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Two-row resolution of the Weyl module in case partition (12,6)
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ABSTRACT

Let F be a free R-module, where R is a commutative ring with 1 and D,F be the nth degree
divided power. The place polarization technique is a combinatorial approach for computing

the complex elements, in which 0 g‘? is a location polarization that occurs from place one to
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place two. The induction argument on the amount of overlaps between the two rows
provides a description of the result that we want and identifies whether the resolution is a
Koszul-like complex (also known as “arithmetic Koszul Complex™). The Weyl module is
givenby K, F=Im ( d',,,), whered',,,and d',,, :8,,F — A u F is the Weyl

map, from which the term “Weyl module” is derived. In this paper, we investigate the two-
row Weyl module resolution for the partition (12,6) using homological diagram, contracting
homotopy, and place polarization.

INTRODUCTION

Akin and Buchsbaum (or basic representations) tackled
the problem of resolving Schur modules in terms of
direct sums of the tensor products of exterior powers in
the early 1980s [1],[2]. Applying the two-row Schur
module “basic precise sequence” (more on this will be
discussed in a later section), we have:

(]—»;}}H-I_l - t+1 ’—|p . f’—|p -0,
g=t=1 | A I

, we will review the “substantial” module theory that
may be performed using letter-place techniques.
Specifically, we define the equivariant filtration on a
two-rowed skew shape using the letter-place basis. This
results in the Pieri decomposition of the relevant Weyl
module [3],[4]. Assume that we have the following two-
row, skew shape:
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(4)

t p
| | a
As previously mentioned [3], this is the result of
D,® D, by the Weyl map, and the letter-place basis
for D,® D, is the set of all double standard tableaux

71 1® 20
{(rz 2@-D
are words in the letter alphabet (In this case, just the
numbers 1 and 2 in their usual sequence make up the
place alphabet).

[m}

2B p @B g —— 0, By
Additionally, the maps are explained as follows using
letter-place:
<r1 1(p+k)) 0% (r1 1(p>2(k))

I'y[2(q-k) rz|2(q-k)

| +1D)'E+2) ....(p+t)

X <r2 123" ..q' : (2)
where W@ W' € By, ®Bq , O =30, 0% is
the box map,

)} with ¢ < p + [, and where w and w'0
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and d’,,=04,, 0(p+t)1 I8 the arrangement of polarized
places, starting from positive locations {1,2} and
ending at negative locations {1, 2, ....,(p+t)' }.
Additionally, as (2) illustrates, o delivers a component
Xy of B, ®F_ to

> xp® x'yy, where ¥ x,® x g in which the
element of the diagonal of x in B, ®@, divides the

power element zgl? of the degree k of the free
generator. Here, (Z3,) acts on B, ®B4_y through the
place polarization of degree k from place (1) to place (2)
This algebra is “graded” with identity. A = & (Z,,) acts

on the graded module M= B, & Bq_x = X Mgk

Given that w = zg? e€Adand v € By & Blgy, Mis a

graded A-module. Thus, we have:
K K
r(u) =23 (u) = a5 (u).
If we take (t*) graded strand of degree g, we have:

6 as aS
M 00— M g ——...— My —— My —> M,

Bar (M A, ;*) of the normalized Bar complex, where S =

{x}. Here are some illustrations of key basic notions that

we require in our work.

The following is the definition of the maps {0} [2]:
Ho:Bp®@By —— Yo z(EF) x Bp+eek @ Bg-t—x

(T‘l 1(p)2(k))
2| 2(@-k)

(k)
(7‘2 2(a-k) Jifkst
sif k>t
0
Additionally, with the higher dimensions, we have:
0,4t ki >0 Zg';rkl)x 22(1;2)36 ...Zz(lf‘l)x
t+k k ke
Bp-++1K QBg—t- K| R 2 A e B
By e+ ® ssi ) L
(t+ky), (k) (ke-1), (T1]|1PHEHR) 2 (U
—Zy VX 2y K e Zy Tt x(rz 2(a-t-1)
(k) (k) (keen) (o) (T|1PHEHR) 200
Zyq VX 2317 X i Zyy Y XZyy x(rz 2(q—t—k) )
;ifu>0
t 0 ;ifu=0,

where the resolution’s modules define the following
terms:

(M; ) for(i=0,1,....q—t), with My, =8, ® B,

t+k k k; . .
]\/[L:ZZ(1 Uy 2512)x ...zgl )x Bpserg)® Bge—xs fori
>11[2].
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A previous study examined the Weyl module resolution
for the two-rowed skew shape problem (p”+,t,q)/(t,0)
[4]. However, in the situation of skew shape (12,6),
another investigation [5] demonstrated the terms and the
accuracy of the Weyl resolution.

2.1 Weyl module resolution of the case partition
(12,6)
The terms of the sequence of the characteristic free
resolution are given below.

My = D1,®Ds

M, = Zx D;3;@QDs @ Z9x D1, @D, @

237 % D15®Ds @ Z{7x D16®D; ®

Zgi)x D,,®D; & Zé?x D1g®Dy

M; = Zéi)ng)x D1, ®D, &

ZPx7PxDis@D; B Z2Px7Px Dy @ D; @
Z3x2Px D1 @D, ® ZPx23x D1y @D, @
ZBx7Px Dys @D, ® ZVx2Px D, @Dy @
Z8x7Px Dy, @D, ® ZPx2Px Dy, @D, B
Z3x7Px Dy,® Dy ® Z57x2Px D1y ® Dy B
ZW %7283 % D1g® Dy @ 2P %2\ x D1® D, B
ZM %72 x D1g® Do ® 72V x2Px D1g® D,

Ms = 23 xZ{)x 21 xD1s@Ds @
Zg)ng)x Zg)xDm@Dz S
Zg)ng)x Zﬁ)xDm@Dz SY
Zg)ng)x Zg)xDm@Dz SY
Zéi)xZS)x Zﬁ)xD17®D1 @
Zéi)ngi)x Zﬁ)xD17®D1 S
Zéi)ng)x Zg)xD17®D1 S
z3BxzPx 29xD,, @D, ®
Zg)ng)x Zg)xD17®D1 S
Zéi)ng)x Zéi)xD17®D1 S
Zg)ng)x Z%)xD18®D1 S
Zéi)ng)x Zﬁ)xDm@Do @
Zéi)xZéi)x Zg)wa@Do @
Zéi)ng)x Zéi)wa@Do @

2, x25)x 27 xD15®@Do ®
237x25)x 27 xD15®@Do ®

23 x25)x 237 xD15®Do ©

23y x257 % 237 xD15®Do
ZWx23 % 232 xD1®Dy © Z52x252 x 232 xD15 @Dy
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My = Z0xz2Wx 20% 20xD, s @D, @
2% 280x 2P x2PxD,,@D; B
ZWx7Px 720% 20xD,,@D; @
ZWx 280x 2P x2PxD,,@D; ®
ZWxzWx 280% 2PxD,, @D, @
23 2% 237223 xD15@D, @
Z5)x 257 x 237 x 23 xD15®D, @
Z5)% 25 x 259 %25 % D15 @D, @
ZWxz0x 20 % 2 xD, s @Dy B
2% 78 x 7P x20xD1s @Dy B
22570 x 72 x 20xD,3 @Dy @
29257 x 25)x 27 xD15@D, @
250x27x 27 x 23 xD15 @D, @
239257 x 257 % 27 xD15@D, @
Z50x23Px 23 x 237 xD15 @D,

Ms = Zx 2% 2% 2% 2 D, @D, @
ZPx 280x 2P x 20x 2 xD,; @Dy B
23% 23x 23 x23)x 23 xD15@D, @
Z30x 239x 2% 257 % 257 xD15 @D @
257% 23 2325 x 23 xD15@D, @
Z0x 70x 20 % 2P x 2%, @D,
Mg = Z5)xZ5yx 27 x 2% 257x 257 x D15 @D,

2.2 The Weyl resolution exactness in the partition
case (12,6)

This section explains the building of a contracting
homotopies {[7;}, where i=1, 2,....5. We define the [;
map by:

T0:D12@®Dg = o Zﬁ'i) X D1z ® De—

n 1(12) 20 _
Uo 1| 2(6-1) =

0 ;ifk=0
(12+K)
., (1|1
Zyx <r2 )

2(6-k)
k k k
1t Tks0 Ze8 % Dypk ®Dg i = Z8PxZPxDy 5, ® Dgi

Jif k=1,2,34,5,6

(12+k) (u)
0, (1|1 2 _
g (221 x (Tz 2(6—k-u) =
0 ;ifu=0
K " 1(12+k+u) )
Z3x 23 (rz 26k Jif u=12345

k k
Uzt Xk>o0 Zﬁf)x Zélz)x D1241k) ® De_jx| =
k k k
Z8x 287 x 25 xD.1 54100 ® Do

such that
W) (e (1] 102¥KD 2@
0, <Z§11)x Zélz)x <r2 2(6-Ik|-w)
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0 ;ifu=0
12+ kl+u)
2(6-1kl-u) )

n

" sifu=1234

£ x|

where |k| =k, + k.
k k k

Uzt X0 78V 7% Z§13) X D1z4je] ® Do) =

K K k K
Zéf)x Z§12)x Z;f)x Zéf)x D1z4ji) @ Do

such that
kD). o). o) (T2 1@2+[kD) 2w
3 (Zle X Zy" XZZ13 x(rz 2(6-Ik|-w)
0 Gifu=0
X . (ka) n 1(12+|k|+u) )
Zéll)x Zélz)x Zy X Zélll)x <r2 2(6=Ikl-w) sifu=123

where k| = ky +ky + k3.
k k k K
T4t X0 Z§11)x Z§12)x Z§13) X Z§14)x Diz4jk] @ De-ie| =
k k k k k
Zéll)x Z§12)x Z§13)x Z§14)x Z§15)x D1z+ik| @ Deo—|k|
such that
124K )
2(6-Ikl-w)
;ifu=0

T
(b ()

1(12+|k\+u)

0
= T3
At d 2 20 (Y e ) =12

L)
where k| = ky + ky + k3, +k,.
Finally, we define

k k k k k
Vst X0 Zz(1l)x Z§12)x Z§13) X Z§14)x Zéf’)x Disik) @ Do—jie| =
k k k k. k. k,
2805 782y 7095 78K 7595 2859 % Dy 41t ® Do

such that
1@2+KD) o)
2(6=|k|-w) =

;ifu=0

n

B e (4

0
k k k k k 1y [ 102 +kl+) .
{2211)’5 Z§12)x Z§13)x Z£14)XZ§1S)X Zz(?)x (Tz 2(6~1k|-u) sifu=1

where |k| =k1+k2+k3,+k4+k5.

2.3 The exactness of the Weyl module resolution

Considering the following diagram:
A U R L N
ox o M o M Tox M
we need to prove that
{0, [, [y, 3, [y, g} is a contracting homotopy, i. e.,
(g Oy + 0411 = idyy
[ ‘1 aX + ax‘ ‘2 = lsz
DZ ax + aXD3 = ldM3

D3 (3X +6XD4 = ldM4
D4_ 6X +6XD5 = idMS

Now

X n 1(12+k) 2 o (11
‘ Oax< Zgl)x (‘rz 2(6—k—u) = 062(1) T
1(12+k+u))

_(k+u\ ktw) (T
(L

1(12+k) z(u)
2(6—k—u)

and
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1(12+k)

. (1 2091\ _
axD1 (ZZI x(rz 2(6—k—u) =
® W n 1(12+k+u)
Ox | Z31 XZ31 x 7y | 2(6-k-w)
(kw1020 w_ (N
__( u )ZZl x<rz 26k | ¥ 22X T2
(12+|k]) (w)
(k) ) (T1|1 2
jlax (2211 xZ212 x(rz 2(6—|k|—u)
I\, qepy (72| 124D 200
= Dl<_<k2)221 x 1y | 2(6=1kl-w) +
(12+k)) W
(ky+1) A(ky) (11| 1 2
Zy' x 0y ( 2(6-1k|-w)

2
7| 1 (12+kl+u)
- (Ikl)z;gk'>ngq>x( : "

1(12+k) z(u)
2(6—k—u)

. Doax + axD1 = LdMl

k, r,| 2(6-lk-w)
Ky + U\ k) Gty Ta[ 1C2FEID
( 2u )Zz11 XZy X r,| 2(6=Ikl-w) |

and
r
Ox 2 <Z§I;1)x Z3”x (r;
r
=0y (Zg’l)x Zél;Z)x Zé’f)x ( !

2
e\ akn, a0 (T
:(k2)221 xZle T

1a2+K) @)
2 (6=lkcl-1)

1(12+|k|+u)
2(6=lk|-w) >

1(12+|k|+u)>

2(6—lk|-w)
Ky + W\ k) (ko) T2 1E2FIKIFW
— ( Zu )Zzll X 2212 X <T2 2(6—|k|—u)

1 (12+lkl)

2w
2(6=|k|-u)
where |k| =k + k,
X jlax + ax[2 = lsz
now

T;
an (0w n o)

n

(k1) (k2)
+Zy " x 25 x (Tz

112+l @)
2 (6-lk|-u)

ki +k — X ri|1@2+1kD 2w
— Uz (( 1 2)Z§11+ Z)XZ§13)X< 2(6—|k|—u)

kz )

k, + k (k) (ky+ks) " 1(12+|k|) Z(u)
_( 2 3)2211 xZyt 2(6-1k|-w)

k3 Lp)
124D @
2(6-Ikl-u)

ke 4k 7 |12+l
— ( 1 2)Z§’;1+k2)x Z;’;S)x Zé“;)x <T;

k, 2(6—k|-w)

ky + K r
— (f2 9 g0 28 20 (r:

n

+2n 2ol )

ks 2(6=|k|-u)

1(12+|k|+u)>

ks +w\ ., (k) (k) kp+w) (T2
+( 3u )ZlexZZIZxZH2 x|,

1a2+K) @)
2(6=lkl-)

1(12+k[+w)
2(6-1kI-w) )

and

T
0,3 <Z§§1)x Zg;Z)x Zéﬁz)x ( !

p)
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n

=0, (zg’;l)x 72 7Ky 700y <rz

1(12+|k|+u)
2(6—k|-w) )
1(12+|k|+u)>

by +ka\ kit ) (T
= _( ! 2)Zz11 ¥x 2y szlfx 7, | 2(6-1KI-u)

ka
ko + k3 k) S otks) @ (T 1(12+k[+w)
+( )Zzll szlz 3 xZZl X 7 2(6—|k|—u)

ka
ks + U\ k). S 0k) . Gptuy (T2] 124K
- ( 3u )2211 XZy "X Zyy’ X 2(6-1k|-w)

2
1(12+|k|+u)
(6= lkcl-w) )

n
2

ki+k T
— _( 1 + 2>Z§I;1+k2)x ZéIF)X Zélf)x (r:

ka
ka + K3\ o) Gtk (Ta] 122K
+( )2211 X Zy" VX Zpy X 2(6-1kl-w)

k3 T
1(12+|k|+u)>

w2l 20 2n o

2(6-1kl-u)

1(12+|k|+u))

ka +u\ (k) k) stw) (T2
_( 3u )2211352212352213 X\ 1y | 206-1kl-w)

1(12+lk])

n Z(u)
S (6-lkl-w

+Z§'§1)x Zélf)x Zé’f)x <7,2

where |[K| = ky + k, + ks.
X Dzax + 5x]3 = ldM3

Now, we have to prove that

&1

N (4

1a2+kD @)

o (6-licl-u)

- ke + ko) katko) o (ks) . (ks (T2 1A2FIED 200

=Us3 <_( ky )Zu1 PxZy U xZy'x 1| 2(6-1kl-1)
1024k
2(6-Ikl-w)

1a2+ED @)
2 (6=lkcl-1)

ky + k r
+< o 3)251;1)36 204 7k, (ri

ks +k r
_( 3k4 4) 200 700 g0kt (é

1G24k @)
2 (6=lkcl-)

1(12+Ikl+w)
2(6-lk|-u) >

&1

42 20 200 00 ()

ky+ k2 katk) o (ke) (k) ) (T2
=_( ks )Zz11 VX Ly X 2y 2oy X T,

Ky +ks\ Gk Otk ) G (Ta]102FIKIF0
+< ks )Zz11 XZyt VX Zy "X Zyy'x 1| 2(6=1kl-w)

ks + Ko 000 00) o (kstks) o (To| 122K
_< k, )Z211 X Zypy "' x Zyt ! szlf X\ 1| 206-1Kl-w)

Ky + W\ k) (k) o (ks) - (gt [ T1] TAZHEIHW
+( 4—u )Zzll xZle xZ213 x2214 X - 2(6—|k|—u) ,
and

n

0y (Zg;‘)x ng)x ng)x Zg“)x <r2

1a2+KD o)
2(6-1kl-u)

1 (12+]k|+u)
2(6=Ik|-u) )

1(12+|k|+u)>

n

=0, (Zé’;l)x ZgZ)x Zélﬁ)x Zé’;“)x Z;‘)x <rz

2(6-lk|-w)

ki+k T
_ ( 1k2 2>Z§l;1+k2)x 78905 700y 70 (ri

ko +k3\ k) Gotks) k) ) (T2
_( ks )2211x2212 X2y xZyx 7

1(12+|k|+u)
2(6=lk|-u) )
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2(6=lkl-u)

1 (12+[k|+u)
2(6~Ik|-u) )

1(12+|k|+u) >

+(k3 ;—h) 2005 700 g0tk 500 (

1(12+|k|+u)>

kg + U\ k) (ko) (ks) . L (katu) [T
—(4u )Z211x2212x2213x221‘* x|,

4700

21 X

(k2) (k3) (k4) (OY RS
Zy1'X Ly X 231" X 0y (Tz 2(6=Ik|-u)

ke +k (kyty) . X n 1(12+|k|+u)
= ( 1k2 2)2211 ’ xZéf)x Zé Ux Zgu) 1,| 2(6-1kl-w)

ko + k k1) (kytks) X 7 1(12+|k|+u)

- ( Zk 3>Zzl1 xZy' x Z§14)x ng)x 75| 2(6-1Kl-w)
3 2

ks + k X X Kats) 7 1(12+|k|+u)

+ ( 3 4>Z§11)x Z§1Z)x Z§13 Y x Zélf)x 7, | 2(6=1kl-u)

ks
Ky + W\ k) o (ka) o Cks) . o Cegr)  T1| 1A2HIEIHW
_( 4u )2211 XZy "X 2y X Zyy" X 7, | 2(6=lkl-w)

1a2+KD o)
2(6=lkl-w)

(k1) ,(k2)  (ks)  (ka) (T2
+Zy Y x 2y x 2y x Zy1t x(rz

where |K| = kl + kz + k3 + k4.
e ]36x + axD4 = ldM4

| 102+KD @
D46 (Z;kl)x Z(kz)x Z(ks)x Z(k4)x Z(ks) < ; 2(6—|k|—u)

1(2+1kel) 2(u)>
2 (6-1k|-u) -
R (o B
R e g | P B
() om0 afen 2o (1 e ™) +

k5 2

12+k)) o)
k) () s (k) Alks) (T1]1 2
Zy W x 2y x Zy VX Zyy Y x 0,7° (7’2 2(6-1kl-w)
<r1 1(12+|k|+u))
2

261Kl
T
) 280 28502 200 209 280 (r;

0, <(k1]:r2kz)zgl+kz) 709y 7005 7090y (

( k+kz) Z8a+k)y 709y 70y 00y
+
ks

2(6=lkl-w)

1(12+|k|+u)>

+

T
el n 2 2 2 0

1(12+|k|+u)
2(6=lkl-u) )

1(12+|k|+u)>

)Z(kl)x 20005 7Ky Zutksn) 700 ( L o e

+
ey
kg +k
ks
+

("
(*
-(
(

+

(k1) (kz2) (k3) (k4) (ks+u) n
)Zzll szlz xZ213 xZ214 xZ215 x<T2 2(6=Ik|-w)

12+kD)  p(w)
2(6—1k|-1) =

1(12+|k|+u)
2(6=lkl-) )

1(12+|k|+u)>

1(12+|k|+u)>

T
axus(z;';ﬂxzg';ﬂxzs;ﬂxzs;ﬂxzs;ﬂx(r;

o, (Z(kl) 20905 789 200 75 700 (

2(6-Ikl-u)

ky + Ko\ kit ) (k) (ks) ) [T
—( K, )2211 BxX Ly VX Ly VX Ly X Zyy X T
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+

7| 261kl

3) 200 Z0t) 700, (k) g0 ( 1““""“‘))

( 2tk
ks +k k k (ks+ks) . (K 7y | 124kl
( 4) 23 x 23 x 2y 0 x 2510 25 1| 2(6=1kl-w)

ks + ks k ks) . oy (aths) 7y | 12+l +w)
"k, )Zéll)nglz)ngls)xzzf Yxzgx 15| 2(6-lkl-w)

ks + W\ 00 o 00) (k) o (ka). Gksw (Ta] 102HEIFW
_( Su )2211 XZy ' xZy Y x 2y VX 2y X 1y | 26-1Kl-w)

T
+2x 2 20 200 o0

1 (12+]k|+w)
2(6~Ik|-u) )

1(12+|k|+u)
2(6-1k|-uw)

k,
Z(k1+k2) Z(k3)xz(k4)x Z(ks)x Z(u)

(n
(12+|k|+u)
();

o)
k
ky, +k k kytk k k 61
2k3 3)2(11)" Z§12 Jx Zéf)x Z§15)x ng x 2(6-1kl-w)
+ ) )

)
(12+|k|+u)
(), (ka) . (ks¥ka) . (ks) L w) [T1]1
VAYRE WAV WAV W ANS ¥ A0 4

ky (r 2(6=lk|-u)

ky+k k k k (kq+ks) 7y | 12+ klw

+ 4k5 S)Zéf)x Z§12)xZ§13)x221" : ng)x o | 26=1kl-w)
ks +u\ ,(k k k K (k ), 7y | 1G24 lkl+w
_( ! )Z(l) 702y 709 700y g kst |
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where |K| = kq + ky + k3 + ky + ks.
" D40y + 0y 05 = idys
~ {0y, 04, 0y, O3, [y, (s} is the contracting homotopy
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