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1. Introduction and Preliminaries

Lie algebras Li are defined as a vector space over a field, equipped with a bilinear multiplication called
the bracket, which must satisfy: bilinear, Jacobi identity and anti-symmetric [1], [2]. Let (Liy, [, ]) and
(Liy, [, 1) be two Lie algebras over the same field k, a homomorphism to Lie algebras from Li into Li; is a
linear function such that y ([p, ql) = y(p) y(a) — y(a) y(p), for all p, q € Liy, if in y is differentiable and
inclusive, then y is called a Lie algebra isomorphism [3].

A Lie algebra Li can be represented by a real or complex vector space m, which is finite-dimensional,
through a homomorphism Li — gI(M) of Lie algebras. This representation, denoted by y: Li — gl(M), is
characterized by being a linear function that fulfills the condition y([p, q]) = y(p) y(a) — y(q) y(p) [4], [5].
Two Lie algebras, Liy and Liy, are being discussed along with their respective representations, y; and ys,,
which operate on vectors M; and M,. The tensor product of these representations, denoted as y1 @ Vo,
creates a new representation of y; x y, that acts on the combined vector M;@M,. This operation is
defined as y1 @ VY2(p, 9) = y1(p) @ | + 1 & y2(q) for all p in Li; and q in Li, [6], [7], [8]. If Li;=Li,, then
let y; and y, symbolize vector spaces M; and M, respectively. The tensor product of y; and y,, written as
Y1 Y2, Serves as a representation of Li acting on the vector space My, M. This can be defined as: (y1 y2)(p)
=yi(p) 1 + 1 y2(p) [9]. If yM;: Li—gl(M;) and yM,: Li—gl(M,) are two representations for the Lie algebra
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Li, then a direct sum of these representations is defined as yM;@ yM,: Li—gl (M1 @ My). This means
that (YM:@DyM>)(p) = (YM1(p), yM2(p)) [10]. If y represents the Lie algebra Li acting on a vector space M
of finite dimensions, the dual form of y is when Li acts on the dual space M*, where defined as y*(p) = -
(y(p))". This dual representation is also known as the contragradient representation [11], [12]. A
multiplicative Hom-Lie algebra is defined as a set comprising a vector space M, a skew-symmetric
bilinear map (bracket) [p, q], and the linear map yM: M —M that maintains the bracket. The Lie algebra
must satisfy the Hom-Jacobi identity in relation to y. A Hom-Lie algebra (M, [p, q ], y) is classified as a
regular Hom-Lie algebra if y is the reversible map [13]. Note: gl(n,R) is general linear algebra is the space
for all n x n real matrices where trace = 0 and so(n, R) is the special orthogonal algebra such that: so (n,
R)={ X € gl(n,R): X + X" = 0} where X is a matrix for n X n degree. See [14] [15]

2. The result of the action for representation of Hom-space and tensor product

Schur's lemma is defined as the idea of the operation on the tensor product of two Lie algebra
representations. In this lemma, it is assumed that y; and y, are two representations of Lie algebras Li that
act on finite-dimensional vector spaces My and M respectively. An action is then defined for Li on the
space of linear transformations from M; to M,, denoted as Hom(M;, M), where y: Li — gl(Hom(Mj,
Ma)), Y(p)9 = yi(p)9 - 3 y2(p), for all p in Li and g in Hom(M3, M), with Hom(M, M) being considered
as an equivalence between M, and M. see [16] [17].

Proposition (2.1) [18]

Let y:Li—gl(M) is the Lie algebra Li representation effect on the k-finite dimensional vector space M,
then y*: Li— gl(M*) the dual representation on M* which is given by y*(p) = 3 (y(p)), for all p € Li,

where 6: M — k see the figure -1.
(p)
y*(p) \, /

Let M;,j=1,2,3,4,5,6 is six representation of Lie algebra acting on vector spaces M; respectively and let
Homy (Homy (Ms*,Ms®Mg),(Homy (M2, M3*)® Homy(M;,M3*)) be k-vector space of all linear maps
from (Hom(M4*,Ms® Mg) into (Hom(M; ©M;, M3*). define &: Li— gl(Homyx (Homyx (Ms*,Ms®
Me),(Homy (M2®M;,M3*))) such that:

3(p) 8= ((Y1 D Y2) (p) 81 — 81y5™ (p) 92 — S2(ya*(p) 93— 93 (Y6 @ Y5)(P))-

Then the o is a representation of Lie algebra on Homyg(Homy (Ms*, Ms® Mg),(Homg (Mg,
M3*)(‘D Homk(Ml, M3*))

Theorem (2.2)

Proof:

The following figure-2 can be used to show that the action for Lie algebra Li to Homy (Homy (M4*,Ms®
Me),(Hom(M,, @ My, M3*)) is as follows:

0(p)8 = ((Y1 @ ¥2) (p) 91 — 81y3™* () 92 — B2(ya™(p) 93— 93 (Vs @ ¥5)(P))
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9
M®M: — > M¥ —————> s ——> \ewm,

| l\l\l

MMy ——> M,* Ms®Me

Now to prove § is a representat % fLie algebra, we % t prove tha % a homomorphism of Lie algebra
into gl(Hom(Homy(Ms*,Ms@® Mg),(Homy (M, @ M1,M3*))) by definition of Lie algebra homomorphism
we must to prove 0 is a linear function and satisfies the following:

y([p.a)8 = y(p) (Y(@)9) — y(a) (¥(p)9) for all p, q € Li
i.e to prove:
6(ap +Bq) $ =a d(p) 8 + P d(q) 9

Now: d(ap + Bq) 8 = [(Y1®@ ¥2) (o p + B q)91 — S1y3*(op + Bq)]92 — 92 [ya™ (a p + B q) 93— 33(Ys®@ ¥s5) (o p
+Bq)]

= [ (a (Y1®@Y2) (p) + B(Y1® Y2) (q)) 81 — 81(a Y3*(p) + BYs*(q))] 82 — 92 [(a Ya*(p) + PYa*(q)) 93 — 93((a
(V6@ ys) (p) + B(Ys @ ¥5) (4))]

= [(a (Y1® ¥2) (p)) 81 — 81(a Y3*(p)) H(B(Y1® Y2) (@) 81— 81 (Bys*)(q))] 82 — B2[ (@ Ya*(p)) 93 — 93(a
(V6@ ¥s) (p)) +((B Y4*(q)) 93 — 93 (B(Ys©@ ¥5))(a))]

[o (V1@ Y2) () 81— 81(Ys*(p))) + B((Y1D Y2) (@) 81 — 81 (V3™ )(@))] 82 — 82 [(a(ya™(p)) 93 — I3((Y6D Y5)
() + B(Ya*(q) 93— 93 ((Ys@ ¥5))(@)))]

=a d(p) + P d(q), then it is linear function

Now to prove 3([p, q])8 = d(p) (3(q)%) — 3(q) (6(p)9)

The left hand side is

3([p,a]) 8 = (V1@ ¥2) [p.q] 81 — 81 y3* [P.q]) 92 — B2 (Ya*[p, q] 93 — 93 (V6@ ys5)[p,al)
= [((y1® y2) (p) (Y1© ¥2) (@) — (Y1 @ ¥2) (@) (V1® Y2) () 81— 81 (y5* (P) 5™ (0) -

Y3*(a) Ya*(p))] 82 — 92 [(Ya*(P) Y2*(a) — y2*(@) Ya*(p)) 93— 93 (Y@ Y5) (P) (V6@ Ys5)) (@) — (Y6 Ys) (Q)
(Y6 y5)) (0))]

= [((y1® y2) (p) (Y1© ¥2) (@) 31 = (y1© Y2) (9) (Y1® Y2) (p) 91) — (81 Y5*(p) Y3*(a) — 31 y5*(d) Ys*(p)]82 -
92 [((Y2*(p) Ya*(q) 83 — Y2*(a) Ya*(p) 93) — (93 (V6@ ¥s) (P) (V6@ ¥s) () — 93 (Y@ ¥s) (a) (Y6 Ys) ()))]

= [((y1®@ ¥2) (p) (V1® ¥2)) (q) 91— 81y3*(P)ys*(@)) — (V1D Y2) (0) (V1@ ¥2) (p) 91— 81 Y3*(q) Y3*(p))] 82 — 92
[(ya*(P) Ya*(q)35— 33 (V6@ Y5) () (V6@ Y5) (@) — (Ya*(d) Ya*(p) 95 — 95 (V6@ ¥s) (@) (Y6 Y5) (P))]

And the right hand side is:

3(p) (B(q)9) — 3(q)(3(p) B) = [(Y1D ¥2) (p) (8 (q) 91 — (3(q) 91)y3*(P)) — (V2@ ¥2) (q) (3(p) 91) — (3(P))
y3*(q)] 92 — 92 [ (Ya*(p) (8 (q) 93) — (8(q) 93) (Y6 Y5)(P)) — (Ya*(q) (8(p) 93) — (5(P)) (YeD Y5) ()]

= [(y1® ¥2) (P) ((Y1® Y2)(@) 81— 81 Y3*(@)) — (V1D Y2) (@) 81— 81 Y3*()) Y3*(P)) -
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(V1@ ¥2)(@) (V1@ ¥2) (p) 91— 81 ¥3*(P)) — (V1@ ¥2) (p) 91 — 81 ¥3*(P)) Y3*(q))] 92 — 92 [ya*(p) (Ya* (q) 93—
93 (V6@ ¥s5) (4)) — (Y2*(q) 81— 91 (V6@ ¥s) (7)) (V6@ Ys) () — Ya*(q) (Ya* (P) 81— 81 (V6@ Ys) () — (Ya* (p)
91— 91 (V6@ ¥s) () (Y6 ys) ()]

= [(Y1®@ y2) (p) (V1@ ¥2) (@) 81— (V1@ Y2) () 91 Y5*(q) — (V1@ Y2) (q) 81 Y5*(p) + 81(Y3*(@) (Y1© Y2)(p)) —
((1® ¥2) (@) (V1@ Y2) (p)) 91 + (V2@ Y2) (@) 91 Y3*(P) + (V1D Y2) (p)) 81 Y5*(q) — S1(ys*(P) Ys*(q))] 92—
Ba2[(ya* (p) Y2*(q)) 81— Ya*(p) 91 (V6@ Ys) () — Ya*(q) 91 (V6@ Y5) (p) + $1((Ys@ Y5) (@) Ya*(P)) — ((y2*(a)
(Ya*(p)) 91 + (Y4 (@) 91 (Y@ ¥s5) (P) + Ya*(p)) 91 (Y6 Y5) (4) — 31((Ys® Y5) (p) (Y6 Ys) (0))]

= [((y1@ y2) (p) (Y1© ¥2)) (@) 91— S1yz*(p)yz™(d)) — (V1D Y2)(q) (V1D Y2) (p) 91— 91 y3*() Ys*(p))] 92— 92
[(Ya*(p) Ya*(q)93— 93 (V6@ Y5)(P) (V6@ ¥s) (@) — (Y2*(a) Ya*(p) 93— 93(Ys® Ys) (@) (Y6 Y5) (P))]

Then the left hand side is equal to right hand side, which means that & is a representation of Lie algebra Li.
The following figure-3 can be used to show that 6 is the Lie algebra homomorphism.

91 92 93
MBM;  ——> My ————> M — > mem,

ye@ys[pi] = yﬁfq]: y3*[ji:q]: yzfyllp,q] =

M5$M5 ——_} M4* % M3* H M5$M6
91 9, 93
Remark (2.3)
The map 6 above is called action of Lie algebra on Homy (Homy(Ms*,Ms® Mg),(Homg(M2® My, M3*)).
Theorem (2.4)

Let 6: Li—gl (Ms*@Ms® Mg) Q((M2 @ M1®M3*))) which is the representation of Li acting on the
vector space (Ms*@Ms® Mg) (M2 @ M1 @M3*)) and defined by:

3(p) (Va*®Vs®Ve) ® (V3*Q@V20V1)) = [(Y2@ y1) () @ 1+ 1 @ yz*(P))] 1 + 1 Q(ys* (p) ® 1 +1 &
(V5@ ¥6) (P)] (V4*@Vs®Ve) ®((V3*Q V20 V1))

(8(p) (Va*®Vs@V6)Q (V3*QV0V1))(r) = [((V2® y1)(p) (V3*(r) @V28V1) + (V28Vi)(r) @
ys*(P)Vs*] + [ya*(p) (V4*@ (r)Vs®Vp) + (Vs@Ve)(r) & (Ys® Ye)(p) Va*].

Then the representation of Lie algebra on (M4*®@Ms® Mg) Q (MM @M3*)) becomes:

(B(p) (V4*QVs@Ve)Q (V3*QV0V1)))(r) = [~ (V20V1)((Y2 @ y1)(p) (N))Vs* + (V20V1)(r) ys*(p)Vs*—
Va*(ya*(p) (1))Vs®Ve +Va*(r) (Y5 Ys) (VsOVs)

Proof:

The following figure-4 shows that the action of Lie algebra Li on tensor product as follows:
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MI@M:®Ms 5 MAQMBM; ————> MiQMOM, ——> M, *@M,0M,

(ya* () ® I+
1Q (ys®Ys) (p)

1 ® (y8y1)

1 Q(ys @ ys(p) )

(Vs ® Yo () ys* (p) (2@ y(p)

s* (P ® I+

y* @ ®1) yo* (0) @ | I1® (v:®y) (7)

Ms*@Ms&Mg —> M *QM:0M; —_—> My*QM,8M; _— M3;*QM,BM;

To show that 6 is a representation of Li acting on gl(Ms*@ Ms® Mg) @ (MM Q M3*)).
Where 3(p) ((V4*® V5@ V) Q(V3*Q V@ V1)) is the linear map.

Le to prove: (8(ap + Bq)) (V4*® V5@ Ve) Q(V3*® V2@ V1)) = (ad(p))

(Va*® V5@ Ve) Q(V3*QV28V1)) + (B3(q)) (V4*® V5@ Ve) @ (V3*Q V20 V1))

= [(y2® y1)(op + PP I+ 1 Q@ ys*(ap + BPIR® | + 1 & [ys*(apt P! +1Q(YeD Ys)

(o p+B] (Va*Q Vs® V) Q(V3*Q V2@ V1))

= ([(a(Y2® y1)(p) + B(Y2® y1) (@) ® I+ 1 ® (o y3*(p) + B ys*(@))(V3*® V2@ Vi) ® 1 + 1 & [(a Ys*(p)
+BYX(0) ® I+ 1 & (a (V6@ Ys)(p) + B (Yo@ ¥5)(d))) (Va*QVs® V)]

=[(a(y2® y1) (p) @IHB((Y2@ y1) (@) @) +(I @ ays*(p)+ | ® P yz*(@))] (Vz*QV20 V)] ® I+ 1 Q [(«
Va*(P) @ T+BYs* (@) @ ) + (1 @ a (YD ¥s5) (p) + 1 @ B (V6@ ¥5) (A)) (Va*@V5DVe)]

[(0(Y2® Y1) (P)V28V1)@V3*+(B((Y2® Y1) (Q)V2BV1) ®(V3*® V2@ Vi) (o y3*(p)Vs*) +
V20ViQBYs*(@)Vs*)] H(a ya*(p)Va*) ®VsOVe +(B(Ya*(0)Va*) QVsOVet V4*Q(a (Y6D y5)
(P)Vs®Ve) + Vo* Q(B (V6@ ¥s) (0)VsDVe)]

= [((a(y2® y1) (P)V20V1) @V3s* +V,0V1 @(a ys*(p) Va*)) + (B((Y29 y1) (Q)V20V1) @ V3* +V,0V,
QB ys*(@) Va*)] + [((a Ya*(P)Va*) @Vs®Vs +Va*@(at (V6@ Ys) (P)Vs®Ve)+(B(ys*(A)V4*) QVsDVe
+V4* QB (V6@ ¥s5) (0)Vs@ Ve))]

= (08(p) (V4*@V5DVe) @(Va*Q@V.0V1) + (B3(q)) (V4*@Vs®Vs) Q(V3* Q@ VoD Vi)
And second, we prove:

3([p, aD((V4*® Vs Vg) ®(V3*QV20V1))=3(p)(S(P((V4* & Vs® Ve) ®(V3*RV0V1))) -
H(POBP)(Va*Q V5D V) Q(V3*QV2DV1)))

Thus, the left hand side is:

3 ([p, aD)((V4*® V5@ Vg) Q(V3*Q@V20V1))=(((y2@ y1) ([p, a 1) ®1+1Q y3* ([p, a D)X 1+ I& (ya* ([p,
q]) ® 1 +1 @(ys® ye) ([P, d DN((V4*@Vs@ Vi) Q((V3*QV0V1))

= [(y2®y1) (p) Y2@y1) (9) - Y29 y1) (0) Y20y1) () Q@ 1+ 1Q) (y3*(p) ys*(a) — ys*(q) yz*(p))] & | + |
R[(ya*(P)ya*(q) - ya*(@)ys*(p)) ® 1 + 1 ®((YsDys) (p) (YeDys) (A) — (Ys@yYs) (0) (YeDys)(p)]
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= [((y2®@ y1) (p) ((Y2® y1) (@)V20V1)QV3* — ((Y2@ Y1) (@)((Y22D Y1) (P)V22V1) R V3* + (V0V1Q (ys*
(P) y3* (@)V3* = (V22V1Q (ys*(a) y3*(p)Vs*)] + [(Ya*(p)(Y2*(q) V4*) @ VD Ve) —

(Ya* (@) (Ya*(p)Va*) QVsDVe + (V4*Q (YD Y6)(P) (Y5 Ye) (4)VsBVe) — (Va* R ((Ys Ys) (0) (Y5O y6)
(P)Vs®Ve)]

= [((y2® yo) (p)((v2® y1)(@)V20V1) @V3*+ (V28V1Q (y3*(p) ys*(@)Vz*) — ((y2@

YD)(@ (Y29 y1)(p)V20V1)QV3s* + (V20V1RQ(Y3*(0) y3*(p)Vs*)] + [(ya*(p)(Ya*(a)
Vi*)®VsDVe)+(Va*Q ((YsDYe) (P) (Y59 Ye) (A)V5DVe) — ((Ya* (@) (Ya*(P)V4*) Q@ V5D Ve) + (V4*Q((ysD
Y6)(@) (Y5 Ye) (p)VsDVe)]

And the right hand side is 3(p) (3(q)((V4*®@VsBVs) @ (V5*@V2BV1))) - 8(q) (3(p)
(Va*@VsdVe)Q(V3*QV20V1))

= [(y2® y1)(p)(8(q9)V22V1 Q(V3*QV0V1) Q Y3*(4)Vs*~ (V2@ Y1) (9)(6(p)V2DV1 QV3*) —
(3(p)V20V1 Q@V3*) ys*(a)] + [ya*(p) (8(q) (Va*QV:DVe)+Va*Q(YsD Ye) (0) VsV — y4*(q)
(B(p)V4*QVs®Ve) — (8(p) (V4*QVs®Vs) (YsD Ye) (0)]

= [(y2® y1)(p)((Y2® y1) (@)V28V1 ®V3*+V8V1 @ Ys*(q)Vs*) + ((y2@ Y1) (9)V2@ V1 @Vs*+ Vo@ViQ
ys*(@)V3s*) y3*(p) — (2@ y1) (@)((y2©@ y1) (P)V20V1 QV35*~ V,.0V1Q y5*(p)V3s*) — ((Y2@ Y1) (p)V20V1
QV3s*~ V@ Vi® ys*(p)Vs*) ys*(a)] + [Ya*(p)(Y2*(a) (Va*QVsDVs) +V4*Q (Y5 Ye)
(@)VsOVe)+(ya*(q)Va*QVsOVe + Va* @ (Ys® Ye) (4)VsDVs) (V5@ Ye) () — Ya*(@)(Ya*(p) (Va*QVsDVe)
—V4*Q(Ys® Ye) (P)VsDVe) — (Ya*(p) (Va*QVsDVe)- Va*® (Y5 Ye) (p)VsDVe) (Y5O Ys) (0)]

= [((y2® y1) (P)((Y2® Y1) (Q)V28V1)QV3*+ (V28V1Q (Y3*(p) Y3*(@)Vs*) — (2@ y1) (@)(((Y2® Y1)
(P)V20V1)®V3*+ (V20V1Q(Y3*(0) Y3*(p)V3*)] + [(Ya*(P)(Ya* (@) V4*)&® Vs@Ve)+(V4*& ((YsDYs) (P)
(V5@ Ys) (@)VsD Ve) — ((Ya*(@)(Ya*(P)V4*)QVsD Vi) + (Va*Q((YsD Ye)(d) (V5@ Ye) (p)VsSVs)]

Then the left hand side is equal to the right hand side, therefore 8([p, q]) ((V4*@Vs®Vs) @
(Vs*QV@V4)) is Lie algebra homomorphism and then it is a representation of Lie algebra.

Remark (2.5) [19] [20]
In a broad sense, let i1 represent a positive integer.
M***_n = M, then n is the even positive integer.

M***__ n = M* then is the odd positive integer.

Define 6 by 6(V4*,V3*) = V4*(V4) V3, for all V4 € My and k(V4): V3

(Va*xVsD Vo) X(V5*XV,D V) (Va*QVs® Vo) ®(V3*® V,D Vi)

By the universal property, there exists the unique ¢ define by:
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CI) ((M4*®M5@ M5)®(M3*®M2®M1)) = M4*(V4)k (V4), forall V4 € My, V3 =k (V4) € M3, k € Homy
(Homk (M4*, M5®M6), Homk(Mg*, Mz@Ml))

Theorem (2.6)
suppose that y;, j = 1,2,3,4,5,6 are matrix representations of ATHS action of Lie algebra Li acting in the
vector spaces M;, j = 1,2,3,4,5,6 then ATHS action of Lie algebra on:

(Mg*® Ms® Mg)®(M3*@M,® M) is satisfied:
(Mg*® Ms® Mg)®(M3* @M@ My)) = Homy(Homi(Ms*, Ms@ Mg), Homy(Ms*, Ma® My)).

Proof:

here is a reversible linear mapping and an intertwining mapping of the action for the Li in:

(Mz*® Ms® Mg)®(M3*Q@M,® My)) into Hom(Homy (My*, Ms®Msg), Homg(M3*, M2®M3)) such that:
¢ ((y3* @ (29 y1)) @ (y2* @(y5D ¥5))) (P) = ((ys* 91 Y20 y1) 92 (Ya* 93 ys© s)) ()

= ((ys*(p) 91 Y2(p) @ ya(p)) 92 (Ya*(p) 93 ¥5(0) © Ys(P))).
By remark (2.5) we have:

(M4*® M5® Me) = Homk(M4*,M5@ Me), let M4*®M5® Me =M...... 1
Let M*'= M3*@ Mx® M1, M @ M*" = Hom(M,M))....... 2Byland2:
((M4*® M5@ Me)@(M3*®M2@ Ml)) = Homk(Homk(M4*, M5(‘B MG), Homk(Mg*, M,® Ml))

Theorem (2.7)

Lety;: Li— gl(M), y;*: Li — gl(M*), for j = 1,2,3,4,5,6, and the action to Lie algebra Li in
Homy(Homy(Ms*, Ms® Mg), Hom(M3*, M,® M,)) is given by arepresentation d, such that: 6(p) 9 =
(Y1(P)®Y2(p) 81 — 91 Y3*(p)) 82* — &* (Ya™*(p) 93 — 33 (¥5(P) © Ye(p))), for all p € Li

then the action to a Lie algebra Li on (Homy (Homy(Mg*, Ms® Mg), Hom(M3s*, Mo® My)))* is also
given by representation 6*, such that:

6% (p) 9% = 92** (92 y1™ (p) © y2* (p) — ya™* (p) 91%) — (35* Y2** (p) — (y5*(Pp) ® Y&*(p)) 95*) 92**.

Proof:

Let action of Lie algebra Li on Homy (Homy(Ms*, Ms® Mg), Homy(Ms*, M@ My)) is the representation
d: Li—gl (Homg (Homg(Mzs*, Ms® Mg), Homy(Ms*, M@ My))), such that:

3(P)Y = (Y1(p)® Y2(p)91— 91 Ys*(p))92 — S2(ys*(p) 93 — 93 (Ys(p) @ Ye(p))), for all p € Li, a € (Homy
(Homg(Mg*, Ms® Mg), Homy(M3*, Mo® My)))

To prove that 6*: Li—gl(Homy (Homy(Mg*, Ms® Mg), Hom(M3*, Mo® My)))* is the representation to
the Lie Algebra Li, such that:

0% (p) 9% = 92* (81*y1*(p) @ y2*(p) — y3** (p)91*) — (9™ Ya**(p) — (Y6*(P) @ys*(p)) 95*) 9o*
for all p € Li, o* € (Homy (Hom(Ma*, Ms® Mg), Hom(Mg*, Ms® M1))) *.
(8(p) 9*) = (y1(p) @ ya(p) 91 — 91 Y3*(p)) 92 — 92 (Ya*(p) 93 — 93 (Ys(p) @ Ys(p)))*
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=92% (3* y1* (p) @ y2* (p) — Y3™* (p) 91™) — (B85 ya** () — (Y6*(P) © ys*(p)) 95*) &*
For all p € Li and 9,*: (Hom(M4*,Ms® Mg)* — Homy(M3z*,M,®My), 93*:My**— Ms*® Mg*
and 91*: Mz**— My*® M *
So (3 [p, q] 9)* = (8(p) 9 8(q) 9 — &(q) 9 3(p) 9)*
== 8% (p) 9% 8% (q) 9* + 8% (q) 9* &* (p) B*
=[8% (q) 9%, 8% (p) 9* ].
Thus 6* 9* be a representation from Li 6* 9* is the Lie algebra homomorphism of Li.
Example (2.8)
If the y;: R—so(2,R) c gl (2,R), for j =1,2,3,4,5,6, such that

)= [ olvm=[7 Jlyvm=[5 Flvo=[_, %]

ys(e) = | 00.1 _g'lﬂ’ Ys(P) :[[—04 g]]

are six representation of Lie algebra on
(Homg(Homy(My4*, Ms® Mg), Homy(M3s*, Mo® My)))* is:
6% (p) 9%% =92 (927y1* (p) @ ¥2* () — Y5** (p) 91%) — (8™ ya™™ () — (y5*(P) © Y6*(p)) 95*) 92**

([2 ole 5 e (=15 aDe (- o Do Loy o'l

-1° 5]]®[[0 20 gpx[ O 04 @[ O —H1]

SIS
=
N—"

-5 0 -2 0 0.4 0 4.1 0
0 0 0 10 0 0 0 1.64
0 0 —-10 O Q 0 0 —-1.64 O} =
0 -10 0 O 0 —1.64 0O 0
10 0 0 O —1.64 0 0O O
4 ™
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 16.4
0 0 0 0 0 0 0 0 0 0 0 0 0 0 -16.4 0
0 0 0 0 0 0 0 0 0 0 0 0 0 -16.4 0 0
0 0 0 0 0 0 0 0 0 0 0 0 -16.4 0 0 0
0 0 0 0 0 0 0 0 0 0 0 -16.4 0 0 0 0
0 0 0 0 0 0 0 0 0 0 16.4 0 0 0 0 0
0 0 0 0 0 0 0 0 0 16.4 0 0 0 0 0 0
0 0 0 0 0 0 0 0 16.4 0 0 0 0 0 0 0
0 0 0 0 0 0 0 -16.4 0 0 0 0 0 0 0 0
0 0 0 0 0 0 16.4 0 0 0 0 0 0 0 0 0
0 0 0 0 0 16.4 0 0 0 0 0 0 0 0 0 0
0 0 0 0 64 O 0 0 0 0 0 0 0 0 0 0
0 0 0 16.4 0 0 0 0 0 0 0 0 0 0 0 0
0 0 -16.4 0 0 0 0 0 0 0 0 0 0 0 0 0
0 -16.4 0 0 0 0 0 0 0 0 0 0 0 0 0 0
&16.4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 /
16 x 16
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Conclusion

In this paper, we have given a historical background on the Lie algebra and proceeds to explain the
concepts of Lie algebra representation and tensor product. It introduces a new six-representation structure
based on proposed ideas, illustrated with graphs depicting the structure's flow, which laid the foundation
for Schur's lemma. The paper then explores the application of the dual action of representation for Lie
algebra alongside the tensor product to derive generalizations for cases of odd or even dimensions, as
demonstrated in Example 2.8.
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