-prime
submodule of E*, we prove that [n(H):xJ*] isa B-B-
prime ideal of R, for all J* < E* and J* & n(H). Given
that n is an epimorphism, thereafter n=1(J*) = J*
letn (J) =J*. Consequently, n(J) 2 n(H).

To prove which [n(H):xn(J)] is B- B-prime ideal
of R. We let x;,y; be B-singletons of R, such that
x;yi S H):w (D] so x;ym(J) € n(H). Thus, for
each m; </, x;yinimy) €n(H) Therefore,
n(xyime) = n(h), for some hc H. Then, y;y;m.-hc
kern € H and hence, y;y;m, € H, for each m; <.
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Thus, x,;v; € [H:gJ] but [H:g J] is B-B- prime ideal, so
either y? < [H:J] or y7 € [H:]]. Thus, either 7] € H
or y/J € H so either x7n(J) S n(H) or y/n(J) <
n(H). Therefore, either x? < [n(H):n(J)] or y?c
[n(H):n(J)] isa@-fuzzy prime ideal of R. Hence,
n(H) is a A-B-quasi-prime submodule ofE™.

Proposition (3.4):

We let 7 is a @-submodule of a BE-module E.
Then, [ is a B- B-quasi- prime submodule of E if and
only if [[1:z L] is a @-B-quasi- prime submodule of E
forevery L of R.

Proof:

We assume L[ is a B-B-quasi- prime submodule
of E. We suppose a,a, B-singletons of R, and e, <
E such that a;aye,. € [[1:gL]. Thus, nga,a,e,. < (1 for
every ng € L. However, [Jis a [B-B-quasi-prime
submodule of E, that either nga?e,- € [ or ngase, S
7] Vng € L. Then, either a?e, € [[1:gL] is B-B-quasi-
prime submodule of E.
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