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 Let ℱ  be a free R-module, where R is a commutative ring with 1 and DnF be the nth degree 

divided power. The place polarization technique is a combinatorial approach for computing 

the complex elements, in which ∂ 21
(k)

 is a location polarization that occurs from place one to 

place two. The induction argument on the amount of overlaps between the two rows 

provides a description of the result that we want and identifies whether the resolution is a 

Koszul-like complex (also known as “arithmetic Koszul Complex”). The Weyl module is 

given by 𝐾𝜆/𝜇 ℱ  = 𝐼𝑚 (  𝑑 ′ 𝜆⁄𝜇 ), where 𝑑 ′ 𝜆⁄𝜇and  𝑑 ′ 𝜆⁄𝜇 :Ɒ 𝜆⁄𝜇ℱ  ⟶   𝛬𝜆̃  ⁄ 𝜇̃  ℱ is the Weyl 

map, from which the term “Weyl module” is derived. In this paper, we investigate the two-

row Weyl module resolution for the partition (12,6) using homological diagram, contracting 

homotopy, and place polarization. 
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INTRODUCTION 

Akin and Buchsbaum (or basic representations) tackled 

the problem of resolving Schur modules in terms of 

direct sums of the tensor products of exterior powers in 

the early 1980s [1],[2]. Applying the two-row Schur 

module “basic precise sequence” (more on this will be 

discussed in a later section), we have: 

. 

, we will review the “substantial” module theory that 

may be performed using letter-place techniques. 

Specifically, we define the equivariant filtration on a 

two-rowed skew shape using the letter-place basis. This 

results in the Pieri decomposition of the relevant Weyl 

module [3],[4]. Assume that we have the following two-

row, skew shape: 

 
*Corresponding author Department of Mathematics, College of 

Science, Mustansiriya University, Baghdad, Iraq;                 

  ORCID: https://orcid.org/0000-0001-7361-9670,                                        

Tel: +964 7711491460 

Email:  athraa.a.s@uomustansiriyah.edu.iq 

As previously mentioned [3], this is the result of 

𝐷𝑝⨂ 𝐷𝑞 by the Weyl map, and the letter-place basis 

for 𝐷𝑝⨂ 𝐷𝑞 is the set of all double standard tableaux 

{(
𝑟1
𝑟2
|1
(𝑝)2(𝑙)

2(𝑞−𝑙)    
)}, with 𝑞 ≤  𝑝 + 𝑙, and where 𝑤 and 𝑤′0 

are words in the letter alphabet (In this case, just the 

numbers 1 and 2 in their usual sequence make up the 

place alphabet). 

∑ Ɒ 𝑝+𝑘⊗Ɒ 𝑞−𝑘 
       □       
→     Ɒ 𝑝 ⊗ Ɒ 𝑞 

Additionally, the maps are explained as follows using 

letter-place:  

 (
r1
r2
|1
(p+k)

2(q−k)
)   

∂21
(k)

→    (
r1
r2
|1
(p)2(k)

2(q−k)    
)    ⟼  

∑r  (
r1
r2
|
 (t + 1)′(t + 2)′… . . (p + t)′

1′2′3′…q′                                

 
 

 
),                     (2)  

where w⨂ w′ ∈ Ɒp+k ⨂Ɒq−k  ,   □  = ∑   
q
k=t+1 ∂21

(k)
  is 

the box map, 
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and d′ λ⁄μ=∂1′2
 ∂(p+t)′1

  is the arrangement of polarized 

places, starting from positive locations {1,2 }  and 

ending at negative locations {1′, 2′, … . , (p + t)′ } . 
Additionally, as (2) illustrates, □ delivers a component 

x⨂y of  Ɒp+k ⨂Ɒq−k  to 

   ∑ xp⊗ x′ ky, where ∑   xp⊗ x′ k  in which the 

element of the diagonal of 𝑥 in Ɒp ⨂Ɒq  divides the 

power element  z21
(k) 

 of the degree k of the free 

generator. Here,  (𝒵21) acts on Ɒp+k ⨂Ɒq−k through the 

place polarization of degree k from place (1) to place (2) 

This algebra is “graded” with identity. 𝐴 = Ɒ (𝒵21) acts 

on the graded module ℳ =  Ɒp+k ⊗ Ɒq−k = ∑ℳq−k. 

Given that 𝑤 = z21
(k) 

 ∈ 𝐴 and 𝕧 ∈  Ɒβ1 ⊗ Ɒβ2, ℳ is a 

graded  𝐴-module. Thus, we have:                

r (u) = z21
(k)

 (u) = ∂21
(k)

(u). 

If we take ( t+)  graded strand of degree 𝑞, we have:  

ℳ •:0 → ℳ q−t 
       ∂21      
→      …→ ℳe

   ∂s      
→    ℳ1 

   ∂s    
→   ℳ0, 

Bar (ℳ, 𝐴, ;•) of the normalized 𝐵ar complex, where 𝑆 = 

{𝑥}. Here are some illustrations of key basic notions that 

we require in our work.   

The following is the definition of the maps {Ꞩi}  [2]: 

 Ꞩ0:Ɒ𝑝⨂Ɒq  
                    
→         ∑ 𝑧(𝑡+𝑘)

 

k>0 x Ɒp+t+k ⨂  Ɒq−t−k 

(
𝑟1
𝑟2
|1
(𝑝)2(𝑘)

2(𝑞−𝑘)
)  
                    
→        

 

{
 

 

 

𝑧21            

(𝑘)
𝑥

0

||
(
𝑟1
𝑟2
|1
(𝑝+𝑘)

2(𝑞−𝑘)
)   ; 𝑖𝑓 𝑘 ≤  𝑡 

                           ; 𝑖𝑓 𝑘 > 𝑡
}
 

 

. 

Additionally, with the higher dimensions, we have: 

Ꞩ 𝑡−1: ∑𝑘𝑖  > 0 𝑧21
(𝑡+𝑘1)𝑥 𝑧21

(𝑘2)𝑥 …𝑧21
(𝑘𝑡−1)𝑥 

Ɒ𝑝+𝑡+|Ⱪ|⊗Ɒ𝑞−𝑡−|Ⱪ|  𝑧21
(𝑡+𝑘1)𝑥 𝑧21

(𝑘2)…𝑧21
(𝑘𝑡−1) 𝑥 

Ɒ𝑝+𝑡+|Ⱪ|⊗ Ɒ𝑞−𝑡−|Ⱪ|  

→ 𝑧21
(𝑡+𝑘1)𝑥 𝑧21

(𝑘2)𝑥 …𝑧21
(𝑘𝑡−1)𝑥 (

𝑟1
𝑟2
|1
(𝑝+𝑡+𝑘)2(𝑢)

2(𝑞−𝑡−𝑘)
)→  

 

{
 
 

 
 

   

 𝑧21
(𝑡+𝑘1)𝑥 𝑧21

(𝑘2)𝑥…𝑧21
(𝑘𝑡−1)𝑥𝑧21

(𝑢)𝑥 (
𝑟1
𝑟2
|1
(𝑝+𝑡+𝑘)2(𝑢)

2(𝑞−𝑡−𝑘)
)   

           ; 𝑖𝑓 𝑢 >  0 
 

0                                        ; 𝑖𝑓𝑢 = 0,
                                                                             

 

where the resolution’s modules define the following 

terms: 

 (ℳ𝑖 ) for (𝑖 = 0,1, …. 𝑞 − 𝑡), with ℳ0 = Ɒ𝑝 ⊗ Ɒ𝑞 , 

ℳ𝑖=𝑧21
(𝑡+𝑘1)𝑥 𝑧21

(𝑘2)𝑥 …𝑧21
(𝑘𝑖)𝑥 Ɒ𝑝+𝑡+|Ⱪ|⊗ Ɒ𝑞−𝑡−|Ⱪ|; 𝑓𝑜𝑟 𝑖 

≥ 1 [2]. 

A previous study examined the Weyl module resolution 

for the two-rowed skew shape problem (p^+,t,q)/(t,0) 

[4]. However, in the situation of skew shape (12,6), 

another investigation [5] demonstrated the terms and the 

accuracy of the Weyl resolution. 

 

2.1 Weyl module resolution of the case partition 

(12,6) 

The terms of the sequence of the characteristic free 

resolution are given below.  

 𝑀0 = 𝐷12⨂𝐷6  

 𝑀1 = 𝑍21
(1)𝑥 𝐷13⨂𝐷5⊕ 𝑍21

(2)𝑥 𝐷14⨂𝐷4 ⊕   

   𝑍21
(3)𝑥 𝐷15⨂𝐷3⊕ 𝑍21

(4)𝑥 𝐷16⨂𝐷2 ⊕ 

  𝑍21
(5)𝑥 𝐷17⨂𝐷1⊕ 𝑍21

(6)𝑥 𝐷18⨂𝐷0  

     𝑀2 = 𝑍21
(1)
𝑥𝑍21

(1)
𝑥 𝐷14⨂𝐷4⊕

𝑍21
(2)𝑥𝑍21

(1)𝑥 𝐷15⨂𝐷3⊕𝑍21
(1)𝑥𝑍21

(2)𝑥 𝐷15⨂𝐷3⊕

𝑍21
(3)𝑥𝑍21

(1)𝑥 𝐷16⨂𝐷2⊕𝑍21
(1)𝑥𝑍21

(3)𝑥 𝐷16⨂𝐷2⊕

𝑍21
(2)𝑥𝑍21

(2)𝑥 𝐷16⨂𝐷2⊕𝑍21
(4)𝑥𝑍21

(1)𝑥 𝐷17⨂𝐷1 ⊕

𝑍21
(1)𝑥𝑍21

(4)𝑥 𝐷17⨂𝐷1⊕𝑍21
(2)𝑥𝑍21

(3)𝑥 𝐷17⨂𝐷1⊕

𝑍21
(3)𝑥𝑍21

(2)𝑥 𝐷17⨂ 𝐷1⊕𝑍21
(5)𝑥𝑍21

(1)𝑥 𝐷18⨂ 𝐷0  ⊕

𝑍21
(1)𝑥𝑍21

(5)𝑥 𝐷18⨂ 𝐷0⊕𝑍21
(2)𝑥𝑍21

(4)𝑥 𝐷18⨂ 𝐷0⊕

𝑍21
(4)𝑥𝑍21

(2)𝑥 𝐷18⨂ 𝐷0⊕𝑍21
(3)𝑥𝑍21

(3)𝑥 𝐷18⨂ 𝐷0  

 

𝑀3 = 𝑍21
(1)𝑥𝑍21

(1)𝑥 𝑍21
(1)𝑥𝐷15⨂𝐷3⊕

𝑍21
(2)𝑥𝑍21

(1)𝑥 𝑍21
(1)𝑥𝐷16⨂𝐷2⊕

𝑍21
(1)𝑥𝑍21

(2)𝑥 𝑍21
(1)𝑥𝐷16⨂𝐷2⊕

𝑍21
(1)
𝑥𝑍21

(1)
𝑥 𝑍21

(2)
𝑥𝐷16⨂𝐷2⊕

𝑍21
(3)
𝑥𝑍21

(1)
𝑥 𝑍21

(1)
𝑥𝐷17⨂𝐷1⊕

𝑍21
(1)𝑥𝑍21

(3)𝑥 𝑍21
(1)𝑥𝐷17⨂𝐷1⊕

𝑍21
(1)𝑥𝑍21

(1)𝑥 𝑍21
(3)𝑥𝐷17⨂𝐷1⊕

𝑍21
(2)𝑥𝑍21

(2)𝑥 𝑍21
(1)𝑥𝐷17⨂𝐷1⊕

𝑍21
(1)𝑥𝑍21

(2)𝑥 𝑍21
(2)𝑥𝐷17⨂𝐷1⊕

𝑍21
(2)
𝑥𝑍21

(1)
𝑥 𝑍21

(2)
𝑥𝐷17⨂𝐷1⊕

𝑍21
(4)𝑥𝑍21

(1)𝑥 𝑍21
(1)𝑥𝐷18⨂𝐷1⊕

𝑍21
(1)𝑥𝑍21

(4)𝑥 𝑍21
(1)𝑥𝐷18⨂𝐷0⊕

𝑍21
(1)𝑥𝑍21

(1)𝑥 𝑍21
(4)𝑥𝐷18⨂𝐷0⊕

𝑍21
(3)
𝑥𝑍21

(2)
𝑥 𝑍21

(1)
𝑥𝐷18⨂𝐷0⊕

𝑍21
(3)𝑥𝑍21

(1)𝑥 𝑍21
(2)𝑥𝐷18⨂𝐷0⊕

𝑍21
(2)
𝑥𝑍21

(3)
𝑥 𝑍21

(1)
𝑥𝐷18⨂𝐷0⊕

𝑍21
(2)𝑥𝑍21

(1)𝑥 𝑍21
(3)𝑥𝐷18⨂𝐷0⊕

𝑍21
(1)𝑥𝑍21

(2)𝑥 𝑍21
(3)𝑥𝐷18⨂𝐷0⊕ 

𝑍21
(1)𝑥𝑍21

(3)𝑥 𝑍21
(2)𝑥𝐷18⨂𝐷0⊕𝑍21

(2)𝑥𝑍21
(2)𝑥 𝑍21

(2)𝑥𝐷18⨂𝐷0 
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𝑀4 =  𝑍21
(1)𝑥𝑍21

(1)𝑥 𝑍21
(1)𝑥 𝑍21

(1)𝑥𝐷16⨂𝐷2⊕

𝑍21
(2)𝑥 𝑍21

(1)𝑥 𝑍21
(1)𝑥𝑍21

(1)𝑥𝐷17⨂𝐷1⊕

 𝑍21
(1)𝑥𝑍21

(2)𝑥 𝑍21
(1)𝑥 𝑍21

(1)𝑥𝐷17⨂𝐷1⊕

𝑍21
(1)𝑥 𝑍21

(1)𝑥 𝑍21
(2)𝑥𝑍21

(1)𝑥𝐷17⨂𝐷1⊕ 

 𝑍21
(1)𝑥𝑍21

(1)𝑥 𝑍21
(1)𝑥 𝑍21

(2)𝑥𝐷17⨂𝐷1⊕

𝑍21
(3)𝑥 𝑍21

(1)𝑥 𝑍21
(1)𝑥𝑍21

(1)𝑥𝐷18⨂𝐷0⊕ 

𝑍21
(1)𝑥𝑍21

(3)𝑥 𝑍21
(1)𝑥 𝑍21

(1)𝑥𝐷18⨂𝐷0⊕

𝑍21
(1)𝑥 𝑍21

(1)𝑥 𝑍21
(3)𝑥𝑍21

(1)𝑥𝐷18⨂𝐷0⊕

 𝑍21
(1)𝑥𝑍21

(1)𝑥 𝑍21
(1)𝑥 𝑍21

(3)𝑥𝐷18⨂𝐷0⊕

𝑍21
(2)𝑥 𝑍21

(2)𝑥 𝑍21
(1)𝑥𝑍21

(1)𝑥𝐷18⨂𝐷0⊕  

 𝑍21
(2)𝑥𝑍21

(1)𝑥 𝑍21
(2)𝑥 𝑍21

(1)𝑥𝐷18⨂𝐷0⊕ 

𝑍21
(2)𝑥𝑍21

(1)𝑥 𝑍21
(1)𝑥 𝑍21

(2)𝑥𝐷18⨂𝐷0⊕ 

 𝑍21
(1)𝑥𝑍21

(2)𝑥 𝑍21
(2)𝑥 𝑍21

(1)𝑥𝐷18⨂𝐷0⊕

𝑍21
(1)𝑥𝑍21

(1)𝑥 𝑍21
(2)𝑥 𝑍21

(2)𝑥𝐷18⨂𝐷0⊕  

 𝑍21
(1)𝑥𝑍21

(2)𝑥 𝑍21
(1)𝑥 𝑍21

(2)𝑥𝐷18⨂𝐷0         

   𝑀5 = 𝑍21
(1)𝑥 𝑍21

(1)𝑥 𝑍21
(1)𝑥 𝑍21

(1)𝑥 𝑍21
(1)𝐷17⨂𝐷1⊕

𝑍21
(2)𝑥 𝑍21

(1)𝑥 𝑍21
(1)𝑥 𝑍21

(1)𝑥 𝑍21
(1)𝑥𝐷18⨂𝐷0⊕   

 𝑍21
(1)𝑥 𝑍21

(2)𝑥 𝑍21
(1)𝑥𝑍21

(1)𝑥 𝑍21
(1)𝑥𝐷18⨂𝐷0⊕

𝑍21
(1)𝑥 𝑍21

(1)𝑥 𝑍21
(2)𝑥 𝑍21

(1)𝑥 𝑍21
(1)𝑥𝐷18⨂𝐷0⊕

 𝑍21
(1)𝑥 𝑍21

(1)𝑥 𝑍21
(1)𝑥𝑍21

(2)𝑥 𝑍21
(1)𝑥𝐷18⨂𝐷0⊕

𝑍21
(1)𝑥 𝑍21

(1)𝑥 𝑍21
(1)𝑥 𝑍21

(1)𝑥 𝑍21
(2)𝑥𝐷18⨂𝐷0 

𝑀6 = 𝑍21
(1)𝑥𝑍21

(1)𝑥 𝑍21
(1)𝑥 𝑍21

(1)𝑥 𝑍21
(1)𝑥 𝑍21

(1)𝑥𝐷18⨂𝐷0  
 

2.2 The Weyl resolution exactness in the partition 

case (12,6) 

This section explains the building of a contracting 

homotopies {Ꞩ𝑖}, where i=1, 2,….5. We define the Ꞩ𝑖 

map by: 

Ꞩ0: 𝐷12⨂𝐷6 → ∑ 𝑍21
(𝑘)

𝑘>0 𝑥 𝐷12+𝑘 ⨂  𝐷6−𝑘  

Ꞩ0 ((
𝑟1
𝑟2
|
1(12)    2(𝑘)

 2(6−𝑘)           
)) =

{

     0                     ;  𝑖𝑓 𝑘 = 0

𝑍21
(𝑘)
𝑥  (

𝑟1
𝑟2
|
  1(12+𝑘)  

2(6−𝑘)  
)            ; 𝑖𝑓 𝑘 = 1,2,3,4,5,6

  

Ꞩ1: ∑ 𝑍21
(𝑘)

𝑘>0 𝑥 𝐷12+𝑘⨂𝐷6−𝑘 → 𝑍21
(𝑘1)𝑥𝑍21

(𝑘2)𝑥𝐷12+𝑘 ⨂  𝐷6−𝑘 

Ꞩ1 (𝑍21
(𝑘)
𝑥 (
𝑟1
𝑟2
|
1(12+𝑘)    2(𝑢)

 2(6−𝑘−𝑢)           
)) =

{

0                   ;  𝑖𝑓 𝑢 = 0

𝑍21
(𝑘)
𝑥 𝑍21

(𝑢)
𝑥  (

𝑟1
𝑟2
|
1(12+𝑘+𝑢)

 2(6−𝑘−𝑢)   
)              ; 𝑖𝑓 𝑢 = 1,2,3,4,5

  

Ꞩ2 : ∑ 𝑍21
(𝑘1)𝑥 𝑘𝑖>0 𝑍21

(𝑘2)𝑥 𝐷12+|𝑘|⊗𝐷6−|𝑘| →

 𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥𝐷12+|𝑘|⊗𝐷6−|𝑘|  

such that 

Ꞩ2 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)           
))  

= {

0                   ; 𝑖𝑓 𝑢 = 0

𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)         ; 𝑖𝑓 𝑢 = 1,2,3,4

  

   𝑤here    |𝑘| = 𝑘1 + 𝑘2. 

Ꞩ3: ∑ 𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)

𝑘𝑖>0 𝑥 𝐷12+|𝑘|⊗𝐷6−|𝑘| →

      𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝐷12+|𝑘|⊗𝐷6−|𝑘|  
such that 

Ꞩ3 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
))  

= {

0 ; 𝑖𝑓 𝑢 = 0

𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)        ; 𝑖𝑓 𝑢 = 1,2,3

  

where      |𝑘| = 𝑘1 + 𝑘2 + 𝑘3.  

Ꞩ4: ∑ 𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)

𝑘𝑖>0 𝑥 𝑍21
(𝑘4)𝑥 𝐷12+|𝑘|⊗𝐷6−|𝑘| →

𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝑍21
(𝑘5)𝑥 𝐷12+|𝑘|⊗𝐷6−|𝑘|  

 𝑠uch that  

Ꞩ4 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
))  

= {

0 ; 𝑖𝑓 𝑢 = 0

𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝑍21
(𝑢)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)     ; 𝑖𝑓 𝑢 = 1,2

  

where      |𝑘| = 𝑘1 + 𝑘2 + 𝑘3, +𝑘4.  
Finally, we define 

Ꞩ5: ∑ 𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)

𝑘𝑖>0 𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑘5)𝑥 𝐷12+|𝑘|⊗𝐷6−|𝑘| →

𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝑍21
(𝑘5)𝑥 𝑍21

(𝑘6)𝑥  𝐷12+|𝑘|⊗𝐷6−|𝑘|  
such that 

Ꞩ5 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥𝑍21
(𝑘5)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)) = 

{

0 ; 𝑖𝑓 𝑢 = 0

𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥𝑍21
(𝑘5)𝑥 𝑍21

(𝑢)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  ; 𝑖𝑓 𝑢 = 1 

  

where    |𝑘| = 𝑘1 + 𝑘2 + 𝑘3, +𝑘4 + 𝑘5.  

 

2.3 The exactness of the Weyl module resolution 

Considering the following diagram: 

, 

we need to prove that 

 {Ꞩ0,Ꞩ1,Ꞩ2,Ꞩ3,Ꞩ4,Ꞩ5} is a contracting homotopy, i. e., 
Ꞩ0  ∂x + ∂xꞨ1 = idM1 

Ꞩ1  ∂x + ∂xꞨ2 = idM2 

Ꞩ2  ∂x + ∂xꞨ3 = idM3 

Ꞩ3  ∂x + ∂xꞨ4 = idM4 

Ꞩ4  ∂x + ∂xꞨ5 = idM5 

Now 

Ꞩ0𝜕𝑥 (  𝑍21
(𝑘)
𝑥 (
𝑟1
𝑟2
|
1(12+𝑘)    2(𝑢)

 2(6−𝑘−𝑢)          
)) = Ꞩ0𝜕21

(𝑘) (
𝑟1
𝑟2
|
1(12+𝑘)    2(𝑢)

 2(6−𝑘−𝑢)          
)  

= (
𝑘 + 𝑢
𝑢
)𝑍21

(𝑘+𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+𝑘+𝑢)

 2(6−𝑘−𝑢)   
), 

and 
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𝜕𝑥Ꞩ1 (𝑍21
(𝑘)
𝑥 (
𝑟1
𝑟2
|
1(12+𝑘)    2(𝑢)

 2(6−𝑘−𝑢)          
)) =

𝜕𝑥 (𝑍21
(𝑘)
𝑥𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+𝑘+𝑢)

 2(6−𝑘−𝑢)   
))  

= −(
𝑘 + 𝑢
𝑢
)𝑍21

(𝑘+𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+𝑘+𝑢)

 2(6−𝑘−𝑢)   
) + 𝑍21

(𝑘)
𝑥 (
𝑟1
𝑟2
|
1(12+𝑘)    2(𝑢)

 2(6−𝑘−𝑢)          
)  

 ∴  Ꞩ0𝜕𝑥 + 𝜕𝑥Ꞩ1 = 𝑖𝑑𝑀1 

Ꞩ1𝜕𝑥  (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)) 

= Ꞩ1 (−(
|𝑘|
𝑘2
) 𝑍21

(|𝑘|)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
) +

𝑍21
(𝑘1+1)𝑥 𝜕21

(𝑘2) (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
))  

= −(
|𝑘|
𝑘2
) 𝑍21

(|𝑘|)
𝑥𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
) +

(
𝑘2 + 𝑢
𝑢

)𝑍21
(𝑘1)𝑥𝑍21

(𝑘2+𝑢)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
),  

and 

𝜕𝑥Ꞩ2 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)) 

= 𝜕𝑥 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
))  

= (
|𝑘|
𝑘2
)𝑍21

(|𝑘|)
𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
) 

−(
𝑘2 + 𝑢
𝑢

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2+𝑢)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)   

where |𝑘| = 𝑘1 + 𝑘2 

∴  Ꞩ1𝜕𝑥 + 𝜕𝑥Ꞩ2 = 𝑖𝑑𝑀2 

 now 

Ꞩ2𝜕𝑥  (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
))   

= Ꞩ2 ((
𝑘1 + 𝑘2
𝑘2

)𝑍21
(𝑘1+𝑘2)𝑥𝑍21

(𝑘3)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
))  

−(
𝑘2 + 𝑘3
𝑘3

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2+𝑘3)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)  

+𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝜕21
(𝑘3) (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)) 

= (
𝑘1 + 𝑘2
𝑘2

)𝑍21
(𝑘1+𝑘2)𝑥 𝑍21

(𝑘3)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
) 

−(
𝑘2 + 𝑘3
𝑘3

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2+𝑘3)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+(
𝑘3 + 𝑢
𝑢

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘2+𝑢)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
),  

and 

𝜕𝑥Ꞩ3 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
))  

= 𝜕𝑥 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)) 

= −(
𝑘1 + 𝑘2
𝑘2

)𝑍21
(𝑘1+𝑘2)𝑥 𝑍21

(𝑘3)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+(
𝑘2 + 𝑘3
𝑘2

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2+𝑘3)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

−(
𝑘3 + 𝑢
𝑢

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3+𝑢)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝜕21

(𝑢)
(
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

= −(
𝑘1 + 𝑘2
𝑘2

)𝑍21
(𝑘1+𝑘2)𝑥 𝑍21

(𝑘3)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+(
𝑘2 + 𝑘3
𝑘3

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2+𝑘3)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

−(
𝑘3 + 𝑢
𝑢

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3+𝑢)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)    

where |𝐾| = 𝑘1 + 𝑘2 + 𝑘3. 

∴  Ꞩ2𝜕𝑥 + 𝜕𝑥Ꞩ3 = 𝑖𝑑𝑀3 

 

Now, we have to prove that 

Ꞩ3𝜕𝑥  (𝑍𝐿1
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)) 

= Ꞩ3 (−(
𝑘1 + 𝑘2
𝑘2

)𝑍21
(𝑘1+𝑘2)𝑥 𝑍21

(𝑘3)𝑥 𝑍21
(𝑘4𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
))  

+(
𝑘2 + 𝑘3
𝑘3

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2+𝑘3)𝑥 𝑍21
(𝑘4)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)  

−(
𝑘3 + 𝑘4
𝑘4

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3+𝑘4)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)  

+𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝜕21

(𝑘4) (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)  

= −(
𝑘1 + 𝑘2
𝑘2

)𝑍21
(𝑘1+𝑘2)𝑥 𝑍21

(𝑘3)𝑥 𝑍21
(𝑘4)𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+(
𝑘2 + 𝑘3
𝑘3

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2+𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

−(
𝑘3 + 𝑘4
𝑘4

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3+𝑘4)𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+(
𝑘4 + 𝑢
𝑢

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4+𝑢)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
),  

and 

𝜕𝑥Ꞩ4 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)) 

= 𝜕𝑥 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)) 

= (
𝑘1 + 𝑘2
𝑘2

)𝑍21
(𝑘1+𝑘2)𝑥 𝑍21

(𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

−(
𝑘2 + 𝑘3
𝑘3

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2+𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  
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+(
𝑘3 + 𝑘4
𝑘4

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3+𝑘4)𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

−(
𝑘4 + 𝑢
𝑢

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4+𝑢)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝜕21
(𝑢)
(
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

= (
𝑘1 + 𝑘2
𝑘2

)𝑍21
(𝑘1+𝑘2)𝑥 𝑍21

(𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
) 

−(
𝑘2 + 𝑘3
𝑘3

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2+𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+(
𝑘3 + 𝑘4
𝑘4

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3+𝑘4)𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

−(
𝑘4 + 𝑢
𝑢

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4+𝑢)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)  

where |𝐾| = 𝑘1 + 𝑘2 + 𝑘3 + 𝑘4. 

∴  Ꞩ3𝜕𝑥 + 𝜕𝑥Ꞩ4 = 𝑖𝑑𝑀4 

 Ꞩ4𝜕𝑥 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝑍21
(𝑘5)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)) 

=

Ꞩ4 ((
𝑘1 + 𝑘2
𝑘2

)𝑍21
(𝑘1+𝑘2)𝑥 𝑍21

(𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑘5)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
) −

(
𝑘2 + 𝑘3
𝑘3

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2+𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑘5)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
) +

(
𝑘3 + 𝑘4
𝑘4

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3+𝑘4)𝑥 𝑍21

(𝑘5)𝑥  (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
) −

(
𝑘4 + 𝑘5
𝑘5

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4+𝑘5)𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
) +

𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝜕21
(𝑘5) (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
))  

= (
𝑘1 + 𝑘2
𝑘2

)𝑍21
(𝑘1+𝑘2)𝑥 𝑍21

(𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

−(
𝑘2 + 𝑘3
𝑘3

)𝑍21
(𝑘1)𝑥  𝑍21

(𝑘2+𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑘5)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+(
𝑘3 + 𝑘4
𝑘4

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3+𝑘4)𝑥 𝑍21

(𝑘5)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

−(
𝑘4 + 𝑘5
𝑘5

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4+𝑘54)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+(
𝑘5 + 𝑢
𝑢

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝑍21
(𝑘5+𝑢)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
) 

and 

𝜕𝑥Ꞩ5 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝑍21
(𝑘5)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
))= 

𝜕𝑥 (𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝑍21
(𝑘5)𝑥 𝑍21

(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
))= 

−(
𝑘1 + 𝑘2
𝑘2

)𝑍21
(𝑘1+𝑘2)𝑥 𝑍21

(𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑘5)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
) 

+(
𝑘2 + 𝑘3
𝑘3

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2+𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑘5)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

−(
𝑘3 + 𝑘4
𝑘4

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3+𝑘4)𝑥 𝑍21

(𝑘5)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+(
𝑘4 + 𝑘5
𝑘4

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4+𝑘5)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

−(
𝑘5 + 𝑢
𝑢

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝑍21
(𝑘5+𝑢)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝜕21
(𝑘5) (

𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

=

−(
𝑘1 + 𝑘2
𝑘2

)𝑍21
(𝑘1+𝑘2)𝑥 𝑍21

(𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑘5)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+(
𝑘2 + 𝑘3
𝑘3

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2+𝑘3)𝑥 𝑍21
(𝑘4)𝑥 𝑍21

(𝑘5)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

−(
𝑘3 + 𝑘4
𝑘4

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3+𝑘4)𝑥 𝑍21

(𝑘5)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+(
𝑘4 + 𝑘5
𝑘5

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4+𝑘5)𝑥 𝑍21
(𝑢)
𝑥 (
𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

−(
𝑘5 + 𝑢
𝑢

)𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝑍21
(𝑘5+𝑢)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|+𝑢)

 2(6−|𝑘|−𝑢)   
)  

+𝑍21
(𝑘1)𝑥 𝑍21

(𝑘2)𝑥 𝑍21
(𝑘3)𝑥 𝑍21

(𝑘4)𝑥 𝑍21
(𝑘5)𝑥 (

𝑟1
𝑟2
|
1(12+|𝑘|)    2(𝑢)

 2(6−|𝑘|−𝑢)          
)  

where |𝐾| = 𝑘1 + 𝑘2 + 𝑘3 + 𝑘4 + 𝑘5. 

∴  Ꞩ4𝜕𝑥 + 𝜕𝑥Ꞩ5 = 𝑖𝑑𝑀5 

∴ {Ꞩ0,Ꞩ1,Ꞩ2,Ꞩ3,Ꞩ4,Ꞩ5}  is the contracting homotopy  

0 ⟶𝑀6⟶ 𝑀5⟶𝑀4⟶𝑀3⟶𝑀2⟶𝑀1⟶𝑀0.  
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Dn

 ∂ 21
(k)

𝐾𝜆/𝜇ℱ 𝐼𝑚

𝑑 ′ 𝜆⁄𝜇 𝑑 ′ 𝜆⁄𝜇𝑑 ′ 𝜆⁄𝜇Ɒ 𝜆⁄𝜇ℱ ⟶   𝛬𝜆̃  ⁄ 𝜇̃  ℱ 

 


