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 Differential equations with constant coefficients are a fundamental component of applied 

mathematics, effectively describing Complex and physical systems. Recently, new 

transformations have emerged to reduce the computational complexity and simplify these 

equations, making them easier to solve. These developments are beneficial to complicated and 

physical systems. As a result, more engineers and scientists have become equipped with the 

knowledge to address challenging problems involving intricate dynamic systems. 

In this study, we enhance the efficiency of existing methods by applying the Zainab Al-

Zughair transformation and extending Al-Zughair transformations to solve linear ordinary 

differential equations (LODEs) with constant coefficients, given a set of initial conditions. n-th 

order linear systems of LODEs with constant coefficients can be solved using the Zainab Al-

Zughair and Expansion Al-Zughair transformations. In addition, these methods enable easy 

modification of initial conditions, simplification of equations, reduction of computational 

complexity, acceleration of the solution process, and deeper insights into the behavior of 

dynamic systems. 

Keywords: 
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Introduction 

Differential equations have been integral to sports 

analysis research since Newton’s time and are widely 

used to understand physical and engineering sciences. 

One may argue that their applications extend beyond 

these fields to disciplines, such as economics, sociology, 

psychology, and medicine. In engineering and physical 

sciences, differential equations primarily define the 

relationships and governing principles of variable 

interactions. 

The Laplace transform [1,2,3,4] is recognized as 

one of the key transformations for solving linear 

ordinary differential equations (LODEs) with constant 

coefficients, given some initial conditions. It follows the 

general formula: 
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 𝑎0
𝑑𝑛𝑦

𝑑𝑥𝑛 + 𝑎1
𝑑𝑛−1𝑦

𝑑𝑥𝑛−1 + ⋯ + 𝑎𝑛−1
𝑑𝑦

𝑑𝑥
+ 𝑎𝑛𝑦 = 𝑓(𝑥), 

where 𝑎0, 𝑎1 … , 𝑎𝑛are constants. 

In 2018, Sadiq [5,6] built on the definition of the 

Al-Zughair transform to develop another transformation, 

known as the expansion Al-Zughair transform. It was 

formulated using the general expression, as follows: 

℘[ 𝑓(𝑥)] =  ∫ 𝑥𝑝.  𝑓(𝑥)𝑑𝑥 = 𝐹(𝑝).
1

0
  

Although the expanded Al-Zughair transform was 

used to solve ordinary differential equations with 

variable coefficients, we successfully applied it to solve 

differential equations with varying orders and constant 

coefficients. 

In this research, we apply the expanded Al-

Zughair transform along with a newly introduced 

transformation, the Zainab Al-Zughair transform [7], 

whose general formula is as follows:  

𝒵Z ̂ (f(x)) = ∫ x
1

ᶎ⁄  f(x)dx 
1

0
    ;  ᶎ ∈ R/[ −1 , 0 ].  
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These transformations are used to solve the 

ordinary differential equations with constant 

coefficients, given initial conditions. 

The core focus of this study is the Expanded Al-Zughair 

transform and the Zainab Al-Zughair transform. 

 Finally, both transformations were used to solve 

linear systems of n-th order ordinary differential 

equations with constant coefficients. 

 

1. Expanded Al Zughair Transform of Other 

Derivatives 

Considering  ỿ = ỿ (lnx), we define the expansion of Al-

Zughair transform for  ỿ  as follows: 

 ℘[ ỿ(𝑙𝑛𝑥)] =  ∫ 𝑥𝑝. ỿ (𝑙𝑛𝑥 ) 𝑑𝑥   ,   𝑠𝑜 

1

0

 

(1)       ℘[ ỿ′ (𝑙𝑛𝑥)] = ỿ(0) − (𝑝 + 1) ℘[ ỿ(𝑙𝑛𝑥)] 

Proof:     

 ℘[ ỿ′ (𝑙𝑛𝑥)] =  ∫ 𝑥𝑝+1 .  
ỿ′(𝑙𝑛𝑥)

𝑥
 𝑑𝑥 

1

0

 

Let   u = 𝑥𝑝+1     ⇒     du = (p+1) 𝑥𝑝 𝑑𝑥 ,   

and   dv =  
ỿ′( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥   ⇒    v = ỿ(𝑙𝑛𝑥) 

∫ 𝑥𝑝+1 .  
ỿ′(𝑙𝑛𝑥)

𝑥
 𝑑𝑥 = 

1

0

𝑥𝑝+1. ỿ(lnx)│
1

0
− 

                                  (𝑝 + 1) ∫ 𝑥𝑝.  ỿ(𝑙𝑛𝑥)𝑑𝑥 

1

0

 

                                   = ỿ(0) – (p+1) ℘[ ỿ(𝑙𝑛𝑥)] 

(2)    ℘[ ỿ′′ ( 𝑙𝑛𝑥 )] = ỿ′(0) − (𝑝 + 1)ỿ(0) +

                                 (p + 1)2 ℘[ ỿ( 𝑙𝑛𝑥 )]     

Proof: 

 ℘[ ỿ′′ ( 𝑙𝑛𝑥 )] =  ∫ 𝑥𝑝+1 .  
ỿ′′ ( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥 

1

0

 

Let   u = 𝑥𝑝+1   ⇒    du = (p+1) 𝑥𝑝 𝑑𝑥 ,     

and    dv =  
ỿ′′( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥   ⇒    v = ỿ′ ( 𝑙𝑛𝑥 ) 

∫ 𝑥𝑝+1 .  
ỿ′′( 𝑙𝑛𝑥 )

𝑥
𝑑𝑥 = 

1

0

𝑥𝑝+1. ỿ′( lnx )│
1

0
− (𝑝

+ 1) ∫ 𝑥𝑝.  ỿ′( 𝑙𝑛𝑥 ) 𝑑𝑥 

1

0

 

             = ỿ′(0) – (p+1) ℘[ ỿ′( 𝑙𝑛𝑥 )] 

             = 𝑦′(0) – (p+1)[ỿ(0) – (p + 1) ℘[ ỿ( 𝑙𝑛𝑥 )]] 

= ỿ′(0) − (𝑝 + 1)ỿ(0)

+ (p + 1)2 ℘[ ỿ( 𝑙𝑛𝑥 )] 

(3) ℘[ ỿ′′′ ( 𝑙𝑛𝑥 )] = ỿ′′(0) − (𝑝 + 1)ỿ′(0) +

(p + 1)2  ỿ(0) − (p + 1)3℘[ ỿ(𝑙𝑛𝑥)]     

Proof: 

 ℘[ ỿ′′′ ( 𝑙𝑛𝑥 )] =  ∫ 𝑥𝑝+1 .  
ỿ′′′ ( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥 

1

0

 

Let   u = 𝑥𝑝+1   ⇒    du = (p+1) 𝑥𝑝 𝑑𝑥 ,     

and    dv =  
ỿ′′′( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥   ⇒    v = ỿ′′ ( 𝑙𝑛𝑥 ) 

∫ 𝑥𝑝+1 .  
ỿ′′′( 𝑙𝑛𝑥 )

𝑥
𝑑𝑥 = 

1

0

𝑥𝑝+1. ỿ′′( 𝑙𝑛𝑥 )│
1

0
− 

                         (𝑝 + 1) ∫ 𝑥𝑝.  ỿ′′( 𝑙𝑛𝑥 ) 𝑑𝑥 

1

0

 

                = ỿ′′(0) – (p+1) ℘[ ỿ′′( 𝑙𝑛𝑥 )] 

                = ỿ′′(0) – (p+1)[ỿ′(0) − (𝑝 + 1)ỿ(0) +

                      (p + 1)2 ℘[ ỿ ( 𝑙𝑛𝑥 )]] 

= ỿ′′(0) − (𝑝 + 1)ỿ′(0) + (p + 1)2  ỿ(0) −

(p + 1)3℘[ ỿ(𝑙𝑛𝑥)]  

(4) ℘[ ỿ(4) ( 𝑙𝑛𝑥 )] = ỿ′′′(0) − (𝑝 + 1) ỿ′′(0) +

(p + 1)2  ỿ′(0) − (p + 1)3ỿ(0) 

                                 +(p + 1)4 ℘[ ỿ ( 𝑙𝑛𝑥 )]   

Proof: 

 ℘[ỿ(4) ( 𝑙𝑛𝑥 )] =  ∫ 𝑥𝑝+1 .  
ỿ(4)( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥 

1

0

 

Let   u = 𝑥𝑝+1   ⇒    du = (p+1) 𝑥𝑝 𝑑𝑥 ,    

and    dv =  
ỿ(4) ( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥   ⇒    v = ỿ′′′(𝑙𝑛𝑥) 

∫ 𝑥𝑝+1 .  
ỿ(4)( 𝑙𝑛𝑥 )

𝑥
𝑑𝑥 = 

1

0

𝑥𝑝+1. ỿ′′′( lnx )│
1

0
− 

               (𝑝 + 1) ∫ 𝑥𝑝.  ỿ′′′( 𝑙𝑛𝑥 ) 𝑑𝑥 

1

0

 

                                       = ỿ′′′(0) – (p+1) ℘[ ỿ′′′( 𝑙𝑛𝑥 )] 

 = ỿ′′′(0) – (p+1)[ỿ′′(0) − (𝑝 + 1)ỿ′(0) +

(p + 1)2  ỿ(0) − (p + 1)3℘[ ỿ(𝑙𝑛𝑥)] ] 

 = ỿ′′′(0) − (𝑝 + 1) ỿ′′(0) + (p + 1)2 ỿ′(0)

− (p + 1)3ỿ(0) + (p + 1)4 ℘[ ỿ(𝑙𝑛𝑥)] 
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  Then, in general,  

℘[ỿȵ ( 𝑙𝑛𝑥 )] =  ỿ(ȵ−1)(0) + (−1)(𝑝 + 1)ỿ(ȵ−2)(0)

+ (−1)2(𝑝 + 1)2ỿ(ȵ−3)(0) + ⋯

+ (−1)ȵ−1(𝑝 + 1)ȵ−1ỿ (0)

+ (−1)ȵ(𝑝 + 1)ȵ℘[ ỿ(𝑙𝑛𝑥)] 

 

Example 1: To solve the DE ỿ'+2 ỿ=sin(lnx)+cos(lnx)  

,       ỿ(0)=0 

We apply the expanded Al-Zughair transform on both 

sides, obtaining the following: 

 

℘[ỿ′(𝑙𝑛𝑥)] + 2℘[ỿ(𝑙𝑛𝑥)] = ℘[sin (𝑙𝑛𝑥) + cos (𝑙𝑛𝑥)] 

 

℘ỿ(0) – (p+1)[ỿ( 𝑙𝑛𝑥 )] + 2℘[ỿ( 𝑙𝑛𝑥 )] =
−1

[(𝑝+1)2+1]
+

(𝑝+1)

[(𝑝+1)2+1]
 

−(𝑝 − 1)℘[ ỿ( 𝑙𝑛𝑥 )] =
𝑝

[(𝑝+1)2+1]
  

℘[ ỿ ( 𝑙𝑛𝑥 )] =
−𝑝

(𝑝−1)[(𝑝+1)2+1]
  

−𝑝

(𝑝−1)[(𝑝+1)2+1]
=

𝐴

(𝑝−1)
+

𝐵𝑝+𝐶

[(𝑝+1)2+1]
  

 

                           =
𝐴𝑝2+2𝐴𝑝+2𝐴+𝐵𝑝2−𝐵𝑝+𝐶𝑝−𝐶

(𝑝−1)[(𝑝+1)2+1]
  

A + B = 0 

2A – B + C = –1 

2A – C = 0 

Hence,       A = 
−1 

  5 
            B = 

 1 

 5 
               C = 

−2 

  5 
 

℘−1 [
−𝑝

(𝑝−1)[(𝑝+1)2+1]
] = ℘−1 [

−1 

  5 

(𝑝−1)
] + ℘−1 [

 1 

 5 
𝑝−

 2 

 5 

[(𝑝+1)2+1]
]  

 

                               =
−1 

  5 
𝑥−2  + ℘−1 [

(
 1 

 5 
𝑝 + 

 1 

 5 
)− 

 3 

 5 

[(𝑝+1)2+1]
]  

        =
−1 

  5 
𝑥−2  + ℘−1 [

 1 

 5 
(𝑝 + 1)

[(𝑝+1)2+1]
] +

            ℘−1 [
− 

 3 

 5 

[(𝑝+1)2+1]
]  

 ỿ(𝑙𝑛𝑥) =  
−1 

  5 
𝑥−2  +

 1 

 5 
cos(𝑙𝑛𝑥) +

 3 

 5 
sin(𝑙𝑛𝑥)   

Example 2:  To solve the DE   ỿ'' + ỿ= sin (2lnx),       

ỿ'(0) = ỿ(0) = 0 

We use the expanded Al-Zughair transform, as follows: 

 

℘[ỿ′′(𝑙𝑛𝑥)] + ℘[ỿ(𝑙𝑛𝑥)] = ℘[sin(2𝑙𝑛𝑥)] 

ỿ′(0) − (𝑝 + 1)ỿ(0) + (p + 1)2 ℘[ ỿ( 𝑙𝑛𝑥 )]

+ ℘[ỿ(𝑙𝑛𝑥)] =
−2

(𝑝 + 1)2 + 4
 

℘[ỿ(𝑙𝑛𝑥)] =
−2

[(p + 1)2 + 1][(𝑝 + 1)2 + 4]
 

−2

[(p + 1)2 + 1][(𝑝 + 1)2 + 4]

=
𝐴𝑝 + 𝐵

[(p + 1)2 + 1]
+

𝐶𝑝 + 𝐷

[(p + 1)2 + 4]
 

=

𝐴𝑝3 + 2𝐴𝑝2 + 5𝐴𝑝 + 𝐵𝑝2 + 2𝐵𝑝 + 5𝐵 +

𝐶𝑝3 + 2𝐶𝑝2 + 2𝐶𝑝 + 𝐷𝑝2 + 2𝐷𝑝 + 2𝐷

[(p + 1)2 + 1][(𝑝 + 1)2 + 4]
 

A + C = 0 

2A + B +2C + D = 0 

5A + 2B + 2C + 2D = 0 

5B + 2D = −2 

Hence, A = 0        B = 
−2 

  3
         C = 0          D = 

  2  

  3 
 

℘−1 [
−𝑝

(𝑝−1)[(𝑝+1)2+1]
] = ℘−1 [

−2 

  3

[(p+1)2 +1]
] +

                                            ℘−1 [
  2  

  3 

[(p+1)2 +4]
]  

    ỿ(lnx) = 
  2  

  3 
sin(𝑙𝑛𝑥) −

  1  

  3 
sin(2𝑙𝑛𝑥) 

 

Example 3: To solve the DE ỿ'' + 3 ỿ'+2ỿ=4𝑥2   ,       

ỿ'(0) = 0,   ỿ(0) = 0    

We employ the expanded Al-Zughair transform, as 

follows:  

 

℘[ỿ′′(𝑙𝑛𝑥)] + 3℘[ỿ′(𝑙𝑛𝑥)] + 2℘[ỿ(𝑙𝑛𝑥)] = ℘[4𝑥2]   

ỿ′(0) − (𝑝 + 1)ỿ(0) + (𝑝 + 1)2 ℘[ ỿ( 𝑙𝑛𝑥 )] +

3ỿ(0)–  3(𝑝 + 1)℘[ ỿ( 𝑙𝑛𝑥 )] + 2℘[ỿ(𝑙𝑛𝑥)] =
4

𝑝+3
  

p(p−1) ℘[ỿ(𝑙𝑛𝑥)] =
4

𝑝+3
  ⇒     ℘[ỿ(𝑙𝑛𝑥)] =

 
4

𝑝(𝑝−1)(𝑝+3)
 

𝑝2 − 𝑝 − 1

𝑝(𝑝 − 1)(𝑝 + 3)
=  

  𝐴  

  𝑝  
+

𝐵

𝑝 + 3
+

𝐶

𝑝 − 1
 

                       

=
𝐴(𝑝 − 1)(𝑝 + 3) + 𝐵𝑝(𝑝 − 1) + 𝐶𝑝(𝑝 + 3)

𝑝(𝑝 − 1)(𝑝 + 3)
 

                                 

=
𝐴𝑝2 + 2𝐴𝑝 − 3𝐴 + 𝐵𝑝2 − 𝐵𝑝 + 𝐶𝑝2 + 3𝐶𝑝

𝑝(𝑝 − 1)(𝑝 + 3)
 

A + B + C = 0  
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2A − B + 3C = 0 

3A = 4 

Hence     A =  
−4

    3  
          B = 

1

  3  
       C = 1 

℘−1 [
4

𝑝(𝑝−1)(𝑝+3)
] = ℘−1 [

  
−4

    3  
   

  𝑝  
] +

℘−1 [
1

  3  

𝑝+3
] +℘−1 [

1

𝑝−1
]  

ỿ(lnx) = 
−4

    3  
 𝑥−1 + 

1

  3  
𝑥2 +𝑥−2 

 

Example 4: To solve the DE ỿ′′′ + 3ỿ′′ + 3ỿ′ +

ỿ=−𝑥    ,    ỿ(0) =1, ỿ'(0) = 0, ỿ''(0) = 0      

We use the expanded Al-Zughair transform, as follows: 

 

  ℘[ỿ′′′(𝑙𝑛𝑥)] + 3℘[ỿ′′(𝑙𝑛𝑥)] + 3℘[ỿ′(𝑙𝑛𝑥)] +

                     ℘[ỿ(𝑙𝑛𝑥)] = ℘[−𝑥]  

ỿ′′(0) − (𝑝 + 1)ỿ′(0) + (𝑝 + 1)2ỿ(0)

− (𝑝 + 1)3℘[ỿ(𝑙𝑛𝑥)] + 3ỿ′(0)

− 3(𝑝 + 1)ỿ(0)

+ 3(𝑝 + 1)2℘[ỿ(𝑙𝑛𝑥)] + 3ỿ(0)

− 3(𝑝 + 1)℘[ỿ(𝑙𝑛𝑥)] + ℘[ỿ(𝑙𝑛𝑥)]

=
−1

𝑝 + 2
 

[𝑝2 + 2𝑝 + 1 − 3𝑝 − 3 + 3]

+ [−(𝑝 + 1)3 + 3(𝑝 + 1)2

− 3(𝑝 + 1) + 1]℘[ỿ(𝑙𝑛𝑥)]

=
−1

𝑝 + 2
 

[𝑝2 − 𝑝 + 1] − 𝑝3℘[ỿ(𝑙𝑛𝑥)] =
−1

𝑝 + 2
  

⟹  −𝑝3℘[ỿ(𝑙𝑛𝑥)] =
−1

𝑝 + 2
− [𝑝2 − 𝑝 + 1] 

 

−𝑝3℘[ỿ(𝑙𝑛𝑥)] =
−1−𝑝3−2𝑝2+𝑝2+2𝑝−𝑝−2

 𝑝+2
    

⟹ ℘[ỿ(𝑙𝑛𝑥)] =
𝑝3 + 𝑝2 − 𝑝 + 3

 𝑝3(𝑝 + 2)
   

𝑝3 + 𝑝2 − 𝑝 + 3

 𝑝3(𝑝 + 2)
=  

𝐴

𝑝
+

𝐵

𝑝2
+

𝐶

𝑝3
+

𝐷

(𝑝 + 2)

=
𝐴𝑝3 + 2𝐴𝑝2 + 𝐵𝑝2 + 2𝐵𝑝 + 𝐶𝑝 + 2𝐶 + 𝐷𝑝3

𝑝3(𝑝 + 2)
 

A+D=1 

2A+B=1 

2B+C=−1 

2C=3 

Hence   A=
9

8
         B=

−5

  4 
         C=

3

2
       D=

−1

 8
 

℘−1 [
𝑝3 + 𝑝2 − 𝑝 + 3

 𝑝3(𝑝 + 2)
]

= ℘−1 [
  
9
8   

  𝑝  
] + ℘−1 [

−5
  4 
𝑝2 ] +℘−1 [

3
2

𝑝3 ] +℘−1 [

−1
 8

(𝑝 + 2)
] 

 ỿ(𝑙𝑛𝑥) =  
9

8
𝑥−1 +

5

 4 
𝑥−1(𝑙𝑛𝑥) +

3

4
𝑥−1(𝑙𝑛𝑥)2 −

1

8
𝑥 

Example 5: To solve the DE   ỿ(4)− ỿ = 0   ,     

  ỿ(0) = ỿ''(0) = 1,  ỿ'(0) =  ỿ'''(0) = 0       

We consider the expanded Al-Zughair transform, as 

follows: 

℘[ỿ(4)(𝑙𝑛𝑥)] − ℘[ỿ(𝑙𝑛𝑥)] = ℘[0]  

ỿ′′′(0) − (𝑝 + 1) ỿ′′(0) + (p + 1)2  ỿ′(0) −

(p + 1)3ỿ(0) + (p + 1)4 ℘[ ỿ( 𝑙𝑛𝑥 )] − ℘[ỿ(𝑙𝑛𝑥)] =

0 (−𝑝3 − 3𝑝2 − 4𝑝 − 2) + [(p + 1)4 −

1]℘[ ỿ(𝑙𝑛𝑥)] = 0 

℘[ ỿ( 𝑙𝑛𝑥 )] =
𝑝3 + 3𝑝2 + 4𝑝 + 2

[(p + 1)4 − 1]
 

𝑝3+3𝑝2+4𝑝+2

[(p+1)2 −1][(p+1)2 +1]
=  

𝐴𝑝+𝐵

[(p+1)2 −1]
+

𝐶𝑝+𝐷

[(p+1)2 +1]
  

 

=
𝐴𝑝3+2𝐴𝑝2+2𝐴𝑝+𝐵𝑝2+2𝐵𝑝+2𝐵+𝐶𝑝3+2𝐶𝑝2+𝐷𝑝2+2𝐷𝑝

[(p+1)2 −1][(p+1)2 +1]
  

A + C = 1 

2A + B + 2C +D = 3 

2A + 2B +2D = 4  

2B = 2 

Hence,      A = 1      B = 1        C = 0        D = 0  

℘−1 [
𝑝3 + 3𝑝2 + 4𝑝 + 2

[(p + 1)2 − 1][(p + 1)2 + 1]
]

= ℘−1 [
𝑝 + 1

[(p + 1)2 − 1]
] 

ỿ(lnx)= cosh (lnx) 

 

2. Zainab Al-Zughair Transform of Other 

Derivatives 

Considering   ỿ = ỿ(lnx), we define Zainab Al-Zughair 

transform for  ỿ as follows: 

 𝒵Z ̂ [ ỿ( 𝑙𝑛𝑥 )] =  ∫ x
1

ᶎ⁄ . ỿ( 𝑙𝑛𝑥 ) 𝑑𝑥  ,   𝑠𝑜 

1

0

 

(1) 𝒵Z ̂ [ ỿ′( 𝑙𝑛𝑥 )] = ỿ(0) − (
 1 + ᶎ 

 ᶎ 
) 𝒵Z ̂ [ ỿ( 𝑙𝑛𝑥 )] 
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Proof:     

 𝒵Ẑ[ ỿ′( 𝑙𝑛𝑥 )] =  ∫ 𝑥
1
ᶎ+1

.  
ỿ′( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥 

1

0

 

Let   u = 𝑥
1

ᶎ
+1

     ⇒     du = (
 1+ᶎ 

 ᶎ 
) 𝑥

1

ᶎ  𝑑𝑥 ,     

and   dv =  
ỿ′( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥   ⇒    v = ỿ( 𝑙𝑛𝑥 ) 

∫ 𝑥
1
ᶎ+1

.  
ỿ′( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥 = 

1

0

𝑥
1
ᶎ+1

. ỿ( lnx )│
1

0

− (
 1 + ᶎ 

 ᶎ 
) ∫ 𝑥

1
ᶎ .  ỿ( 𝑙𝑛𝑥 ) 𝑑𝑥 

1

0

 

                        = ỿ(0) – (
 1+ᶎ 

 ᶎ 
) 𝒵Ẑ[ ỿ( 𝑙𝑛𝑥 )] 

(2)   𝒵Ẑ[ ỿ′′ ( 𝑙𝑛𝑥 )] = ỿ′(0) − (
 1+ᶎ 

 ᶎ 
) ỿ(0) +

(
 1+ᶎ 

 ᶎ 
)

2 
𝒵Ẑ[ỿ( 𝑙𝑛𝑥 )]     

Proof: 

 𝒵Ẑ[ ỿ′′ ( 𝑙𝑛𝑥 )] =  ∫ 𝑥
1
ᶎ+1

.  
ỿ′′ ( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥 

1

0

 

Let   u = 𝑥
1

ᶎ
+1

   ⇒    du = (
 1+ᶎ 

 ᶎ 
) 𝑥

1

ᶎ  𝑑𝑥 ,     

and    dv =  
ỿ′′( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥   ⇒    v = ỿ′( 𝑙𝑛𝑥 ) 

∫ 𝑥
1
ᶎ+1

.  
ỿ′′( 𝑙𝑛𝑥 )

𝑥
𝑑𝑥 = 

1

0

𝑥
1
ᶎ+1

. ỿ′( lnx )│
1

0

− (
 1 + ᶎ 

 ᶎ 
) ∫ 𝑥

1
ᶎ .  ỿ′( 𝑙𝑛𝑥 ) 𝑑𝑥 

1

0

 

                         = ỿ′(0) – (
 1+ᶎ 

 ᶎ 
) 𝒵Ẑ[ ỿ′( 𝑙𝑛𝑥 )] 

                     =ỿ′(0) − 

(
 1+ᶎ 

 ᶎ 
)[ỿ(0) – (

 1+ᶎ 

 ᶎ 
) 𝒵Ẑ[ỿ( 𝑙𝑛𝑥 )]] 

         = ỿ′(0) − (
 1 + ᶎ 

 ᶎ 
) ỿ(0)

+ (
 1 + ᶎ 

 ᶎ 
)

2 

𝒵Ẑ[ỿ( 𝑙𝑛𝑥 )] 

(3) 𝒵Ẑ[ ỿ′′′( 𝑙𝑛𝑥 )] = ỿ′′(0) − (
 1+ᶎ 

 ᶎ 
) ỿ′(0) +

(
 1+ᶎ 

 ᶎ 
)

2  
ỿ(0) − (

 1+ᶎ 

 ᶎ 
)

3
𝒵Ẑ[ ỿ(𝑙𝑛𝑥)]     

Proof: 

 𝒵Ẑ[ ỿ′′′ ( 𝑙𝑛𝑥 )] =  ∫ 𝑥
1
ᶎ+1

.  
ỿ′′′ ( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥 

1

0

 

Let   u = 𝑥
1

ᶎ
+1

   ⇒    du = (
 1+ᶎ 

 ᶎ 
) 𝑥

1

ᶎ  𝑑𝑥 ,     

and    dv =  
ỿ′′′( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥   ⇒    v = ỿ′′ ( 𝑙𝑛𝑥 ) 

∫ 𝑥
1
ᶎ+1

.  
ỿ′′′( 𝑙𝑛𝑥 )

𝑥
𝑑𝑥 = 

1

0

𝑥
1
ᶎ+1

. ỿ′′( lnx )│
1

0

− (
 1 + ᶎ 

 ᶎ 
) ∫ 𝑥

1
ᶎ .  ỿ′′( 𝑙𝑛𝑥 ) 𝑑𝑥 

1

0

 

                 = ỿ′′(0) – (
 1+ᶎ 

 ᶎ 
) 𝒵Ẑ[ ỿ′′( 𝑙𝑛𝑥 )] 

= ỿ′′(0) – (
 1 + ᶎ 

 ᶎ 
) [ỿ′(0) − (

 1 + ᶎ 

 ᶎ 
) ỿ(0)

+ (
 1 + ᶎ 

 ᶎ 
)

2 

𝒵Ẑ[ỿ(𝑙𝑛𝑥)]] 

= ỿ′′(0) − (
 1+ᶎ 

 ᶎ 
) ỿ′(0) + (

 1+ᶎ 

 ᶎ 
)

2  
ỿ(0) −

(
 1+ᶎ 

 ᶎ 
)

3
𝒵Z[ ỿ(𝑙𝑛𝑥)]  

(4)  𝒵Ẑ[ỿ(4)(𝑙𝑛𝑥)] = ỿ′′′(0) − (
 1 + ᶎ 

 ᶎ 
) ỿ′′(0) 

+ (
 1 + ᶎ 

 ᶎ 
)

2  

ỿ′(0) − (
 1 + ᶎ 

 ᶎ 
)

3

ỿ(0)

+ (
 1 + ᶎ 

 ᶎ 
)

4 

𝒵Ẑ[ ỿ(𝑙𝑛𝑥)] 

Proof: 

 𝒵Ẑ[ỿ(4) ( 𝑙𝑛𝑥 )] =  ∫ 𝑥
1
ᶎ+1

.  
ỿ(4)( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥 

1

0

 

Let   u = 𝑥
1

ᶎ
+1

   ⇒    du = (
 1+ᶎ 

 ᶎ 
) 𝑥

1

ᶎ  𝑑𝑥 ,    

and    dv =  
ỿ(4) ( 𝑙𝑛𝑥 )

𝑥
 𝑑𝑥   ⇒    v = ỿ′′′(𝑙𝑛𝑥) 

∫ 𝑥
1
ᶎ

+1
.  

ỿ(4)( 𝑙𝑛𝑥 )

𝑥
𝑑𝑥 = 

1

0

𝑥
1
ᶎ

+1
. ỿ′′′( lnx )│

1

0

− (
 1 + ᶎ 

 ᶎ 
) ∫ 𝑥

1
ᶎ .  ỿ′′′( 𝑙𝑛𝑥 ) 𝑑𝑥 

1

0

 

                = ỿ′′′(0) – (
 1+ᶎ 

 ᶎ 
) 𝒵Ẑ[ ỿ′′′( 𝑙𝑛𝑥 )] 
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 =ỿ′′′(0)– (
 1+ᶎ 

 ᶎ 
)[ỿ′′(0) − (

 1+ᶎ 

 ᶎ 
) ỿ′(0) +

(
 1+ᶎ 

 ᶎ 
)

2  
ỿ(0) −                      (

 1+ᶎ 

 ᶎ 
)

3
𝒵Ẑ[ ỿ(𝑙𝑛𝑥)] ] 

 = ỿ′′′(0) − (
 1 + ᶎ 

 ᶎ 
)  ỿ′′(0) + (

 1 + ᶎ 

 ᶎ 
)

2 

ỿ′(0) 

                  − (
 1 + ᶎ 

 ᶎ 
)

3

ỿ(0) + (
 1 + ᶎ 

 ᶎ 
)

4 

𝒵Ẑ[ ỿ(𝑙𝑛𝑥)] 

Then, in general  

𝒵Ẑ[ỿȵ ( 𝑙𝑛𝑥 )] =  ỿ(ȵ−1)(0)

+ (−1) (
 1 + ᶎ 

 ᶎ 
) ỿ(ȵ−2)(0) 

+   (−1)2 (
 1 + ᶎ 

 ᶎ 
)

2

ỿ(ȵ−3)(0) + ⋯

+ (−1)ȵ−1 (
 1 + ᶎ 

 ᶎ 
)

ȵ−1

ỿ (0) + 

   (−1)ȵ (
 1 + ᶎ 

 ᶎ 
)

ȵ

𝒵Ẑ[ ỿ(𝑙𝑛𝑥)] 

 

Example 1: To solve the DE    ỿ′− ỿ = 1,  ỿ(0) = 0       

We use the Zainab Al-Zughair transform, as follows: 

 

𝒵Ẑ[ ỿ′(𝑙𝑛𝑥)] − 𝒵Ẑ[ ỿ(𝑙𝑛𝑥)] = 𝒵Ẑ[1] 

ỿ(0) – (
 1+ᶎ 

 ᶎ 
) 𝒵Ẑ[ ỿ( 𝑙𝑛𝑥 )]– 𝒵Ẑ[ ỿ(𝑙𝑛𝑥)] =

ᶎ

  1 + ᶎ  
 

– (
 1+2ᶎ 

 ᶎ 
) 𝒵Ẑ[ ỿ( 𝑙𝑛𝑥 )] =

ᶎ

  1 + ᶎ  
   

 𝒵Ẑ[ỿ( 𝑙𝑛𝑥 )] = ᶎ . [
−ᶎ

  (1 + ᶎ)( 1+2ᶎ) 
]       

 

[
−ᶎ

  (1 +  ᶎ)( 1 + 2ᶎ) 
] =  

A

  (1 +  ᶎ) 
+

B

  ( 1 + 2ᶎ) 

=
 A + 2Aᶎ + B + Bᶎ 

  (1 +  ᶎ)( 1 + 2ᶎ) 
 

A+B=0 

2A+B = −1     

Hence,   A = −1          B = 1 

(𝒵Ẑ)
−1

[
−ᶎ

  (1 + ᶎ)( 1 + 2ᶎ)
] = (𝒵Ẑ)

−1
[

−ᶎ

(1 + ᶎ)
] + 

(𝒵Ẑ)
−1

[
ᶎ

(1 + 2ᶎ)
] 

ỿ(𝑙𝑛𝑥) = −1 + 𝑥 

 

Example2: To solve the DE ỿ′+3ỿ =cos(lnx)  ,      ỿ(0) 

= 1      

We use the Zainab Al-Zughair transform, as follows: 

 

𝒵Ẑ[ ỿ′(𝑙𝑛𝑥)] + 3𝒵Ẑ[ ỿ(𝑙𝑛𝑥)] = 𝒵Ẑ[𝑐𝑜𝑠(𝑙𝑛𝑥)] 

ỿ(0) – (
 1+ᶎ 

 ᶎ 
) 𝒵Ẑ[ỿ( 𝑙𝑛𝑥 )] + 3𝒵Ẑ[ỿ(𝑙𝑛𝑥)] =

ᶎ(1+ᶎ)

(1+ᶎ)2+ᶎ 2 
 

1+ (
−1−ᶎ+3ᶎ 

 ᶎ 
) 𝒵Ẑ[ỿ( 𝑙𝑛𝑥 )] =

ᶎ(1+ᶎ)

(1+ᶎ)2+ᶎ 2 
       

    (
−1+2ᶎ 

 ᶎ 
) 𝒵Ẑ[ỿ( 𝑙𝑛𝑥 )] =

ᶎ(1+ᶎ)

(1+ᶎ)2+ᶎ 2 
− 1 

(
−1+2ᶎ 

 ᶎ 
) 𝒵Ẑ[ỿ( 𝑙𝑛𝑥 )] =

ᶎ+ᶎ 2−1−2ᶎ−2ᶎ 2

(1+ᶎ)2+ᶎ 2 
        

𝒵Ẑ[ỿ( 𝑙𝑛𝑥 )] = (
−1−ᶎ−ᶎ 2

(1+ᶎ)2+ᶎ 2 
) ∙ (

−ᶎ 

1−2ᶎ 
) 

𝒵Ẑ[ỿ( 𝑙𝑛𝑥 )] = ᶎ ∙ (
1 + ᶎ + ᶎ 2

(1 − 2ᶎ)[(1 + ᶎ)2 + ᶎ 2 ] 
) 

(
1+ᶎ+ᶎ 2

(1−2ᶎ)[(1+ᶎ)2+ᶎ 2 ] 
) =  

A

(1−2ᶎ)
+

Bᶎ+C

[(1+ᶎ)2+ᶎ 2 ]
  

                 =
 A+2Aᶎ+2Aᶎ 2+Bᶎ−2Bᶎ 2+C−2Cᶎ 

  (1 +2ᶎ)( 1+3ᶎ) 
  

A+C=1 

2A + B−2C = 1 

2A−2B = 1 

 

Hence,   A = 
7

10
          B = 

2

10
         C = 

3

10
 

(𝒵Ẑ)
−1

[
1+ᶎ+ᶎ 2

(1−2ᶎ)[(1+ᶎ)2+ᶎ 2 ] 
] = (𝒵Ẑ)

−1
[

7

10
ᶎ

(1−2ᶎ)
 ] +

                        (𝒵Ẑ)
−1

[
2

10
ᶎ 2+

3

10
ᶎ

[(1+ᶎ)2+ᶎ 2 ]
 ]  

 

= (𝒵Ẑ)
−1

[
7

10
ᶎ

(1−2ᶎ)
 ] + (𝒵Ẑ)

−1
[

(
3

10
ᶎ 2+

3

10
ᶎ)−

1

10
ᶎ 2

[(1+ᶎ)2+ᶎ 2 ]
 ]  

= (𝒵Ẑ)
−1

[
7

10
ᶎ

(1−2ᶎ)
 ] + (𝒵Ẑ)

−1
[

3

10
ᶎ(1+ᶎ)

[(1+ᶎ)2+ᶎ 2 ]
 ] +

            (𝒵Ẑ)
−1

[
−

1

10
ᶎ 2

[(1+ᶎ)2+ᶎ 2 ]
 ]  

    ỿ(𝑙𝑛𝑥) =
7

10
𝑥−3 +

3

10
cos(𝑙𝑛𝑥) +

1

10
sin (𝑙𝑛𝑥)  

 

Example 3: To solve the DE       ỿ′′+ ỿ= x,    

   ỿ (0) = 1,  ỿ '(0) = 0         

We apply the Zainab Al-Zughair transform, as follows: 

 

𝒵Ẑ[ ỿ′′(𝑙𝑛𝑥)] + 𝒵Ẑ[ ỿ(𝑙𝑛𝑥)] = 𝒵Ẑ[𝑥] 

ỿ′(0) − (
 1 + ᶎ 

 ᶎ 
) ỿ(0) + (

 1 + ᶎ 

 ᶎ 
)

2 

𝒵Ẑ[ ỿ( 𝑙𝑛𝑥 )]

+ 𝒵Ẑ[ ỿ(𝑙𝑛𝑥)] =
ᶎ

(1 + 2ᶎ)
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[ 
(1 + ᶎ )2 + ᶎ 2

  ᶎ 2
] 𝒵Ẑ[ỿ( 𝑙𝑛𝑥 )] =

ᶎ

(1 + 2ᶎ)
+

 1 + ᶎ 

 ᶎ 
 

𝒵Ẑ[ỿ( 𝑙𝑛𝑥 )] =
3ᶎ 2 + 3ᶎ + 1

ᶎ(1 + 2ᶎ)
 ∙  

ᶎ 2

[(1 + ᶎ )2 + ᶎ 2]
 

𝒵Z[ỿ( 𝑙𝑛𝑥 )] = ᶎ ∙ [
3ᶎ 2 + 3ᶎ + 1

(1 + 2ᶎ)[(1 + ᶎ )2 + ᶎ 2]
] 

[
3ᶎ 2+3ᶎ+1

(1+2ᶎ)[(1+ᶎ )2+ᶎ 2]
] =

A

(1+2ᶎ)
+

𝐵ᶎ+𝐶

[(1+ᶎ )2+ᶎ 2]
  

              =
𝐴+2𝐴ᶎ+2𝐴ᶎ 2+𝐵ᶎ+2𝐵ᶎ 2+𝐶+2𝐶ᶎ

(1+2ᶎ)[(1+ᶎ )2+ᶎ 2]
  

A + C = 1 

2A + B + 2C = 3 

2A + 2B = 3 

Hence,      A = 
 1 

 2 
            B = 1             C = 

 1 

 2 
              

(𝒵Ẑ)
−1

[
3ᶎ 2 + 3ᶎ + 1

(1 + 2ᶎ)[(1 + ᶎ )2 + ᶎ 2]
]

= (𝒵Ẑ)
−1

[

 1 
 2 ᶎ

(1 + 2ᶎ)
]

+ (𝒵Ẑ)
−1

[
ᶎ 2 +

 1 
 2 ᶎ

[(1 + ᶎ )2 + ᶎ 2]
] 

= (𝒵Ẑ)
−1

[

 1 
 2 ᶎ

(1 + 2ᶎ)
] + (𝒵Ẑ)

−1
[

 1 
 2 ᶎ 2 +

 1 
 2 ᶎ

[(1 + ᶎ )2 + ᶎ 2]
]

+ (𝒵Ẑ)
−1

[

 1 
 2 ᶎ 2

[(1 + ᶎ )2 + ᶎ 2]
] 

   ỿ( 𝑙𝑛𝑥 ) =
 1 

 2 
𝑥 + 

 1 

 2 
cos(𝑙𝑛𝑥) −

 1 

 2 
sin (𝑙𝑛𝑥) 

Example 4: To solve the DE  ỿ′′− ỿ' − ỿ= x cosh(lnx)  

,      ỿ(0) = 0,  ỿ'(0) = 1         

We apply the Zainab Al-Zughair transform, as follows: 

𝒵Ẑ[ỿ′′(𝑙𝑛𝑥)] − 𝒵Ẑ[ỿ′(𝑙𝑛𝑥)] − 𝒵Ẑ[ỿ(𝑙𝑛𝑥)]

= 𝒵Ẑ[𝑥 𝑐𝑜𝑠ℎ(𝑙𝑛𝑥)] 

ỿ′(0) − (
 1 + ᶎ 

 ᶎ 
) ỿ(0) + (

 1 + ᶎ 

 ᶎ 
)

2

𝒵Ẑ[ỿ(𝑙𝑛𝑥)]

− 𝑦(0) 

+ (
 1 + ᶎ 

 ᶎ 
) 𝒵Ẑ[ỿ(𝑙𝑛𝑥)] − 𝒵Ẑ[ỿ(𝑙𝑛𝑥)]

=
ᶎ(1 + 2ᶎ)

(1 + 2ᶎ)2 − ᶎ 2
 

[
1 + 3ᶎ + ᶎ 2

ᶎ 2
] 𝒵Ẑ[ỿ(𝑙𝑛𝑥)] =

−1 − 3ᶎ − ᶎ 2

(1 + 2ᶎ)2 − ᶎ 2
 

𝒵Ẑ[ỿ(𝑙𝑛𝑥)] =
−ᶎ 2(1 + 3ᶎ + ᶎ 2)

(1 + 3ᶎ + ᶎ 2)[(1 + 2ᶎ)2 − ᶎ 2]
 

𝒵Ẑ[ỿ(𝑙𝑛𝑥)] =
−ᶎ 2

[(1 + 2ᶎ)2 − ᶎ 2]
 

  ỿ(𝑙𝑛𝑥) = 𝑥 sinh(𝑙𝑛𝑥) 

Conclusion: 

In this research, we examine the application of the 

expanded Zughair transform and the Zainab Al-Zughair 

transform in solving linear ordinary differential 

equations with fixed coefficients and specific initial 

conditions. These transformations extend traditional 

techniques, such as the Laplace transform and provide a 

robust foundation for deriving solutions to the 

differential equations. 

Our findings demonstrate that the Zainab Al-

Zughair transform and the expanded Al-Zughair 

transform are effective in solving linear ODEs. These 

transformations introduce new insights and methods that 

not only simplify the process of solving such equations, 

but also offer valuable approaches for addressing 

challenges across the physical sciences, engineering, and 

other disciplines. 
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